Jecture 15 Inducsol representations
0) Fecap & plon
1) oot of  Frobenius /ec/ﬁma‘ zlg\
2) Lheracter fomde for 4o indued representotion
fe/: Secs 58-510 in [E]
Sectin 171 S/jw'/cm?fé modifed on 3/9

0) Ee cap & f/an

[et [F b a 7//&&{ He( be fmte rops and U b 2 //m'{e
dhmensiond) /e/bresenz‘wf/on of H In Sec 11 of Lec 14 we
have constructed e inducd /e/mffsenz‘ﬂ/f/m oA [

L}o//fbfé //goﬁffl/% {Cf C— Ul 5/{7/"%4, ?ﬁ)}

W [j” 59]((7) = (ﬂ(jfﬁ)
IM Sec Z1 ﬂ/ Zec 74} we Am/e Slzzz{w/ ﬂe [m/garfanlz

/pro/aarf} ) He Frobonius /’ea'/roa‘é,:
for (fmite dmensine) ) pepresentations U of HE Vol we

/)a//e 2 ﬁﬂ]fé//ﬂ/f VéOfOI; _;DQCZ /SD/”D//’D//‘S}% _ /@S/_f”
Hom (V] Tnd, U) —=> Hom,, (1] lt) (¥)

——
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7L p/&w for 1[/1’5 lecture is as /O/K/Oh/f-‘

« Pove Frobenius /eu'fmafg.

o State § prove Yo Frobonives Sormde for fn/f: chancters
i induced represertations.

« Make  cavious observetions  abuit tepresentations of e
fom Tl S triv £ Tids sgn for 04 Bhed wtl b
5@/16)’0/&12@0/ % m//{m;/} 0 after te break @w/}? % e
0&551’/1’ cation o/ iveducibts /’e/%senfwons 0/ 5;

1) /%a/ of Frofenius /foi/gma@_
. Hysé/ we Construct 2 map in (k). Defne #, Mep
ev: _7_-/106_/[“ :/%70%/ (Cu) —U evie) = Gle)
We choim et it is a 4o;ﬂom07p/zm of /’(/ﬁ)’fsenfﬂflons of -
eyfé?)s[/. (fj[e) =§9(n/")=[9a is e;aimr[anz‘]%a, ?ﬂ/e).
Now qu map (%) 15 g 1> eve . Snee ey § p e Homomor-
P/;‘ sms of epresentations oF H so is Heiv composithon. Henet we

/'M/eeo/ j(/‘f 2 well-detmed Coear Map n (%)

’"l . /Vah/ we are joéné 1/0 construct  an invesse, /&Z{ fé
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/%%//V&l)_ We e joc'nj %o dofhe ;VZV "‘"/‘/JZ/JH/[,U) We db
%'5 ? [7)[ (ﬁ_]ﬁ) =£/(jl"/’v>. Mz /wm/ ‘L[o &/80: ‘é/a/’f
- e Mg, (C1) <L 15 -4,y 006)
[(/JZ(V)](@A") - f/ﬂ/vjl}fzr%éug{ﬁl;’v):éa ([@(v)]@)) V
‘ (]UZ s !—egu[l/an'am‘: ?/Z[jl//v) :j;f‘ﬁ,@") 7)2(1/), #g’e&
Gy g)= 7 (g,507)
[ﬁ’/"%@”) V/Z(U)]/j) :[WZ [U)19/—3)=g{jv—fj;b‘) "0[8(&:0/
W peed 1o show Bt y i, Ly ey w Cnverse
to each other: eVt -y £ VopegF?
evep, (v) =[9VZ (v)](e) = ylv) 4
[%3'/"9” (U’)]@): ev [70 (gl/lv‘» =[$U @;15)_7(6):[50 s ftf?ﬂ[l/'f]
-lp)]e) = Porog =1 D

2) Lheracter fomide Fov 4o induced /e/prewzzd/m
2.1) Main resnlt:
[et fi i=1..¢ b /’t’70}’€S’€/7'LZ£L/'Lz/l/fS of e cosets m [//{ 5
bt (- [6/H] EVU} element of [ is ””/?Wét wyitten  as

jz'AJ; (=1..0 hel
3|



ﬁearem ( /700/0[1/5)

To/[ /(7 ‘jﬂj eH]Cj gj ) [7>
Poof:

In 4, //oo/ el use B Sollowin, observation [eX U be
R / mi‘c a//mensiona/ Veafor S/ﬁacc W, o@wf Sum aécDm/aon'ZZ/oh
/= é/@ @L/ LA L ebndlV) For ‘/J =7..,¢ S'(ﬂ,zo( ﬁ{%(/tfj
LI// ere C % ———»ﬂ /s f/c PV(O/fﬂl lon. 7Zen

tr :é' trd (1)

h/e cz]p/a@ %4/’5 Zo: V= /%f)ﬁ/ /(}6{), oL =jl/’ ﬂllo/ Z‘Ze_ spaces
Y = {Cfe Mep, (4, u)l Ply)#0 @ﬁej;/f}, (=1.,0 Nike Bt
37:/(]0) (s fZL Mep f/uf Coincides w. ?0 on jl'// and s 0 on e
Ofn/er cosets.

