
 Lecture 17 Representations of symmetric groups I
1 Completing the classification of irreducibles
2 Character formula

Ref E Sec 5.125.135.15

1 Completing the classification of irreducibles
1e Reminder

We consider representations ofSn over an algebraically
closedfield F of char e Wewant toprove that the
irreducibles are labelled by thepartitions ofh a.k.a Young

diagrams w n boxes Xa Vy Here V is the unique irreducible

occurring in both If Ind's trir I Ind'ssgn

Example If Indstrivetriv Vin trio Further Itn i
Indssitriv fun SalSn 1,2 n F A permutation

representationWe know Lee 5 that F striveFenthedecomposition into
irreducibles Since Kelly is e bijection Vinitriv we seethat

fkn in
f



In Lec 16 we reducedtheproofofthe bijection to

Main Claim Forpartitions Igu of n wehave

1 Homs It I'm to juts at
2 Lim Homs III Ix 9

We haveproved e lemma that we'll use for MainClaim

Lemme dimHems IT I coincides w

dim f Sn F Iflog6 sgnlolfig t geSn teSgt beSis A

1 1 Combinatorial preparation
We start w a combinatorial formula for 117 Weneed

some notation Let k be the number ofparts in X
consider the subsets Xi i o k of 9,2 n given by
Xi Xp i.im m ti 7i so that Sy beSnl6Xi Xi ti
Similarly let l be the number ofparts in jet consider

the subsets Yj j 9 l Yj jute.gg tmlm 1.2 jjt so that
I



Spt te Sult Yj Y D j

Lemme 1 coincides w thenumberofdouble cesets

SgtgSzeSydSu Sy s t

A IgYAXi s t t it K j t l

Note that whether or not a holds for a given double

coset is independent of the choice ofg in that coset

exercise

Proofof Lemme Suppose fails We claim that

flight sgn e fig t teSgt be S fig7 0 Indeed
let a begYinXi at6Then 6 196 preserves all Xp

hence

beSy Similarly gagbeYj t gag6 eSgt But
t gag eggs
fig sgh lolfig flog figs fig fig e

Now let SpgSy Sgtg Sy be all
doublecoset

as.t H
holds It is an exercise to showthat for sa r



G gistg s n s e

AgeSgtg S F te Sgt beSylgag 6

Define f Sn F by requiring that f is zero on

all double coset but Sgtg S R fleg 6 Sgnel which

is well defined6k of the uniqueness condition above sothat

f leg6 sgntifigl The following finishestheproof

Exercise The functions for f form a basis in the space
in o hint f Iflgilt hence o r D

P2 ProofofMain Claim
Thanks to lemmas in Sections PO 1.1 we needto show

that the existence of a double coset satisfying 1 7 implies

guts It which we'llprove for X p there's the unique
suchdoable coset which we'll see inthe course of thepreet

It is the height of the gth column in X viewed as a

fiagram So k thenumberof Xi's Xt moregenerally



2 Its ill lil 931 t 9 9 7 exercise

Ifjust Ytsk then ft is violated Weonly needto

analyze the casejust It otherwisey It indeed In this
case 17 Ig Y nXi to fist k Let beSx 6 6 G
wheredi is the transposition in Sai Bij Xi permutingthe only
element in g YAXi w

the smallest element in in Xi
A t Xi tl Replacing g w go weget gYAXi I t.tti.tt

Set Xi Xil ftp.txi.tt
g Y AXi g YjAXi t j 2 ti

il Xi p Xi by 2
So ifjust111 It then g YanXi

contains 2 elements

for some i violating So we can assumegut hi modify g
similarly to the above form Xi Xi l It hit234continue
in the same fashion proving I coset satisfying x jutsht
If X p then we have modifiedg by multiplying w

an elementofSy from the right so that

g
3 gYinXi at thing if jet landdelse



AnelementgeSn satisfying 3 and
hence x exists

to see this fill thediagram I w numbers 9,2 n left to

right then bottom to top e.gfor 7 13,4 weget

Ig The ith row consists ofthe elements ofXi

Then fill the same diagram but now bottom to top then

left to right

It The jth column consistsof the elements of Yj

Take
g that

sends the number in thefirst diagram to
the number in the same box in the 2nddiagram In our

example it is t t t 243 345 8 2 544 It

satisfies3

Weclaim that 13 determines
g uniquely in its left

Sgt coset finishing theproof Indeed letgo be another
elementsatisfying 3 Let te Sgt bedefinedby sending

ggltat.tti.itj
EY te g A t.tt jley if jail This



uniquely determines the element t and it preserves eachYj
so lies in Sgt By construction Tg go D

Rem Note that theproofworks as long as char5 12

2 Character formulas

Weproceed to computing characters of irreducible

representationsof symmetric groups We assume that I is

algebraicallyclosed of characteristic e the condition of being

algebraically closed can be removed

For me TL define thepower symmetricpolynomial

Pm x

For GeSn let ma mabe itscycletype Weset

Po PmPm pm

For example Pepa of ftp.txn
Note that p onlydepends on the conjugacy class of6

Finally we will needthe Vandermende determinant

O ftp.nlxi xj Let xinitis
A



Theorem Frobenius Xu161 coincides w the coefficientof

11 x in op Irecall that we adjoin e's to X if
needed

We will prove the theorem next time

Example Suppose 7 In so that I Ind's trivstriv

Vitriv Xu161 1 t beSn The monomial we care

about is xp xp xn On the other hand

op Luse thedeterminant description of o

Ees sgne x xn Ipo Note that the largest
monomial w rt lexicographic order in the sum is

X x xn w coefficient 1

while in p it's x w coefficient 1 So Xt x xp is

the largest monomial in Op the coefficient is indeed 1

Remarks 1 The theorem is not easy to use to compute

the characters try to derive the formula for the character

of
Van
an

It does however lead to fairly explicit combine



ferial results of which I wouldlike to mention two
the formula for decomposition of Res's V into thedirect

sum of irreducibles Homework 4

the hook length formulafor dimV coefficient of

IT x in Oftp.txnl see Sec 5.17 in E

We'll have a furtherdiscussion of how to think aboutthe
Frobenius character formule in a bonus lecture

2 As was discussed in the bonus section ofLec16 the

resultsof this section carry over to the case of nonclosed
char e fields Theyalso carry over to the case when nip
But in general the characters andeven dimensions of
irreducible representations of FSn w charFp are not known

and this is an area of active current research

A


