Leckwe U: Fimte dimensined associave a[%%ms/ 1.
1) fartial /aroa/ o He thie Hheorems Hom Lec 19
2) Modudes over stew- flelols.
2) Whetss next (stightty mo fed on 49/14)

1) fartiel_proof of He thiee theorems Hom Lec 19
1.0) Eeaalo

LA F be o feld AL F hoebras in Seckion 1 we assu-
med 4o be fnte dimensiond & associative.

T Sec. 1of Lec 19 we fuve stated 4L /oZ/ow/rg:

1) bvey ople Fclyebre s somophe o Mot (S) Sor
unipue. 1§ sew- fel S o dm. /)

T) A - abyehe 15 semismpte iff its somomphee %,
@ Mot (S), where S are sew- flils
i ”_ZZZ ) The imeducible  modudes over c@ M2, (S;) are emﬂ‘?
S, =1k
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Our joa/ m 1%‘5 lectwe ave 4 prove. some /@/a],‘/mg
ersy pes biad  statements
/@ca/ég ﬂ/)‘o {AR/ZZ we‘ve /0}’01/60/ 7{4 /a/%&/c'n} D/QOMS.‘

( A) /414 ﬂj 'R/geg}’m /4 /s 5’{/}7/57}14/04 /}// ‘64 /’ejwér /4 —/hoa/a/é 4
/s wmlu/azzog /eo/uoi/{%. This is /orwflwf} in Sec 2.7 of Lec 19

(8) II[ 4 ’(_@ /{’/af,,‘_ [_S;))’é/en Afcié(sm)enf 7Z1': /5 AM/D{?’.
i Sec 2.7 0][ Zec 73 Ecz% 8‘-’1’./3 /’720/&461}{{6 [)‘&_ Sec 13 o/ Lec 79)

(C) Tl suf- £ 7ao7ff'wf moddits £ direct sums of Com/oéz[e?
/CO/UM'K(C /ﬂao/wfes are C’om/o(fﬂ/'fe@ /eaéla’{é. 7]/'5 /s Zf_’mme th
Sec 7.1 0/ Lec b

[)0}’05/04/3_1 A =§? /"/azf,,i (S;) is Semz’f/Mf/e ﬂx{%r/&’a-
P r 007(75
712 iju/cv /4-/1100/4«/& (s 7_4( 0//}'ed[ Sum 0/ l}’/ea{/a-a/é’f /21, [E))

S0 complletey redusi (b (). Now we use (A) 0
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11) Loals.
ﬂW joexf (s ‘Léo /Orol/t _LLZL Mwin; werkety Version o/) /‘3:

Theorem: T} /agfow[nj, claims are Lrue:

1) El/en& S/M/é a{?mfm is Semisimple and fes a anigue lop o
/50) (rveolucible mocdile.

2) Tl dvect sum of Wf/{ %M;«:s s Sem[sz'm/o/%-

”3) The  imveducible  modidss over é’? /%/z‘,,[ (S, ) are e,myf§
S, i1k

Tl /0700/} we jmoi b be lased on He /Ly%m‘ng, impor -

tant resulbt

/%opos/zz/'on: S A be an [F ’&[j@(m/ %% /a/rwzye
Hon- /'somogﬂ/fc [reducible A -modules. [eH % A —=LdlH)
éc 7.% 6’0)’/65/70/404}75, 40/140)140};04/5/%5. S&WPDSC (_5) ker % = f 05

Thon A s Sem[swp{é/ and ary (rreducible A-modile s iso-

MO{IMM to  One 0/ 4 ‘s
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1.2) Froof of Froposition
Consider He n/omomo7041'rm 30:(30,,...,%):/4 L?Céé_mg/él,—), 5o we Con
Zo/wﬂj% A w (i;nsp and view (£ a5 a ru{%dm of ‘,595,,%)
In fa/f/w/w/} D End(U;) becomes an A-mootude (i1t mubtip-
lication on the ft) and Eh reguler modie is a submodite. We
e Bl () = 47" 4 &/m s (compere 4o (8)
Hen @M (1) éa/@"”"“ o5 DEnd () noclils, el
fn/ere/ére as A- Moo(ufes But @é/@dm is a com/o/ z‘aé Veds-
cille M- modile (G He (s ave irreducible). As 2 submodide
i a Comlafefc% veducitle modute | A s com/{m‘&g pedlucibte, {}
(c) dence is Semisz'mpé a/%eo//’a {J (4)