ﬁfca/é[ 'L%z]f j%r jé[; We /cu/ﬁ /j_(]o][jj”):?p{j"/ﬁ/").
Sula/yose ﬁpe% ’Z;/j—ji" 4:17‘ /L/) fn/w ﬁﬂ@"j‘/")% Jo %/ﬁcﬂ:
0. Tl comé'{/on jjf‘ S j,-// /5 eyaz'm/mz Zo j:f,j el &=

l." l-e,é/ Fvom (f) we conclud, ‘/{/() ffo{ Z—— frdu
jjﬁ ‘ V‘j ‘{ﬂﬁﬁe

)

SZ), We Meo/ ‘o /OVoVe ‘L[/a/‘f “/j[_:?jié% ‘L[/en %h’(z'i:j(r,f([ff_ljji)'
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Wote Het mep ¢ = @ls) identipes U w. U /Cam/ome +o
Sec 17 of Lec 11) W cloim thed, wnder Hhis identificetm,
o comeides wit] /jzfjﬁi)a = [04‘1‘[7)]{?[)=9a—"jj£)a Cf{?;) (2)
His witd 75/1/54 Yo /}’ao/ : Z/ U U s an /SOMDIPAI;W) of
ﬁnfl,[e dimensionad vector spreLs & BE &//a), L e bnd () mf{rrf}
(ep=doL, Yen £r(y) = 1r (Lopel”) = 11 (B)
Led ﬁpeﬂb Ten 4o mage of 04-(-/?) in U 15

Lo U5 ) Ll g 9l 1 =L 15)= 9750
- 95 Gi330")-Liet & k) hygt] =
= (56'_,(732)0(' (f[jf)/ MM j/z/es [2) 4140/75)7/5/{0 {Zz /}'oa/ a

Eemw//c: Suppose et Wl is mertdty in F Then we can

/’ewm'lle / 1 ) as

Sreu §) = i Ke%l@eﬂ L (e'5k) (1)
This is because for - jfﬁ we have t;’7/c=4{7[:73‘- W so
X//:‘j/c)=j/[j[’jj;) and Hherefore e sum in (1) is [H] fmes

He Sum in (1) Sometmes, (1) is more comvenient §/c it does
___ﬂloi involye artibiiad  Hoices.
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7.7) EXM/%S £ alb/ifica;f/ons.
g)m/n/oﬁ 1: Sbyg/oose U is e 1-dmersionad trinal pepreser.
totion. As we have sewn in Sec 11 of Lec 14,
Ind,) U => Fan (G F)
By Sec 21 of lec 8, S, F)(p)= [{xe (] j.x-—xflr
Ifz'e/{...,[’f/ j':i,.e gw.// = jgljﬁiéﬁﬂ This agrees w Thm.

E)(am/oé 1° Lets we (1) % decompose /= I,/Cz‘m/ w H=11 A}
into e dvect sum of imedualles (et 2lso con be a{)mh o
sty 4, ﬁo/ﬂ//oues of Sec 77 in Loc 17) Here we assume
chor F=0 £ [F i &{ff/é/ﬂ/d.% ised I /mrz‘/ca/o,g we (an use
(7).

Beck to H= 1143 £ U=trv, note: f/j) 0 é/hﬁssif:
fon/wjdc to Tor h In e 15¢ case g e = X/f = dm /=
[l - y\/ [ In He tnd cese,

b= 4,0 = £ Hee ] ehe=h51-2 (2,00

[t W be an (meducible /e/aresmzzazf/'(m of  Fecoll

[sex Applicctim 2 [n Sec 1 of Lec 11) et o mﬁyﬂm& of
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W in Vfgua/s /fW,J(V%/%}%)(W@U(V@J)

Lot LI lge 5 3o et [C1=[€1/1Z0)
Then (L, 1,)= [A 1= G ) S ey 0 Ez00) =
1 dim W &Woa/u_vf/js 4/
-2 (a/lm W+XW(A))

Now ﬁ/ﬁ/ﬁé s 4t (- S, & /L/:Sf[g (12)F e use
He  chuecter bl Fr S, Fom Sec 17 of Lec 8 4o contlude
D5’ triv = tive() o), @ syne £

