Lecture Z: Basics, T.
7) [eecap,
1) Exam/aé - Pom actions 1o pepresen tations, conted
2) Lonstrucdions fepresen tations

V/4
goﬂus: /L/are, on /mm zwzléons ‘Lza }%/Orfsmfczf/oﬂs//

ﬂ) Pe cap.

In "f/e fg'/sf waa/c we /m/a p/u/é’/m/ a /’fpresenfazf/on a/
2 jl’ou/o, f, tn 4 vector S/Qa’_/ / as @ jraap éomﬁmor/%'sm
lﬂ_. [’ —-a([(V]/ W/e/ﬁ ’f& ﬁuﬁf/f /5 7,%: jmap g/ ﬂ,Z(
Zﬁlfﬁi’fh{é gnmr a/aemifou V ‘—?l/ &}/ffn) we Ma:e/ ﬂ/p/)'el/ldﬂ
z‘/e fermmo%g, Ma/ 5@21 f/ﬂf V 4'%5:// [5 a /’ﬁ/ﬁ)’e;en-
tation of C (ufo mmz‘z'omh} p e)ypﬂ’a’fg ). Belors we offen
erfc j'/ ]%r {J(g ). /Jno/ RS WRS ﬂ//m‘f/om:o/ h _S)ec. 7 0/ Zec/)
‘Léo f% 2 /ﬁfl’&kn‘faflon a/ [ iV is 'f/c some '%lrg AS 'fo

eoul /4 Mi% a [Zzzﬂf[an b Linear ﬂ/e/’a;fwcc
7]7 f J



Lt X be a set zfm/b/oea/ w. a Ladim From here e
Construte @ tepresent at jon of C in He vedor soace Fun (1 F)
o fundtions X —F [w poin twise qperniions) /0¢

[3./1&) - /g-'x) (fe Fin (| F), e () xe X)

Below  we MW@S consider Fan (X, F) w. this strctare of

A Kepresenfm‘/on.
ﬂ//fr /Lexf fmt /s ‘fo ﬂé’:éasj ’L%’; EXampé n more /Vfﬂ({

1) Exam/oé fom actions 1o fepresen tations, cont-ol
st we want o anderstond how [ acts on certain
vectors in Fun (X [F).
For xek we can consider s S-tunction” § oetmed o&/

9 {”}
h/f ARA/C j-g;': gjx

,Pém: I/ }( /s /m{e f/ﬂw zz/c 7@140{/0/45' Xé)( 76}'144 Vd

basis in Fun (X [F) =2his (s one reason why we cove.
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/%w we  Consider Spme ;oea’a[ cases.

Eronple 1 ek (-, 4l symetoic gogp n 412,15 §
)(= fiz,ﬂﬁ . K d[/Z(/nJ, él Pei'}ha‘faf/aﬂs. 7Zc gzzsz’s ﬁ; Sh
Zo/en‘fizges Fun ()C F) % F" and we 5«75 He /e/rescnz‘aimn
0/ S; (n fhj/z/en /;,
4 le,., a,)= /ﬂ-j-f(ﬂ,...) 4(7.,(,,)) ’jé S, ae€lF
_Z¥ /S Cﬂ/Z/Co/ ’f/c /ekmufa]f lon /e/yes*w?fu‘ lon.

Exwupé 7 Mw Gt (& 4 fimte P, wd N=0 w
action {2 o mltipti ot pons j.A?A, so Yhat on Zhe
basis G fn (GF) (e () G acts as 4.5-5 The
rfsw&éind@ tepre sentation s colled /fj“/”; it Plags an
Zmparfamf 1wl ‘f/c ‘L%wg,

