Lecture 15:
/@Imwf[e/{mﬂs of fymmofr/c groups I
1) Main classification reselt
Ref: [E] Sec 5178513

1) Mair cbessifieation resilt

s jaa/[s in his /oa/f o e corse we:

' /Zzssi;? e ineducibt, representations of S over en
a/jec{m'c% closed Bell [F w. char Fz0 (e restriction
w He characteristic is essentid, whil e conditon of /mj
@@Mym% losed can fe M’cp/ﬂeo/ )

. [z;mp ute Yy handes of ireduilt representations.

Theve are 0 mumber of reasons % care about vepre senta-
ZZ/O/?S 0/ \S, S'fe&i%ce/%/. 50/% Awe % 0/0 Mf/ Z[/e /mfa/e

0/ s group:
7 I



. S;Bg‘ / { 1 Z,.../?f) s one a/ 0/ ﬂ’ngfmy/)/eo/ j/’ﬂ%S///S&
Lec 1

’ S,, s a “reflection jmu/'am/ 2 ”/@/ jrgu/o." See Bonus
Lectares A1 4 A2

- S, contains He H,Z’szl'/m/lzmo;’/ group A as an inolex 2
5043[’0«/9, Tt tums ot thet ane con deduc Yo cbassi-
heation of irreductls /{;U/fesmfafmm of A, y{;’om Yot of
S —and He ldter s peer The importance of A, i Hot
145 a 5/}44/04 o (for 15). Simptl 910ups (& 9104 Ahat
are chose 1 simple., Such as S, /@,4 oé’:{c'ngais/eo/ rolt
in e strudae %/eo? g He represtation f/eorg i fnte

j)’ oups.

e ool groop of Weasons is comections o obher 05%3%{?
I /@/msenz‘ﬂ/f/on z‘/eorg g ffjpno( This incllydes

A comection % ﬁognm;‘d tepresentations” of (2 (€] ve
th Schur-Weyl dinkity ~to be tonened in 2 St bonss

lecture.
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’ /4 Calweyf/o/o ‘LZD KOM //'}74/{0//65 : /L/OMJ oé’tz(jm/m/ % //mwc ,
S’jmm\o/fnc /)a%ﬂolm'ﬂ[}_ M W/KZ See Some o/ ZZ/ZSZ c’oxmeﬂ(/am
in e lectures and some more as 4 bowus

- Alomections T Pobeli 6’121 et we ax 5/175):&5 % see

n an y form

17) (ombinotoriel /Ore/oamf/m

The irreduibte /ef/eseﬂfaf/om 0/ S e inolexed % /a}'f/l
Lons. In ovder o state Yo clossitcation result we'l? need
Some  combinaitoried constructions. We stat witf a /wz‘/b/ or-
dex

Defintion: Let A=().1,) Vi j'f,,.jvk) be /m//'z‘/om of »
(we a o 2¢ro /m‘s to A& M 1o me e number of PR
epucl). We consider the ﬂxz'cojm/o/fc oreler: ) < il =fo
A, - [, but ), </1; b some ¢

E)mmpéi /L;r /4—-{ We Aa,yg:

_ b2 B02(22)5 Ga10> (14
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Next we will need an imobition on e set of
/Dmfiflons, Jo detme it we witl visuelize /mufz‘/z‘/om as
%W)g oé'a;mms : o a/a/f/'ﬁon (A A) v 220250 we
45?5#7 e Con//jum/'f/on of it boxes o 2L /)Kwe Hot
are M/M;{/ m tows w. N (15t row), A, (Ind row) eie.
boxes a/&jne/ on e left:

Emmpﬁ: (4) —» o1, (31) — Ho, (z2) — H,
(211) — ED, (1111) —95

To a loa}’zz/’zz lon, eguiv,, yaun} o&'ajmm V.Y amjn its
ZZ/QM)])OSC ;1{-' ngzzineo/ /5; 144 /%a‘f/n; fA a[/'d(jrm w.t T
Z[Zz olfajom// :

£y G- (1111 GG B — B Got60

=
/

12) Main residt
j MZ e jamg, fo use ft«/o /Qm/ﬂ’gs 0/ /}744((;&0/ /’?Mesen-
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totions of S to be densted é, I;,I{,W/ﬂe y)
runs — over fﬁ st of /M{/'zzlons of

Fecall Had 4o 2 /)arz‘/'z//b/; A=00.. 00 we 255/
te subgryy S = S, xSx.x5, <8,

Detinition: Set T :-‘2 Ind ;: triv, I A—‘r Ind SS; Sjﬂ.

