Jechure 19: Finte dmensional associatve a[f?e/gmsj I
1) Irtroduckion.
2) Basics on modutes
3) Bonus: an infinite dmensioned simple ﬂ.{ff/g/zz

1) Introduction.

We now switch ow fowss and instead of Vepre sentaiions
0/ %/ﬂm'vfc jmu/ay loor ot 79/0,« 0/ /m'{e Mmfmfam/ asso-
cietie ﬂjjmfms (over 2 peld [F) Couvse, e Fuo
we comected - 4 /%p/cfmz[u‘/on o/ ( is e same z‘/fnj/
as o fepresentadion of its qroup ﬂ/{ﬁmﬁfa FL And in fact
we witl (re )/D/OVc some  clarms atout /’e/afemz‘a/f/om of
]gnhéc jraaps % z%‘; section

We wtl /mu’n@ Focus on f//a thasses of @éxgc{mg
S/nyﬂé ﬂ{?f{)’m) Sem[y/m/o/é ﬁ/(/ﬂﬁ/gl’ﬂsi £ scew-pedds L,
/E//;ﬂ/z//on of o Stew- ﬁ%/ W&S j/'z/en o Sec 3 of Lec ¥

z‘/ese wre assoustive ///fjs st €V€/} Nonzero element i
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Z}7V€kzl/o/ 4 7;/5 az%:r ‘Lzh/o f//élSSt’S /e 0/4974/750/ MM

f7) S//M/Q/e /’/Mjs /Mo/ d//gcﬁ/mf)

Let's /razefo/ Zo Szm/pﬁ zZ3 (4 ﬂ,!;q@t{msl St A b
an RSSaa’a}f/}/e /am'ﬁe/( / //’ﬂj_

Detistion 1+ A bursiled el in A s 2 subrwp T
wrt +) st aed el = ab el

Heve's a reason fov £h; defintion: &f %- A —=F /sa
éomamarféism of asspciatove rings, then ker 0 is a fo - sioledl
(el /om/ﬁrsaé , every Lio-sided idead  arises a5 sk a
vemd: A/T fes e m/fu assocative //;g structue st
yA /Ure/'ey‘f/on mip - A — AT, a5 a+1 is a z Nomp.
/’WDI/'DA)’IM. of course, | =ker 97

:De/im’izlw 2 An associate s A is f/mpﬁ i it fes

€wa@ 7 Zwo- sicedidleads : {0} LA An asspciatove [F-a je{m
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;s colled S/mloé /'/ 4 s )'/ﬂ%ﬁ as a1y

EXM/D@' Lt S be a stew-feld, and ne 7, Thon we can
form e g Mt (S) of nn-metrues w. eutries in S
We cloim its szm/oﬁ As usuel G£ £ a/em?fc Ao mtnix
unit ot /oS/f/()n /z(/) Then, 7@;/ B - /5)6/%1‘ (S) we fowe
(1) £ EE = 4; E,(/

Now 4 T Ke 2 yonatte buo- sited ideed 1w Mit (S)
wid BeI B+#o It /U #0 for some Z(j’ Ao / s inverti8te
£ thto (1) :;’E,J-GI@E Eui b £ by gEpel
¥ £l =T = Mak, (S)

7—Z€ /sf /}%fan‘awzf /@Sw% m z%: /mw‘l,z /s a (//a/aafe//-
ZM{/'OM 0/ %,ng 04}”6/75/'0/74/ Slm/aé assocaftive ﬂ'_ - d/gqﬁé/ﬂs.

ﬁeorem 1. Eve;; %m‘z/c dmensional S/m/aé assoc’ve  [f- %Jm

iy /50m0}794/c % ///Wf” (S) ffw ‘fé wﬂym n20 & %milc a//me//-

sionel skew-Jelod S over [
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Femars: 1) W IF s /z/%&g/ajcq/f% Céfeoé 70 wo{],
_SuM S JAy [F /’ZZR/H _Z;70/ffﬁ( 7@7 seS ﬂmw st