Stde Jemares.:
7) Sfao/mfs W/l/o Zéoo/c MATH S0 Coago( observe f/ﬂf

/CZm [ ’ F ) s a COMZL//QVQVZw;f %m&‘ttor %om Zzn/e (2]5670/’51 o/
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wts o B ca;éejo/} of [F-vectow gprces (. even 5f/onjer
o He Cm%jo’} o commutative alsebyes). The  constnuction of
He [ /e/afesenfeﬂ,‘/on in Fun |, KIF) is o Lormed Consequence of
% Fmctor laim

2) O usuad Soffm; in ths caurse is Bt [fX are
hinite. A more zhz‘er{sf/ng (end important) .Y%Lf/nj, 5 hhew
bth 4 X ave éh/(m’fc and come v, aodlitionald  structure
—and we con restridk e oloss of Sanidions on X we
consider Well disuss Bhis in th bonus section 3

2) Lonstructions represen tations
74) Direct sums. This hes been mentioned in Sec 7 of Lec 1: 4
V. I are representations of oo Jo.ol-{, v)|vel}
is 4 representedion of [ with g 0., vg):=gy,,..., %), To Hece
His is indesd tepresentotion is lff a5 w

4]



72) Saé/e/areyenfufzons.

Delinition: Lt V be 4 vepresentation of [ A julyyace_
Ul s called 2 5u6/ﬁ,0rcsenfufzm if it is [ stable:
9y (e ¥ 9€ (.

Mote thet At mep 502 4,22, £ = (L) s abo
Vgafemfzjf (0n a/ A [ ). A/z ﬂ/sz Consio/e/ U w féix
structare 0/ ’3 Ife/o/esenfaxz‘/aﬂ_

Examples: 1) Let U Y be representations of (. Then
{,0lvel 5, {lulyel] s we subrepesentatons of Y@l
Note ot 75/53 we peturectly dontified w ] ond His

s how we view Y Y a5 subrepresentatons of YO

2) Led X be a set acted on é [ Tl Su@mce of constant
/Lmof/ons, @nmé)(, F) < Fun [)(}lF) Is 2 Subreseatation of Fun (X F)

N assume. X is ﬁnz'{c. [onsider
Fon, (XF)= {1 X —F| 2 f6)-0% < Fun (X F)

B

A s 4 su A/ap/fsw‘fu‘/on A (/uslz fﬁ/mafes Summands in x%( 5.



3) Let V be an a//ifmroi representation of L An element
velV s called (-inveriant i gver #jef TL subset
of 2l [ invariants s R SMSIMQ ~ €9 g 0=l , t=12 =
5 (5+7) = [J m‘s 2 Cinear 0/ewf0/] §9+9.7; =0+ 1. Th's

Sués/aace s o/waz/eo/ ”;”1 Ve 6o Smf/e/)?swfwfzon Note
Hat Fithgppsg 0 IF) < Fu /X,lf) W efma,&z‘ KX 5 an bt

. If U/ el are subvesentations Uon so ae U] 6{,/

/

U+U.

,@MM/C: guppoSc Mm V=n mo/ c/aaje 2 basis Y,..U, 0/ 4
st 8,.U 5 & basis of U 74 Coﬂad’z//on Yot (7,,/6/)60{
means Yt e matrix of g in this bass 15 of Sloar
’LZIZMJM(N ]g/m: "{(/4} B§>

0 D

el s

Then in e basis Y,.. U, o/ M/fé cye//mfor jf/ s Qven

5} e metnix 40,,
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73) go//f/enf mpfeswfal‘/om_

}l/ﬁ we nit ja[nj, Zlo see ‘flam 0/?,16/7, but tets cover ‘t%m
7€0V ‘6{4 Sake o/ Com/o/yfemss,

LA V b 2 vector Space aver I, and U<V e 2 subgpnce.
A/c cen 74/;47 f& 7uo?f/wf vector ,ymae, V/é/, W/oz 0/@me

we 4 subsets of He Hom v+ - fveulueUS for vell and
A o/nemf/om we  as Follows:

(5+U)+ (52 l) = (s )t U, alyeth)=ayrld v yel/ aelF.