Alss A is /somo/,p/m to L direct sim of some Copres of U
Tt Bllows et if U is an irvedicible A -moduds w. ¥
U Vi, o He mbtiplicity of U in A 50 Oy 4, o

hed this mulbtipliity s dw U/ dn End| (1) 20 (Sec 21 in lec?)
[om‘/ao&almn. 0O



13) Foof of  Theotem

Froof of 1): Teee an areducible A-modile U ey, minimel
wrt incusion nonstro bt idecd of A) This uves an a/;eé)’a
Aomornorlpn/zsm A 5 End (1), Consider cer g Is two- sidded idead
iffourt hom A (56 9011 S A 5 smpl, 122 9165 Hi
We Can 690/7{? Pnyayif/on to ALU to Fnish the /a/oa/ O

Proof of 2): Led A, A, fe simple ﬂ«{j‘o/{ms E U b an meduible
Ai-modake. Then (f,. U, con be viewed as ineducitle modites
over A DU, Mo sply Poposten o A and s moduls
U, U, (A badly) = Aes © End (1)

Pook of ) Appty Faposibon o A @Mk (5.) £ U= 5" fo
(=1 v Details we an

2) Modiles over srew- /?P/o/s

To wish fZL /0}’00/5 of () -(ID in Sec 10 we need 4

B Show Zhet el/e)y Gonite dimensional ) S/m/& ﬁ’ega Semz"fz};yﬁ)
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dyebe A is Gsomophic 4o Met, (S) ~end .S we ditermined
um7w§, (resp. A s /somo//o//c o @/f/u‘ (S ). Lets explai
fow e /Wao/ For simpt ﬂ/j//éms WoKKs.

let A b on ﬂ[ﬁ&é}/@ and U be its iweducible modidh.
dity A<o = dim th<ee: U is o qurtient of A ( Sec 21 of Lec 19)

Localt Yt s the Schur lmma (lec €), Endlu) s a
stew- feld T, SpRce U becomes o Ot modids over 670/4 )
bence s right modile aer S = Endy () The aions of A &
S on U conmute, in /Dar‘flw/n/, e (mage of A i L ()
lies i Ehoé[&/).

Now Suppose A is W/pé so Yot Acs Em/j[a). We
with see thet:

(i) A => bd ()

(i) End 5 (u) = Mk, (S) Ly n:=dim U/ olm S /Somwp/zsm
ol zz/ém{ms wd S is recovered as En«{] w)”

(D) is more subtle and wtl be addlressed in o later tec.
ture. Werltl now wore Lowarde (). This (end other f/f;vjs )
Fequire un o/ersz‘ma/mj modides over seew. frelols

¢



21) Stucture of modules
T Sfo(ﬁan i5: modles over seew-fieldds behawe just Cre vector
spaces over feldls. For emmpé :

Lemma: Let S be o stewpeld and M b a ﬁm'z‘e§ gene-
Yated modale over S. Tl M is a “Free modike meaning
et M = S" Lo some 120 The mmber n is unlguely
determined  from M

froot: Lt m,.meM be gonerets: ¥ meM 3 5,.5,¢5]
m = é:,,st-m[_ Assume n is minimed possible. Sugpose we hove
Oneer reletion éﬂi”ﬁ -0 fv some acS If 4 #0, Llon we
con invert it and express My ya Lhe IE/ha,im'nj " (ontmdic-
Flon w. 1 /mg winimel possille. It foblows thet n,. m,
5 abass s ST M

To show et n s a/;/'c,awé recovered From M <
[5”—%5}7,@ n=n] we Con at5ue a5 in 4 case of tebibs. O,
in e case aﬁmFS <o A 0»? case of interest for us, we