S"=q,,
_Z;[a .. 0, E elF ar /oa/fs a/ {A /wgmmj X" &, X - -Q, f/w
sMhL Q-/7/So() 6/48 _gme S/JASKKW%Eé/Wf

jyf S=d; Jor Some [ = se[F(cS)=> S=J[

sz T+ A, 74/ some &, .., R, €Fﬂ/€k we wuse O/M S<oo

m

S-a

2) Odtside of A Safz,‘/nj_ of It dimensionad w{jm”/a ¢
04155[{7? [I?j, S/mpﬁ Jin 195 s r/erﬁnz 4&2//

1 Z) Fin e Mmexysfom,f Smfszmloﬁ A{%ém s,
Zf}f /4 /e a %ﬂ/ilt /ﬂme)mbm/[ alfngm over [F

Detinition: W SQJOL ‘f/@/f A s jem/f/'m/oﬁ i all it
ffn/"ge 04»7 em/amz// ﬂwo/u/es are CO/?//O/P/Z{L’ ? /eﬁ{{d { 5 )

_/7e /o/l’awz)?} ZXM/a/e a[So Senes 4s a Mo?f/(/ﬂ/f/bﬁ.
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Example: Lt (b a Inite qoup st char F doesn't
dwide (1 Then FL is Se/u/s/mfﬁ [Ma schies Thm, Sec 2
o fec 5 ) S0 %nilzt dimensional 56/17/'5/}14/)4 w{?&é/a; gere-
relize g/ 4/5%)’@5 FC under e assumptions of e xemple.

Tle names "Stmple.” cod “semi simple.” looe smilar but “he
definitions do nit. In fact, Hhese tuo classes are very
%ase% reloted To state ths wlotion nte Gt e
et sum Ae. o/, of associetie ﬂ/?eé}as A =1k
carries a patuwed  assocative a/ge{m structure (w. compo-
Nent - wise mu/%f)yﬂ’cdmn).

The #olomin 5 Lhooem wll fe /}’m/e/ loter in He course
( anong other thovacterizitons of semi simple Mjmfm)

Theorem 7 - For o fwite dmensional ﬂ/jﬁ{)’d A TFAE:
70 A s SeM/'S/m/pf .
2 A is /50/%077//: bo Ho dpect sum of some sompl

ﬂ//jCé)’QS.
51



/m/mm? Uepyemf £ 7 we /eﬂ[za& L[[L 5{140-2. 0/
Se/m'SW/Jé “{j’/g”‘? s f/ ot 0/ Skew- )40/0/5 7Ze ;{/nl/er
sty of sev-fulsh will b He find dope o s oloss

13) Structure of modides

I%L defiition, all Pnite dimensioned modules aver a semi-
SWPé Mgelm, A are co/u/oféz‘e§ Veduible. So to wndlerstand
how e modiles oo Uke e woed o %5}/‘79 e inredhcibtes

Lt S e a stew-feld and 120 The Mad, (S )-
-modids S [ consistng of e colomn vectors v w usuad mulipl):
cation of a vectw @ a motnx) is iedicible (hnt- use Hhe same
w’gaﬁmf as in the /7)’00/ e Mk, (S) is 2 S/mp/é ﬂ/{jf/!}’éz-

455(4)14[”9 ﬁeorems 142, A=~ @ /%;f,,[./ S-) for some K020,
and ﬂf’“/'%&g”é Sz ﬂx o 7{4 /J}’(O/'eof/m A _”//“jtﬂz (S ),

We can View 5}”{4: wn A-modide. Ts iweduadte §c th
= /od'e(/f/bn [ Suy'e Hive.
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ﬁeorem 3 L I/C/d\z (tveducible A -modile is /fomo//’O//c %o
EXRVfgl e of S

2) gaszcs on modules.
Za‘ A b a 74}1/'{& 0//me1¢5/'aﬂwz associatve ﬂ/j&éfa over [F.