; Su/o/aose Jlow V /s & /e/ﬂ/esmfﬂif/oﬁ a/ { X
é/ (s & 5M5/€/9/£S£ﬂfajflon. SADW ﬂu‘ f/e)’e is 1‘4 é{/ﬁ?ue
[ -represew%ajf/on n V/M s.t

g. [7)‘+U)=j.’(f+ﬁ #Jec vel/

Eomar: Wo use o nitation of e previous 1emur. Note
bhet veddors Ul 50U fom a basis in WU Tn h basis
He operator il b uen é He matrix _'% .

:ﬂ So one we wnow e tepresentedions in Wi, we 9t



/%ir?fm,f m/ ﬁ/oaf [/ ~We Khow A} Mo/ ﬂ [éu'f not )
/I/ZZ SeL kZDW 2‘4@1{ /L/RS(:A)CES 7%4 /M&/)f/mea( Zec
_gea Z, (RN é sfaieo/ Aas /ﬂows: qha/er /'7,/5 assum/nf/onj ~

C/a/ ZF=0, /5/“"/ We Can Joose v v st %20’ #Jeﬁ

17°"N

5
/

74) B backs under groug AomaMD}/’D/I’S)MS,

Zf/?f 90/4/ — [ be 2 jrau/o Aamamyo/fsm ano/ V ée A //e/p/e-
sentation of [ via p C— (L) Tl we can mew V as 2
@yfc;enfu‘/on a/ /7/ via Pcf H — (Z[(/). h/e fom%[/mc: [a,Zf
'LZ[(_ /{SL@%M} Ka;n/esenfmf/on ﬂ/ ﬂ 'L[A /DwZZ/QC/C /07/ V'L[o A/)

Kemare: Ohe situation when we @p/ 4 this construction
s when H 15z 5a5j/0ap o C audd 7:// —( s th
incbusion, Then one tales about Yo restriction of veore sen-
bption of § 4o K Dne can z‘? %o anderstand Y tepresen-
Ytions of  vie 1his %ec//;ae o suitable H) We &l ser

7%’5 (n  Some Aomewarz //’ozﬁ”&«s.

H



3%) Moe. on foom acions % represen tations”

The eonstiuction of o rprsentidhion of [ in Fin(XF) is
usehid o ﬂzao{j representations o inite groups but nt much
/ﬂ/ ond Yhet — after all fow in z‘eresz‘mot we fontons on
Lnite st/ /%h/el/crl Yo construction often %pé;g s Whor we
consider (fmite o infinite ) jm/ﬂ 2llions on infimte sels
wnd toor at cotuin me functions. Wit we ey Wt
to do includes . /ﬂowinj:

(1) Use e Kelﬂreswz‘a/z‘mn o anderstond e spece of
;{m/f/om ( Harmonic /4/70/5, sis)

/Z[)ﬂen‘f{;gt ond S{uo(} Lunctrons thot /o@ 2 S/WM
yole for e representation id O in fur (X F).

Betons we wnitl autbne one exw/o/é o (7 ) o Lo
mem//es o (T)

27) 5&5&[3%}/@& ot invarignts.
77/‘3 /s Vi ZXM/Oé 0/ /_/[ ) Su/j/JOSc ‘f/ﬂf We are in

———)

39|



Ly situation of Sec 1 Nite Hhait fe Fun(XF)" ot
£ s constont on [-orbits —frm 4o detinition A
(-acbon on Fun (X F)
g S mgel an in e some Cobd
]?(x)=/[g) ¥ fe Fun (X [F)

I ’”Mét situetions we went to Ehow w[w ‘o /004'/71‘5
e in o some bt for chW/ﬁ, o Linear a,%el{m s occars
in e Mve;fg;d/on of “conomcad Joms! Howe ver, (%) above
is useless for sud purposes: £, m{/fmyy fmctions on an
infinte set ave out of controd

