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1 Introduction

We now switch our focus and instead of representations

of finite groups look at those of finitedimensionalassociativealgebras lover a field F Of course the two
are connected a representation of G is the same thing
as a representation of itsgroup algebra FG And in fact
we will veprove some claims about representations of
finite groups in this section

We will mainly focus on three classes ofalgebras
simple algebras semisimplealgebras skew fields The

definition of a skew field wasgiven in Sec 3 of Lect
se are associative rings st every nonzero element is



invertible The other two classes are definedbelow

P1 Simple rings andalgebras

Let'sproceed to simple rings algebras Let A be

an associative unital ring

Definition 1 A twosided ideal in A is a subgroup I

IW.r.t.tl s.t.ae A be I ab bae I

Here's a reason for this definition if q A B is a

homomorphism of associative rings then Ker g is a twosided
ideal Conversely every two sided ideal arises as such a
kernel A I has the unique associative ring structure st
theprojection map 14 A A I a eat I is a ring home

morphism Of course I ker si

Definition 2 Anassociative ring A is simple if ithas

gyactly
2 two sided ideals e A An associative Falgebra



is called simple if it is simple as e ring

Example Let S be a skewfieldand ne Th Thenwe can
form the

ring Mat S of non matrices w entries in S
We claim it's simple As usual let Eij denote thematrix
unit at position i j Then for B bij eMatn S we have

117 Eii BEji bijEij
Now let I be a nonzero two sided ideal in Mat s

and BEI B to If bij te forsome i j then bij is invertible
thx to o Eije I Ej EriEijkEre EREje EI
t k l Is Matu157

The 1st important result in thispart is acharacterizationof finitedimensioned simple associative F algebras

Theorem 1 Everyfinite dimensional simple assoc've Falgebra
is isomorphic to Matn s for the unique me a finitedimensionalskew field S over E
I



Remarks 1 When F is algebraically closed the only
such S is F itself Indeed fer se S I m est
S amSmit the forsome am e e F here we use him Sco

If 2 ameF are roots of thepolynomial xm.am xm a then

Smamism t he II s di in S Since S is e skewfield we

get s di for some i se f as S F

2 Outside of the setting of finite dimensional algebras
classifying simple rings is very hard

12 Finite dimensional semisimple algebras

Let A be a finite dimensional algebra over F

Definition We say that A is semisimple if all its

finite dimensional modules are completely reducible

The following example also serves as a motivation

I



Example Let G be a finitegroup s t char F doesn't

divide 161 Then FG is semisimple Meschke'sThm Sec 2

ofLec 5 So finite dimensional semisimple algebras
generalizegroupalgebras FG under the assumptions of the example

The names simple and semisimple look similar butthe

definitions do not In fact these two classes are very
closely related To state this relation note that the
direct sum Ap Ak of associative algebras Ai i g k
carries a natural associative algebra structure w

componentwise multiplication

The following theorem will beproved later in the course

among
other characterizations ofsemisimple algebras

Theorem 2 For a finite dimensionalalgebra A TFAE
1 A is semisimple

2 A is isomorphic to thedirect sum of some simple

stage
bras



Combining Theevent 2 we reduce the study of
semisimple algebras to that of skew fields Thefurther

study of skewfields will be thefinal topicforthis class

13 Structure of modules

By definition all finite dimensionalmodules over a semi

simple algebra A are completely reducible Se to understand

how the modules look like we needto classify the irreducibles

Exercise Let S be a skewfieldand me TheMatn s
module S consistingofthecolumnvectors v w usual
multiplicationof e vectorby amatrix is irreducible hint use the same

argument as in theproof that Mat s is e simple algebra

Assuming Theorems 112 As ifMatn Si for some K nil
and skewfields Si Thx to theprojection A Matai Si

we can view Si as an A module It's irreducible ble the
rejection is surjective



Theorem 3 Every irreducible Amodule is isomorphic to

exactly one of Sis

2 Basics on modules

Let A be a finite dimensional associative algebra over F

2 1 Terminology

We are interested in representations ofA a.k.a Amodules

We also refer to them as left modules thedata of a
moduleM is a map AxM M lam team i.e A acts

on the left We can also talk about rightmodules these

are vectorspaces N W a bilinearmap NxD N Ina to na

satisfying associativity na b n fall andunit nd n axioms

Note that a right Amodule is the same thing as a left
A module where recall See 3 of Lec F A A as f

vectorspace but with opposite multiplication a err6 6a



22 Regular module

The algebra A is both left arightmodule over itself
w rt multiplication The left Amodule A is usually called

regular

Examples 1 Let A Mat S Then A S as A
modules thisjust says that we can write an nonmatrix
as a collection of its columns

2 From 1 we see that for A OHMatn Si we get
A sIESii as A modules

A submodule in a left resp right Amodule A is called
a left resp right ideal Note that e two sidedideal
Sec 1.1 is the same thing as a left ideal which is
also a right ideal

The following lemme partially describes a distinguished

role that the regular module plays in the study of

general
irreducible modules



Lemma 1 Let V be e finite dimensional Amodule
Then V is isomorphic to a quotient of A for some k

2 Let Ube an irreducible Amodule Then 3 amaximal

left ideal I A s t VIA I an Amodule isomorphism
Here maximal means if I CA is a left ideal s t
I I then I A

Preet

1 Let y v be a spanning set for the Amodule M

leg we can take a basis of the F vector spaceM The

map A M lay a 4 Éaivi is A linear exercise
surjective by the choice of Va ve So A kery M

2 For any veM the subset Av arlaeA CM is a
submodule SinceM is irreducible for v o Ar M

Me A I where Is kerlessav is a left ideal in
A The ideal I ismaximal I I c A I is aproper
submodule of A I for I 4 I'sA s

A



Corollary TFAE
a A is semisimple

6 The regular Amodule is completely reducible

Proof

al 161 is a tautology Toprove 161 a recall that

quotients direct sums of completely reducible modules are

completely reducible Lemma in Sec 2.1 of Lee 5provedin
Lec 6 Now we use 9 of theprevious lemma D

3 Bonus an infinitedimensional simplealgebra

By the 1st Weylalgebra over F we mean

WEILxy Ilyx xy o
where F xy we mean the algebra of noncommutative

polynomials in xEy la ka thefreealgebra in xy its
basis

are words in Xay and theproduct comes from concatenation
The algebra W is simple iff char f e

Here are two related motivations for the relation

Myxxy
1 The space F x becomes e module over Wo where



new acts by themultiplication by x while y acts ly
exercise Alsoup to rescaling yxxy l is

the commutation

relation of theposition themomentum in Quantum Mechanics

A


