
 Lecture 18 Representations of symmetric groups III
1 Proof of characterformula

Ref E Secs 51825.15

1 Proof of characterformula
Recall the notation I is an algebraically closed field

of char o To a partition I we assign the irreducible

representationV of S Let Min Consider symmetric

polynomialspm EyXi m e and for GeSn Po pm Pmg
Where mo mg

is the cycle typeof 6 Finally consider the VandermendedeterminantD Let x Diy ftp.lxixjl

Theorem Frobenius Xu161 coincides w the coefficientof
1.7 x in ops

11 Formula for It
The first step for provingthe theorem is toget a similar

pin spirit
formula for XI where recall I Ind's triv



Preposition X 6 is the coefficient of17xi in p KeSn
Proof

We'll give a combinatorial interpretation of X 16
Recall that I Fun SnlSy F so bySec2.1 ofLes8

XI 6 SnlStl the of 6fixedpoints inSalsa A point
of SnlS can be thought of en ordered collection ofsubsets

Kick n is9 K H W Nitti 1,2 n 41Xi thegroupSn
actsby permuting the elements of 9,2 n theaction is transitive

Sy is the stabilizer of the collection Xi It thi.im m 1,2 di
that appeared in Sec 1.1 of theprevious lecture theproof is

left as an exercise
X Xi is fixedby 6 6 lil Xi ti Let a cSn be

the subgroupgeneratedby 6 E Z be the 26 orbits in

1,2 n Ee numbers in the lth cycle of 6 so Zet m Of

course 6Xi Xi Xi is theanion of orbits Therefore the of
fixedpoints of splittings of m mg into Ngroups w

sums to tw This coincides w the coefficient of x xin

Hind Est finishing theproof



12 Reduction to combinatorial statement

We now proceed to proving the theorem In this section we
reduce theproof to Main Claim which will beproved in

the next section entirely based on arguments that henot in
valve representations manipulations w formalpowerseries mostly

First somenotation For 2 la g e TL set x ItXii
Set p NnN e d so that

D Ees Sgh t x permutation

For a partition X of n k seSn we write 0,16 forthe
coefficient of x in ops Weneed to show that

a Glo Xv 6

Note that by the very definition pops if 6,6 have the

same cycle type conjugate So by Sn I is a class

function

Recall that on USn we have the symmetric bilinearform

frfr Fsn Isnt 6 f o 626 havethe

game
cycle type hence conjugate Fs Isnt6 f 6



The orthogonality of characters Lec o tells us that

Xy Xy P

Main Claim For all partitions X of n we have exex P

We'll prove Main Claim in thenextsection we any
representation theory

Proof of Theorem module Main Claim
Theproofgoes as follows

Steph Check be At ExamAt W am Ek
Step 2 Check XI Xu FaKayXun w KaeTae these

are called Kostkanumbers

Step3 Combine Steps 1,2 WMainClaim orthonormality

of characters of irreducible to finish theproof
Now the details

A



Stepp For 2 19 g e Tt let 416 be the coefficient

of x in po po 4161x Note that

all so unless he Eaj n
Sincep is symmetric 4161 old t teSn
if a air an so that 2 is e partition ofn we have

4161 X lol this is Proposition in Sec1.1
Then op gensgnk x ELK K

EySgn k s d x The coefficient of y is

2 Et Es Sgn o xp op 6

Now we need to deduce

3 CatFamilia
Note that heregu is apartition gup.ge gun For Le T

we write a for the unique decreasing permutation of2 We

need to show that for ju tapop w e te we have

gut it assuming je
Forthis it's convenient to introduce a partial order

on the set ofpartitions of n often called the dominance

order Forpartitions Im of n we set Ryu if
51



IEXi sEYi t k o N
Two remarks are in order

X Ju 744
Xp as a diagramju is obtainedfrom X ly

moving some boxes down landto theright juts at

Return to jus Atp Tpl Note that just
i ji Edit N i N lil Edi

W 2nd being for t e 61 É t lil E i t k w e e

So jut sit if t te jutcat This finishes Step1

Step2 We have It QVi
km
for someKaneko Recall

that Vm occurs in I'm tgu k
y if Xpo dimHoms It I'm s
e ifgut at

4 implies km to juts It Moreover Kype by theconstructionof V as 1 by r So If Ke Vi
5 Ly Xv tEat KatYugiI