I 'LZ[L situadions of interest fy Linter %Jm (such
A cbassification of Sphare. matrces ap to conjugaiion)
Xis a Fmite dimensiond  vector spRee awd ([ ads gmwé_
Tt mares sense to ypeat about /"m?ﬂomxd 7énﬂf/ons" o X
gy e dnition, Hese ae fnitons Hhet we ﬁo%nomfa,f s i th
coordinates wrt Some basis, Mite Yet te Cinar O/wjes
of veriatles send /00’§ nomiatls o /aﬁmm/’;e/s o Yis defy-

J/'zzlbh 0/065n'f a/«;omo[ o ﬂ o/o/ce 0/ & basis.
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Dencte. 4, space of /wglmmfaf Smidions on X é«, Flx ]
This 15 a Subspace of Fen [K[F). Moreover, it s 2 juﬁfefm
seatation of Fum (X IF): /0}"60/'5&% because any Onear O/Mga
of variddles sends 4 /w@ﬂa/mbj % a /D/glﬁom/ﬂ//. So
one cen consider He Sué?oxcc f[XJC of  (-invariant

fvz}ﬁomfﬂ[ S. _Z;i OVo/fr Jér ‘LZ[@ /00/% ﬂOM}J J/Z{nﬂ[mnj zzo ge
mewinjfwf] essume [F 4o b infinite.

Lxample: Led (=S, and X be its /e/mz‘yf/on
pepresentotion [ T Let k. 5 be Ho detoutt  coordinates on
Y=F" Tl clements of JFlx JC ave e)awf?/ e /Oa/%/?omm/fs
i K, X, Ut do not %Mée wnder ary, 0/@;@ o -
wMles, (e 4, s;mmmfm /owgﬁom/a/fs.

Eep/’eswfazl/on Zz/emg j}%afé %5 % 5‘1‘:4/7 £
subspace (i fock, te suo’pféc/m,) [FIXI®. Assune,
S/M/bg"ai}// 'f/z/é Céwf [F=0. Z@Z‘er VZ 1‘[@ course Wt

~h\//£€ eleborate (as 2 /om«s) on e /ay%wz'né Lein:
711



ny [ (S ’”/{a/aﬂf/ye ! / %‘5 zho/ao/es VY/4 //m'zzﬁ j}/ouﬁs);
‘fn/eﬁ ﬂ*—[Xjf /s /z’m‘{eg jenerczjlfeo(

Kemanc: in jenf/a/f, s no /gnjer fe Yt
/&):f@) # fgf[xf = &=@ For exem/o/?a/fa/ce
N=[F & (=" (ie F|lo5 wrt Mu/ﬂf;og‘ca/fron) meot
on K vie g-x =% In this cese we have two wrbits (eewo &
fonzens), whit. e 0/«/% Lvariant /)a/%ﬂomfds are sceloss
(exercise). Housever i ( ) 75)7;‘{.['6/ Hen 4o szé‘cmf/m
above is e, Whid 15 2 somewhoi hasder exercse — on
7 zzelf/)afaifzon fognommfs,

22) Hermonc M%SB'

This 15 a manitestation of (I). Letss ey C ats on X
wnd we consider e correspon o/znat /gprefmfﬂf/on in a pac F
ek looes b Yo Space of Smdions (B X fute we st
tare F=Fn(X,[F) bt fo infinite X we need 4o /mé’(yg ).
We want o a/ecom/wse an a/é,‘fmraul Function &5 a [Pwte or

ZA



indinte) sum of e’ Ffanchions.

Heve is Ho most clossical S/pea'd tase. [l [ ={ze(]
J21=15, 4is is o growp wnt. mubbiplication. We can identify
[ v e guctient 4ro4p Bl T vie. xel > ™"
lare K=, F=C anl corsider He acton of L on X by mud.
Ziplications

Fyercise: For ne Z consider Ho Function x 12 €™ N =
The - domensione! Saa/jﬁczca 5)952/4»1::0/ é Yis fncdion is a
Suéfe/ﬂresmfaj/oﬂ of  Fun s ).