[heorem: The /ﬂom}q} laims arve true:
1) for every parz[/'f/on 1 4 I inediidte pepresenterion, v,
of S, Yk ocars in b4 T ;, T,
7) b very, (rreducidls /e//mm‘d/on of S is /50/%0/;04&
to Z for aﬁ/’?ue A

E)mm/bé : /C(;V ﬂ=4, we 4&4/5 Coum‘ea/ f/e %f/ﬁff&f&f/bﬁj
If n Sec 73 o/ lec TS /%/{ we e reslls:

;\:/4)5 I/:) = 'f}’z'v/ _7—[;) :ffiy @ ([Eq)@;@ l/zez@ /{yn ®ﬂ~o—¢)@369$jn,
So V(‘/) =21l

%:[%7) I(;,’):ZZ/'ZIV@[F:) I[;;.,)= E%[{@ [Sjﬂ®[lt‘>~4)9é53ﬁ.
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So I/[gj):ﬂro‘.
A=(72): _[( )”zzm@[F @l Ifz = [{@{?né)ég%{?h
So V(zz) 2"

A=G110: Iy,= tive () @V@sjmﬂ
TP Sjﬂ@[F@{fﬁ So (zm f?”gF
A=(1111): —fr/y@(ﬂf) YA /Sjn®ﬂ~o—o)@gé9$jn,

I/szff”' So My ° 394

[7111)

R

g’ove fA&f th@ % ~ \t- ,%nz Use Sjn@I;
I ;\f/w/)'oé /o//owj ff’om Lemme in Sec 77 in fec 15,

13) Main technical claim
We wll dedua 2% hassificetion z‘/eorem Hom 4, Alo-

mng vesult

/%in %m’m-‘ %Er /wf/’{/om 1 £ /4 Z‘A /J/amhj we Due:
1) /%445 / 77 I/,—) Fo = s 1°

Z) a//m /L/omj I )
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E)(am/pé TL exp it com/paz‘uz/om l/m/ Hhis clhm
Jgk /=4

This  cloim witl & //om/ i o st Litwe Now
we deduce e Heorem Hom i#

Prost of Theorem modibs o main cloim:

Stop 1 Lot (b ar arbitrary finte gy and YV
be its Puite dmensionat representations. Thn we can decom.
pose U V (nto z‘é a(«/w‘f Sums o/ educibles:

U - @ VANE 69 0"
Then /{4 /0}’0p/ s /a/{ as an ) We have
(%) dm Hom, (U V)= ZrM
50 /7) of {/c /%m f/azm means z//az‘ //
hawe  common We&éfaffe summends, Hex ALY ,4/1/ [ 2)
means that 1 S[a/e 0/7? one  Lommon Z//eo/aa/ﬁ Sum -
mand (it Mfz/)éaz 1) We donste # by Y. Thi estot

Uishes /wzz 7 of z% Hheorem.
|



S{ep 2. Mo we show Hhat Y=l = 517'1, Assume
X#h Thea, sa/a/n/oz'noi 1 £ S iF noosled we can assume
jfﬁ\f_ Note Yot W is a dire summand én _7;, wht,
Vo is a divecd summand in I},— Sona K YU e

S M

use (#) ahove Yo Show tht  Homs (I}, I)%0 Ths

Cﬂhfl’a OZ/ULZS / 7) 07/ Z% /%4)4 f/w)m, 5’4204»} Zo contva aé‘a‘f/oﬂ_

Sz‘e/o 3 Mow we ave reaoﬁ to prove (2) of Yo Yheorem
We ve joz‘ 2 cotlection of i wise non-Isommphie (rizlacis-
s inolexed @ 4, sz‘z'{mny of 1 The some set mobes
T Co/yuja? classes in S As e number of iedc§tes
(up o /50/44070//‘%) 670/4/5 4 wmber of coy'ajao; classes
( ﬂ:mf/arg_ in Sec 7 of Lec 10) we Jowe adfa% construe-
teo 2l veduci bt /felalfesenz/af/om, Fni s/fn& 4, //oo/ o