2.1) 72//%5/70/37}

We we interested in /e/reywzfu‘/om of A acea A-modibss
We abso refr to Yhem as Gt modiles: He dite of 2
modide, M is 2 mep AM — M, lam) am, ie. A acts
o the lehh. W can also tals ahoit 1ight moditis: Yese
we vector Spaces, N w a filnear mep N x4 —N (ha) > ra,
S%‘/rzﬁéh} assoa'm‘/w'zé[, ne)b=nlah), and wnit n1=n axioms

Nite Yot a /{/ﬂﬁ 4’/MOM s ZZ/{a same f//}g s o (eff
A madide, whore vecall | Sec 3 of Lec # AT A a5 [F-
vector spece but  wit) 0/0/9051‘{6 Mw%c)oﬁ'ca/fmn: a-P6 =6a.
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27) /@jaﬁ/ modi e

The %Mm A i 64 Lot &fj'f/{z‘ modele over el
w Lt mﬁzp&m‘/m Th bt d-modls A is mua,% calles
/fjm/w{

Examples: 1) Lt A= M, (S). Then A=(S")"" a5 A-
modiles — ths J'un‘ seys tht we con write an nsn-matnx
as o collection of its columns.

2) Foom 1) we see Hhet for A- @/‘/a‘ (S,), we gef
A= @(S )@n ¢s M- modutes.

A submodule in a2 Lff (resp r/j/z‘) A-modte A is called
o Lt [}’a/y.,rgéf) idod Mite Ytk o fuo-sided idea!
(Sec 11) is He same z%'w} as o Lttt ideed whid s
ilso 4 //jﬁ idecd
Tl /afg/ﬂh/fﬂag lemma partiall describes 4 pé’;fz}éem'f/e/
wtle it He /eju,/w/ modute // %S o e Sfb/aéi of

_T?WVM’ £ (e ducible moditos
&



Lemma: 1) Lt V be o fwte dmensined A-modib,
Thon Vs /foma/;M/c ‘o a faﬂ’/mz‘ o AT for come &

2) LAV be an ineduible A-modihs. Theo 3 2 marimal
l# idead T <A st VAL an A-modile /'Samo//%ism
Here *maximal” means: Z/ I'ch is a e ided st
T'PT, then I-4

Foof.

1o Lot g,y e & Spanmig 5 Sor Lo A-modeli M
ég we CLen {azfz a2 besis of ZZ/L F ~veAtor ypact M) Th
map Aekﬁ/‘f (s, a)HZQV i A- lnear ) &
SquﬁﬁVe —{ Ho choiee a/ . So A /kerga = /M

7 for any l/é/% fé subse 47}':{6215/626/4} <M i =
Submochile. Smee M is imreduiibls, for vE0 => Ay =M
= /(’/5‘—’/4/1,“//1% I:mf[aemr] is o left el in
A Tl ideed T is maximal: IT/T €A/T is proper

SagmoM 0/ 4[[ 7‘6/ fﬁI)ﬁd. d
Kl



[27/0//61’3! T FAE:

) A 15 semismpte.

(§) T //ejwfar A-modid,. s comp/de§ yerhci 64,
Foof:

() () is a ‘fau‘fo/oj(j\ lo pove () >(z) recall thet
7Wf/wz‘s £ diredd sums of com/oéz‘eﬁ Veduci6te modules ave
Co/ﬂ/yféfeé veoluditls /Zemﬂm in Sec 21 of Lec 5 /}/oye/ (r
Lec & ). Mow we use 1) of e /rem'ous lemma. O

3) Bons: an infinite dmensioned sinpth alocre
/% He 15t /n/@/ k/jﬂ/g}’a over [ we mean
M::[Qf//;x—xjd)J

where [ <ty> we Mean e ﬂ-%ﬂ/él’a of nonconmutative
/Da%ﬂomfa/s in X% : (ara. Lo free dj&fm in 1y ) it basis
we wordls in X & 5{ o e /mﬂwf comes Pom  Comcartenmtoon,
The alygebve W, s S)m/nfé i cher F=0

Hoe are tvo (reloted) motivations for o velotion

C7X~X<Lf,=’/. 77Lc S/ﬂace F&] feame; a Moﬂ/a/é over M} h/ﬂ/el’e
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)(EM acts y;»] flz Mu/%iﬁg'cd/an ?X, winte y_ acts é'I 0('0_()(‘
(exeruse), A’é@ up to /e:mﬁwj) jx—xf/ is Y commutaton
/’&Zd/on o/ ‘LZZe /051'2{/0/7 & 'flc momentum in d/a/y{am /L/ep/cw/cs.



