
 Lecture 95 Induced representations

e Recapaplan
1 Proof of Frobenius reciprocity
2 Character formula for the inducedrepresentation
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Section 2.1 significantlymodified on310

e Recapaplan
Let F be a field HcG be finitegroupsand Ube a finite

dimensional representation of H In Sec 9.1 of Lec14 we
have constructed the induced representation of C

India fMap 19,47 q G Ul gight hagigi
w lg g g plgig
In Sec 2.1 of Lee94 wehave statedthe important

property the Frobenius reciprocity

forfinite dimensioned representations UofH VofG we
have a natural vector space isomorphism

Homa IVIndia Hom tu6
Res
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Theplan for this lecture is as follows
Prove Frobenius reciprocity

State 4prove the Frobenius formula for thecharacters

of induced representations
Make curious observations about representations of the

form Ind's tri v e Ind's sgn for n t that will be

generalized to arbitrary n after the break leading to the

classification of irreducible representations ofSn

1 Proofof Frobenius reciprocity
First we construct a map in t Define themap

ev IndiU Map GUl U evict pie
We claim that it is e homomorphism of representationsofH
ev hq Chy e p hi ly isequivariant haplel
Now our map xt is y to evey Since ev k y arehomomorphismsof representations of H so is their composition Hence we

indeedget a welldefined linearmap in
Now we are going to construct an inverse Let ye
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HempIVU We aregoing to define Yy V Map 16U Wedo

thisby lying ygiv
We needto check that

a

yuleMap 1h4 yall Ight hallyzallgh
yqlvblghi ylhrgiothuylg.io hallyzalgh V
o

Yz is Gequivariant Yalgirl gmapIga 42M t gel
Yalgiullg ziggiv
giap isa 4210131g 14210131g g Rigigiv checked

We need to show that y ayy k y pevey are inverse
to each other eve42 2 Yevey Y
evegyu ly little plus V

Yevey long evly gin lygirdle ly is Cequivit
yallg Yevey Y D

2 Character formula for the inducedrepresentation
2.11Main result

Let gi it l be representatives of the cosets in GH so
that 1 19til Every element of G is uniquelywritten as

gili i f e heH



Theorem Frobenius

India's Figge giggi o

Proof

In theproof we'll use thefollowing observation Let Vbe
a finite dimensionalvector space w directsum decomposition

V UO Olle Let LeEndV Fer i j l il setdig Hiedlug
where Mi V Ui is theprojection Then

tr d Étudii t

We apply this to V Map 14,4 L gu andthe spaces

Ui yeMapChU pig to gegitt if l Note that

oily is themap that coincides w y engiftand is e on the
other cosets

Recall that forgel we have lg g gili qggili
Suppose yelli If ggiftgift then piggili so so stilgg
O The condition ggiegift is equivalent to gigget
giggieH From t we conclude duly tr d gigot tr d ii

go we need to prove that ifgiggietlthen traitXulgiggi



Note that themap yegg identifies Ui w U compareto

Sec 9.2 ofLee14 We claim that under this identification

Lii coincideswith giggila Hiily gi gigginggi 12

this will finish theproof if c U Ill is an isomorphismof
finite dimensionalvectorspaces p eEndul d eEnd14 satisfy

cop des then trial tr copoi trip
Let gelli Then the image of daily in U is

daily gi diilyllgitig91git g g gi glggits

p gi giggi giggieH plgti't hagigi
giggly pigil whichgives 2 andfinishes theproof a

Remark suppose that All is invertible in F Then we can
rewrite a as

MIndia g Egret HulkgK
This is because for K g ti wehave kga hlgilggi hi so

Ali'gic Xgiggi and therefore the sum in rt is All times

the sum in A1 Sometimes al is moreconvenientble it does

not involve artificial choices
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2 2 Examples applications

Example 1 Suppose U is the t dimensional trivial

representationAs we have seen in Sec 1.1 ofLee 18
Indf U a Fan GH F

By Sec 2.1 of Lec8 Duncana g Kxeclatg xx t
Hielo esg'giegitl giggieH 1This agrees w Thm

Example 1 Let's use a to decompose F In2,9triv w H loh
into the direct sum of irreducible that also can be doneh h

using the techniques of Sec 2.2 in Lec98 Here we assume
char F o F is algebraically closed Inparticular we can use
o

Back to H 1h U triv note Xulg e unlessg is

conjugate to 1 or h In the 1st case gets lute
dim V

16141 12161 In the2nd case

tulg Xuth ElkeG ic heh 1 12121h11
Let Wbe an irreducible representation of G Recall

fee
Application2 in sect ofLee11 that themultiplicity of
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W in Vequals AwXu ggatwigAug
Let C ghg gel so that 14 161 1Zathll

Then AwSlr h h i tallymen tellwthItalhit
12dimWttw h

Freduct is 191

Nowapply this to G S R tt Se e Az We use

the charactertable for Sr from Sec 2.2ofLec8 to conclude

Ind's triv strive Take sgnee

Andhere's an application of Theorem

Lemme tensor identity Suppose F is algebraically closed

fieldof char e Let U Ube finite dimensional

representationsof H C respectively We have

V0India Indy vent
Restv

an isomorphism of representations of G

Proof Recall Application 1 in Sect ofLee11 that two
I



representations are isomorphic if their characters are equal

Xv Indialg Sec1.5 orAddendum ofLec113Xulg Xingulg

Indireally Figge vealgiggi I Xulgiggildulgiggi

Arlgiggi Xulg Xulg Exulgiggi trigXindialgl a

Remark 1 The conclusion holds wo restriction on F butthe

argument needs a few things from category theory It's based

on the following natural isomorphisms

Hem IV Indy Nau Frobenius reciprocity Home IV V04
tensorHom adjunction Hemp V'OV U Frobenius

reciprocity Hem N'ou'tIndia tensorHom adjunction

Hem lv V0India

Remark2 Theorem has a fun application to the structure

theory of finite groups Let Gbe a finitegroup By a
Frobenius complement we mean a subgroup HcG which is as

far
from beingnormal aspossible HngHg's e AgeG H
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Consider the subset K GyeagHg Use
Then it is asub

group automatically normal this wasprovedby Frobenius

23 Curious observations about Indsttriv Indsign
Here's a complete list of decompositions of Ind'striv into

irreducibles As before F is algebraically closed cherF so

7 r Ind triv striv

7 13,1 Ind's trir fun S S3 F Sr 5 I 1,23,4

exercise F Lemma in Sec1.2 ofLec5 triviaFor
permtutation rep

7 12,2 Ind's triv trivet F ok See2.1 ofLec14

7 12,9M Ind's triv trivia take sgneForExample 1
X 9,91,17 IndiesFunGF regularrepresentation seeThem

inSec2.1 ofLee 7 trivet toV76sgnof.tt sgn

Werecord this as a table where rows correspond to

Ind triv columns to the irreducibles the entries are

themultiplicities we skip e's



Table 1 Decompositions of Ind triv

I
r r

13,1 7 9

12IN t 2 p p

11.11.1 9 3 2 3 9

Now weproceed to Inds sgh where by the signrepresentationof S we mean the restriction ofsgu fromSr By Lemma

in Sec2.2 tensor identity we have Indsign sgnoIndsttriv
So weget thefollowing table
Table2 Decompositions of tads sgh

yij.gg

1,11,1 9 3 2 3 P

p13911

17,21

13,1 P p

g

g