79) fom/puz‘chzbﬁ of dm Hom s, (T ; , I/,— )
7]6 /a/égwmg /’85&0& /s 'Lz/ﬁ 74/"52Z 5116/0 7 /fo#fﬂi Zz/t

Main (lain
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mema : a//m Hom s, [ I ; , I/: ) Cotngides f/e dmension o/
[1e Fn (S, F) £(246)= snlc)fly) ¥ g¢ S, ve Spe, 6e S,

Pma% fecell 4o Fpobenius /ea/'oroa'zj-‘ for fnite 9roups HcC
tepresentations U of H Vof ¢ webave (Sec21of Lec 19):
Homp (Y, Todly 1) —=> Hom, (1 1)
Arr this fo: (=S, H=Spe, V=17, Usson. Ik got
'%'MS,, (l{ Iﬂd)a/%m&f /[/5(7”)

The dwmension of e {ujmf s He /m«/&‘z/aﬂmi} of son m V
vewed 25 2 representation of é’{,f et can ol be Compuéeo/
25 dhm //am%/s(jn, V) see Sec? in Lec Z The space
fom ¢, (sn, V) 15 identifred

lvel/[ zv- son(z)y #ZG;J (%)
(e send sgn —V o P (1), be condition thet % is homo-
mar/%/sm /0/’60/5051 meens Z?ﬂﬁhjjﬂff/?['/))

Now we use thet

V= Dds” biv={FeFn(C Flfger=15) #9¢5,, 6.5, 3

W. S,,%ﬂ()on j/Vw‘.’h {j [T./J/g)ﬂ‘y/r'p (7‘00*' “565;,). M note
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thot S0 (7= 32714/(") i conchude Yot (%) Is:
e Fun (G F)|#(5)= 59 @), f55)-15) ¥ g5, 625, e S,
7Zis /s emwf§ f/¢ szece n 7.% S'L[QL[CMCMIZ 0/ -//c émmz_ 0

15) Eowares on e Lssification over other edls
Ths discussion 15 1t qoing % & ased in whatt Ffollows
Sa/a/)oge char [F=0 but [ may. bo non-closed The //oo/
of Lemwma i Sec 19 camies over w. 5@4{ modsfications (CH as
). In fact, He Mein Lloin holds over any F as /0%5,
25 chor F#£2. The (k) in Step 7 of z%//’ao/ i Yo /O/e;/[_
ous section becomes
dm Hom (4 V) = é%-h; //mb__é;?a/gﬂ/t')

From here we stll qet th mreducitle sepesentation lf as
in Y zz/eorem,am/, moreaver, %MF Ends () =1 Step Z comes
drer, S0 we joz‘ o collection of ireducible /gorf;enz‘a/z‘/am of
S, over [F indlexed é /m{/iz/ons- As we remareed in Sec 1.1
of Lec 1) He dontos of ireducitles are sttt 0/1%(27017@//

/@ﬂw gnfwxé Zno/e/pen/mf. £ Llloes ajcu}; f/u‘ 6/61/}
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iyveduibty yepresentation o [S, i /smogv//c b W for 2
um'z{wz A

Now Suppose ho [F- p and [F s %Mmjm@ cosed
(bor {ymmm‘//c groups s assampzl ion s not relevent)
Theres 2 jgh(/ﬂj vesullt ot for a faite progp 4 He
pumber 0/ (e ducible Fr -modutes s fyaa/ % o mumber
S 60/7/'0/5@7, classes whose elements Jave order coprime Lo
V. (we have seen Gris for P-groups n HWZ) for (=S,
one. Con 5&01( more. An element of S, Jas ovoler Coprime %o
P 0// {/é %/ij/s o/ Y94 90{55 in s aécomposfz[/on are
aprime o P Andd therers 2 oé‘sfmjuis/co/ a///'fyz‘/oﬁ between
Yo set of imeducible S, -modublss and Ho set of
PN tit)ons a/ N wlo /oarfs divisibls oél P