We want 4 /}ffse:ﬁ‘ w choment of F [a sprce pelated

%o Funl J(/ (E)) as o 400551‘,/4;L c'nff'm"fﬂ) Linear  combynaieon o/
H, funtions " 74 Course, i Ao sum s Znﬁ'n%a, (£
Shoulsl  con vere in suitalble  sense. /fmﬁ sis comes into
/afag wnd tells us Yt He lest Space to consider iv
ZZ/ X) - /e Kzsj e Sphere- meejm/g te funyf/om’ (or, More /ﬂ/ec/’—
Sf’/é,, €qus Volnee clesses of such Fandlions). K course, Ze

preseutation of Je L) us wn infinite lnear combintin

13



H/ ﬂa 75{”%1/0/15 €”ﬁx 5] 'LZL; /L;am'er 6%/9&%5/0}7) e a/ {4
mosf fﬁnﬂ/ammfd fe%m'faas wn 4/7@95’(5’,

A ne foatwe of 4o /}'emw e/(m/o/?, Heot ecocd sum-

V7' x

mend """ is i its own z}’/eo/acilé /e/w’esenfwf/on 2udd o

representations for differet n are prirwise distmd. In
other words, /(X) aémm/o oses o5 some Kind of divect sum of
DaAYwise pistind [reeducible tepresentations. This is known
as A '”mwgfa)vﬁ‘df; 1 resubt!

Tlew 5 2 mumber of obher sez‘z,‘/njs when we have Sud
Mw%')oﬁmét 7 result, For emm,oé, we con Toave ( o be
S0 (R), £ Groap of an%ﬁamf matnees W dt =1 TE acts
on [P’ /0}’65671/[)15, Ao anit S/Merg o, ) Zx’= (3 W tare
s 5/94 ere Br X TL /epresenfmf/m of i /YK i
o mibbipt: cﬁ.él Hee.

Ths circle of 7&4551‘/0»75 was studied in MATH 676,
Harmonic /41146515 v FA2.
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73) Modutar Jorms

fere is ancther important manifestation of (L) -modilar
Jorms.  lur rerence heve 15 Sewe A Lowrse in Avithmetic”
G Jor X here s bo agper holfplone: X-{2l Tu 2203
B s acted o é e o0 SLIR) of read Zx1 metpces
W det =1 /f{7.2= é%:‘i (end is. wfa%,a f/}fjé obit)
e tove (- 54 (2) 4 SuKJmap of C of a0 mitices w
Znﬁfjmf entries. Qo F st space of all /o/oma;;o//c
(= Comlo/ex differenticbb) Fimdbions Tt s a /e/gyese«ﬁz‘/on of
512 (R) and fence of

Wk Say Yot /GSZJ ‘s h/m/céL modlar o h/og'w(f Ak

(in Semers  convention) if
() erd) fe) # (ED)eC
Note Yt v (E5)=(11) ths condidron bunstodes
o /(ﬁ/)://é) so £ can be e,r/yrasw/ a5 a fmtbon of
9: - e I A es bt a5 9 =0, its called 2
modullar ;5/»«4.

/%o/u/ar %rms /@no/ 'é/a'r Oqeneméfza/f/om fa% as Ja{fo-
75



mo;aéfc forms) /0513 A Ver} 'Lm/mn?mf ;’0& 3 /{/Wn/er Z[/eo);t,
Serre’s fook leﬁS I /mz[ Zmz/o %o a//y_ Jno/ zl/e[r moo/em ﬂ[aa/g/

/Sa?}/ i /cwjﬂwn/s /0}’0(7/’4144) s ﬂ/ecu//'g, %Sf:o/ on Aﬂe/ol’ﬁenfef/on
Z%?o»’g — bt s Sor é(yom/ 7,%'5 course.



