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e Lemma from last time

Westart by proving Lemma from last time

Lemma Let e en be reefs of 9 If Eine then

either Ep en er Entten O

Proof Suppose z to Let fix be theminimalpolynomial of
Z By Lemme in Sec 1.1 foe x Let 7 2,72 fmbe the

conjugates ofz roots of fix So

Zita enftflelleThe t

Weclaim that eachof z is of theform ÉI where Ej
is e root of9 First by Preposition in Sec2 conjugates of
A



sums are sums ofconjugates every conjugateof t ten is of
theform t ten Exercise in Sec1.0 of Lec92 showsthat

conjugates of Etfs are of theform tens
Now we use that thebasefield is a landnot ageneral

algebraically closedfield Note that kite so

Izit Etsy sp

w equality iff 5 en But by t 2m17t Inparticular

1 P so En D

1 Motivation definition

1 e Motivation

Let G be a finitegroup and I be an algebraically
closedfield of characteristic l luvprimary question is to

classify the irreducible representations compute their

charactersFor this we need to have some way to construct

Ipossibly reducible representations of C One couldtry to

approach this inductively if we have a subgroup HcG
a representation possibly reducible U of H we want to

I



construct an induced representation of C out of 14,41
One couldhope that for right choices of HU one

recovers every
irreducible representation of C inside of an

induced representation We will see that this is indeedthe

case when G S this our topic after thebreak

11 Construction

Let F be any field HcG be finitegroups R Ube
a finite dimensional representation of H
Consider the set Map GU of all maps U It's

an F vectorspace

ly yallg g g gig LagiIg alpha
geG go.geMapGU

Let H act on G by right translations hgogh Consider

the subset of H equivariant maps
Map GU q G Ul gight hapig tgel hell
We equip Map GU with thestructure of a representation
ofG as follows g 431g plgig
I



Lemma
g yeMap GU if yeMap161a gag y is

a representation of G in Map 16,41

Proof g g Ight ggigli LyeMap Gal hugegig
hulg 431g go.geMap 16,4

Themap peg y is linear t g eG exercise

Now we check go g y gigs g
lglg 4111g g y gig gigigig gigpig a

Definition The representation of G in Map GU is
called the induced representation from the representation of
H in U and is denoted by IndiU

Special case U is the one dimensional trivialrepresentationThe Map 16,4 yeFunkEllyight gig
So Mapp GU is identified w Fun Atl Fl and it's an
identification of representations of exercise Forexample

for H e we recover the regular representation FG
A



12 Basicproperties

Let go ge le la till be representatives of all right
Hcesets Note that Agel I ist e hells.t.ggit

Lemma Themap g e lylg glgel Mapp16,41 U

is an isomorphism of vector spaces
Proof The inverse sends y u ud te qui l all defined

by Gigli huai To checkdetails is an exercise s

2 Frobenius reciprocity
Given a representation Vof f we can restrict it to H

denotethe resulting representation by RestV The operation

of restriction is closely related to induction

2.11Main result
Theorem Frobenius reciprocity For finitedimensional

representationsU of H and VofG wehave a natural isomorphism

Hem VIndiU Hemp RestUU a
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Theproof of this theorem will begiven in thenextlecture
2 2 Application to computation

Let G S K X be apartition ofn i.e thepresentations

nshit tk W X Xp 7,70 The subgroup Sy by definition
consists of all permutations 6 s t 6preserves each ofthe

K subsets 1,2 X 7,1 XX Art the.tt n Eg
for her weget the following subgroups

7 14 lonepart SySr
7 13,1 Sy53 1665 16141 8
7 12,21 Sy eCal 30744134 Si Sz
7 12,1M Sy e Coo

7 4,19,1 SyLe
In thegeneral case the representations of theform

Indsttriv play an importantrole in classifying the irreducible

representations of Sn Let's compute it for n t and7 12,2
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Below F has characteristic l landisalg closedalthough
this is not important
We consider the case 1 12,21 here we use the Frobenius

reciprocity to show the following general result

Lemma Let HcC be finitegroups Themultiplicity of

an irreducible representation U of C in Inditriv funAtlF
is dimU Itt invariants
Proof

Themultiplicity of U in Inditrio is
dimHom la Indi tru

By Frobenius reciprocity this dimension is that of
Hemp U trim i.e themultiplicity of the trivial

representationin U which is dim U s

Let's compute dim U fer U triv Fi sgn
for U striv dimU'sdimU P

for U fi UH H SatSz Us ftp.k.xs.xi xtXtx3txr o3