Step 3 Frem 3 2157 we deduce

6 At XutJe butXu Ibxmet

According to Main Claim exex 1 6 Hua Xu

Six it fat bat tidy 5

Remark Here is a combinatorial interpretation of Km

By a semistandard Young tableau of shape ju and

weight I we mean a filling of the Youngdiagramjaw
I T's X 2s so that the number weakly increase left
to right and strictly increase bottom to top E.g for

14 13,1 27 12,1 1 have Kat2 Ig Ig

13 ProofofMain Claim

8,16 is defined as the coefficient of a monomial in
somepolynomial We want togive a similar interpretation

of ftp.t For this we need two collections ofvariables

go n kyo yn



Lemme 1 byby coincides w the coefficientofx'Py
in the formalpowerseries expansion of

Oktay II e xiyj
where Old Oly are the Vandermendes in t InKy yn
Proof

Since by161 is the coefficient of x inOlap x then

Aki is the coefficientof x ly in oldolylpolxlpo.ly
Toget to fly tx f Isnt k we need to rewritethe

Khs appropriately We encode a conjugacy class in Sn as

a sequence Is in me w MEmim h this equality means

in particular that only finitely many of im's are nentere

to this collection we assign theclass w cycle type consisting

of in cycles of length m t m Wewrite by lil for 0161 w d
in the corresponding conjugacy class and Eli fortheorder

of Zs 6 so that thenumber of elements in the

conjugacyclass is Ito So
19,9 n Es Aki'sImpute

A



Exercise Eli It im mim all factorsbut finitelymany
areM

What we'vegot so far is that eyes is the coefficient

of x y t in owolyl.FIyimEmtI Herethe sum is

taken over all ist Eminem landpi k s Ex lie it's

equal to palm for d in the conjugacy class corresponding to

It The key observation is that x y can only appear in

pixpity if Emin n for degree reasons So we can

sum over all I
So lay tx is the coefficient of x Py t in

OWoly where

ETEYIIII.IE 1E xigilel'lie

p I if xigile ie f exp ÉHyde e

exp Es E xjy.ie etMexpf legloxjyil1Ilrxjy.i



This finishes theproof 5

Lemma 2 Cauchy's determinantat identity
7 Owoly Co xjy.ci'sdetlaxty É

Proof Set zj xj e fit t is equivalent to

ftp.gg.ly detlzfy eoaolytdetlgy7Mt g

Both sides are polynomials in zjy of deg N N Both
vanish when 2j tj for j j er when y y fer k k So
thepolynomials are proportional

Weneed to show the coefficient ofproportionality is
1 In order to do this set yet t k o N In the ths
we get eoly In the rhs weget Idly gal The
two are equal 5

Proof of Main Claim
Combining Lemmas 142 we see that ext is the reef
I



ficient of x y
t in thepower series expansion of

detlfjy.liFEsnFfittjyg Esnsgno Etta
For the the coefficient of x y

t in II Iggy
is zero ble Xp is strictly decreasing themonomials in

this formalpower series are oftheform Mythforsome 2 And
the coefficient of x y in I Egypt is t 5

Remark This finishes our study ofgroup representations
with exception of bonus lectures where will discussmore
things around representations of symmetricgroups One

remark is in order We've seen that in the study of

representations of Sn inductionplays an importantrole
Overall induction is a quitepowerful tool It can
be used to understand representations of semidirect

products of the form KKA where KRA are finitegroups
A is abelian See Sec 5.27 in E Induction

fan
also be usedto classify the irreducible represen

pp



tations of groups like Ln Fg See Sec 5.25 in E

for the n 2 case

TH