4/1/ /f/cre s An @pé‘cdlon of nfa”fm

Lemma. (Lensor z'o/em‘[z;\l): 3670/0056 F is d/éc{wtaf/} chosed
Lol of char 0 Lt U & V bo Fwite dmensionad fepresenta-
bions of HE [ /es/pec/f/}/eg We have

VoIt => In)' (Vou
an /50»7079//% o re eptesentarions of (

L/’—" fﬁ’.?/_/

B’Oo/: ,Z’_m/ZZ, Aﬁoé'cuffon 7 in Sec7 0/ /ec /7/ f/d we
?l



/’efyeﬁﬂfl?floﬂs e /Somo/;p/l‘c /'/’ f/c’if L/Waﬂ(e/’s are €f&/£/.
J a{j)=[5“ 15 or Aolodendum of Lo /7J=J{/{7)XIMHCM[§)

/e Ino(H[

XInJ/f(I/em) {?) ii;jl eﬂjl/@u (jtfgj( )= Z Xv{j’:‘:jji)xa (jz:'jji)

L) 51 H5) Z L) Koty 0

/gcma//c 1: The conclusion hole wjo restricton on [F bt e
mjamm‘ peeds o fow 1‘/1}755 Hrom fdejor? 'I_Z[eorj\ s based
on He Sllowin t natund /Somo;;p/fSMS.'

Home (V) Tnd,* (V80)) = [biobeniss. recipronits T Hom, (1, V8U)
=5 [4ensor - Hom zzojcmdz/'on] //omH A v ikL/) > [ Fiobemius
/’{(/iﬁmaf}] //omC (vay* __Zho{f”) = [tensor - Hom Q&UMMZ/OMJ
/%mg A l/@j'm(:ﬁ)_

Femae 7 Theovem has a fon %a/yé'caif on ot stuctae
f/eor} 0/ %mi[f (71/00{/95, Zf’f f {e a %n/’fc jm//l /% a
/gy/em’us Com/oémmz‘ We meen & Suﬂ/jl’au/a // c{ m//a/ 5 ‘as

_?fzr /%m {einj/ Hormed  as /055/'/{% . /é/ﬂj/l‘/ﬁ"-‘[ff #jf C\H



[;/751‘0/& 7.[4 SM{Sf/'f K = [C\jgag%/j') [/[/f}. 7Zu /'Zl /s R_SM{—
jfﬁalo /am‘ommf /cd@ Hommad ) - z%'s wes /0)’0%5/ % F}’aém’as.

2.3) Lurious observetions abait Tnd. s? trv Ind 5? S
Here’s Cam/o&/{e Uit of /eCo/nfow’f/ms of Ind ; > z‘/’z'v (nto
(vregucibles. Als /@{mf [F is a,/ng/’am,zg closed & Cﬁarﬂ’ =0
o« A=(4): 177/ " Yiv =try
e X=(31): JZo/ “BivFun (Si/S, F)=15:/S, = {12,343
I-, F [Zemma in Sec 12 of Lec 5]=tivoF,
penibacbon 1ep
A= (zo) Tnd S iy = trive ol Sec 21 of Lec 14
* A= 11): Ind Sé%/n/ z‘nv@(ﬂ-_) @ Vzesjn@ff Lxampt, 1!
“A=(1711): _Z;lo/{d fon ()= Lregutar representaction, see Thw
in Sec 21 of Lec 7] = triv @ﬂ]—?)ﬂaé /e /Sjn@ 54)@%5jh_

h/e record his as a £aBb. where rows CO}’}’ZI/MM/ %
o/ triv, rotims 4 Yo mredcibles £ e entnes ave

e ﬂmﬁc licites (we scip 0s)



721”& 1 _Decomlposzﬁons 0/ I’“’(sk triv:

}\\V iy K’ A sgno " | son
4 1
(31) | 7 1
(22) 1 1 1
L11)| 7 7 / /
(1114) 7 3 Z 3 7

/{/ow We /Wa(eeo/ to Ind Sjn where 4, J e y{ﬁ” 72 pfﬁeﬂfa-
tion of S, we mean He /esfr/df/on of son Fom S, /% Lemma
in Sec 1.7 [fensor //mz‘/zzg) we Do fm/ L Sgn < s _Z;)o/ fn:/
So e jf’/f e /wf/owm; ‘bt

Table 1: _Decompaszf/om of  Tnd s 3(7/7

}\V triv E'’ A sgn8f" | son
(1111)| 7 3 2 3 1
(211) 7 7 Z 7
(22) 7 / 7
(31) 7 7

(4) 7