_OKS‘en/e thot a//m”: Sy 0//mﬂ_.5; WA/OZ’ Jecovers ) 0
#|



M 2l n 75’0/47 7,% /e/t/mel 1[4 Mm/ﬁ/‘o’z 07[ M over 5) &
erch O/IMSM I7[ ﬂ//mﬂ_.5<"°, 1%74 a{ms/f'f‘%mﬁ.ﬁ/%mfi

; /\”/Z[ o/ms/blw. Show 'f/u‘ ﬂ”ﬂ‘l i edements in
M ore //Mea/g o@gm/onf,am/ fence any 7 ﬁncmég, (hdle-
/mm/a«{ Z/emcm.zs %ﬂm a 56:5/5\

22) Endomopphisms

We now chece (i) mentioned ahe. Suﬂoosc S is & Skew-
/f’/fo/ (end 2 finite dimensiond I ’R/jag}’& ys 5/h¢/oé'ciz§L). Lei
M b a fzj_éj S-moduls of dmension

Lemne: A thoice of o basis in M identius End. (M) w M, (S)
foof:
Let Mym, be o basis in M gl o (dentiheation M
= S" As usud we view S’ as pace of column vedws. As
discussed in Sec 13 of Lec 19 an clmeit of Mak, (S)

guves  an [F- ‘5}4«30\/ ena/amo;pé/}}h 0/ S hﬂm»ﬂf?a&"mf)on o/ R
K



(o/umn /{) 2 mﬂ/’f/ix). It is S- 5146«/ /or z% acion 0/50/7
S g /Gw /m,%zp&cuf/ons Hom e //jjﬂ/ll. Ths ques (nelusion
of IF alyebnes Moty (S) <> Lol (S).

Now, show thit Mok, (S) <> Ends(S”). Lot e bnds (S7)
50 ﬁo[ieS )= Zn- 90(& —Zu» ?ﬂ (s j/l/en l, e /ngftp
bication 4, 7,‘[4 /mufr/x with ca/é/mm ?ﬂ[f’ ..... ?)(e |

2.3) gmmla/es we cove adout.

[t A be o tuite dmensionad ﬂ‘—alga{m U & fnte
dmensionad A -modules . U ineducitts. So S = Eno& () s
2 stew- fedi The space U ibelf is a /{j%z‘ S-modile and
His s one of o modides we care about. Anither moduks s
//OMA V). ¢ is a //jéz‘ Eho{j[ﬂ)“/lfoo/% Vie. (]Vo(-' =czpo,,z
[76//01@( (Y V), ue End (1)) wnd henee 2 Lt S-modih.

3) Whets next?
/%h/ we fA;D/w;h auy a,op)’aauﬂ Z (2 move jeﬁem{ Version 0/ ) ()

15‘725 /w%w[ﬂg witd be /}’ol/ep/ later / ﬂzf/? n /ec 27 ) 72/’:



sfmfemm‘é /S kKnown A4S ".Deﬁsffg/ 7760!’{/%,”

Theorem: Let A be an associate a/j{yém wod Y. U be it
/Ja,i/’h//Se ﬂﬂﬂ/SoMo?/fc fnite dmensionad  (1reducibles . Lot S::
Eno/ [ﬁ')aﬂ?mo/ lh 7/4 —7570/ (L/) be '% Aomomoygézfm Cor-
/’65/90}70/;}72 to b A-modibe Y. Thw # image of (... % ) is
@ Eho/ (4)

Z@fs expéun /ow owy //oo/ /s jomaf Zo jo /45 2
/M/z/ A- mdud, @fno/ () is comlﬁ/afe% wedui bt f/zo/eeo/
Dbl ) < @gho/ ) % @ U™ s Amoduds

/4/6 é( /a)ffr See ‘LZ/M,Z o can jn/e a o/f_’Scl’/ﬁZZ/'on 0/ ﬂJZZ
Su émoa/u/es » Comp/éz‘»ﬁ tedus modutes. ,4/)/96 oy hs A/ESO’ZPZZIDW
Zlo Ac @EM/ /M) as A )‘uérﬂoo/w/e /l/ ‘54 /MZLZ /4 moo/uﬁ
bY f/uyfw'e 44 U n/ a/uce 7.{4 .@(/)S/’L} ﬂea/em /}’0/44 /Z}’f W/Z// 2
litth tnck.
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