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1 Partialproof of the three theorems from Leck
1e Recap

Let F be a field All F algebras in Section D are

assumedto be finite dimensional associative

In Sec 1of Les to we have stated thefollowing

I Every simple E algebra is isomorphic to Matn S for

unique n skewfield S findim F

I An F algebra is semisimple iff it's isomorphic to
HQMatn Sil where Si are skewfields

Ii The irreducible modules over itMatn Si are exactly
St is P k

A



Ourgoal in this lecture are to prove some relatively

easypartial statements

Recall also that we'veproved the following claims

A An F algebra A is semisimple iff the regular Amodule A
is completely reducible This is Corollary in Sec2.2 ofLe 19

B If A OHMatn IS then AsE Shi This is Example

in Sec2.2 ofLee19 Each Si is irreducible seeSec1.3 ofLeck

C Thesub quotientmodules adirectsums of completely
reduciblemodules are completely reducible This is Lemme in

Sec2.1 of Lee5

Corollary A EMeta Si is a semisimple algebra
Proof

Theregular A module is thedirectsum ofirreducibles by B

I
completely reducible by C Now we use A D



11 heals

Ourgoal is to prove the following weaker version of t 3

Theorem Thefollowing claims are true

1 Every simple algebra is semisimple andhas a unique upto
Iso irreducible module

2 Thedirect sum of simple algebras is semisimple
3 The irreducible modules ever ifMatn Si are exactly
St i t k

Theproofs are going to be basedon thefollowing

importantresult

Preposition Let A be an F algebra U U pairwise

non isomorphic irreducible Amodules Let go A EndUi
be the corresponding homomorphisms Suppose I Keryi 103
Then A is semisimple andany

irreducible Amodule is

isomorphicto one of Ui's



92 Proof of Proposition
Consider the homomorphism p ly g Acs ifEndUi so we can
identify A w imp and view it as a subalgebra ofifeng.luit
In particular EEnd Ui becomes an Amodule w rtmultiplicationon the left andtheregularmodule is a submodule We

have End Ui I 49dm as EndUil modules compare to Bl
Hence EEnd ai t.EU

m
as EEnd Ui modules and

therefore as Amodules But if U
dim

is a completely

reducibleA module 6k theUes are irreducible As a submodule

in a completely reducible module A is completely reducibleby
c hence is e semisimple algebraby A

Also A is isomorphic to thedirectsum ofsome copiesofUi
It follows that if U is an irreducible A module w UH

Mi ti then the multiplicity of U in A is 0 Ontheother

had this multiplicity is dimU dimEnd141 e Sec2.1 in lect
Contradiction D

H



93 Proofof Theorem

Proof of 9 Take an irreducible Amodule U leg minimal

w.at inclusion nontere left ideal ofA Thisgives an algebra
homomorphism A I Endla Consider

kery It's a twosidedideal
different from A 6k qalso Since A is simple Ker4 103Now

we can apply Preposition to Aku to finishtheproof 5

Proofof 2 LetAa Anbesimple algebras Uibe an irreducible

Ai module Then U U cen be viewedas irreducible modules

ever A OFAi Now apply Proposition to A and its modules

Ua Uk AiGEndUi A co End Uil

Proofof3 Apply Proposition to A Matn Si Ai Si fer
i o k Details are an exercise

2 Modules ever skew fields

To finish the proofs of I II in Sec 1 l weneedto
show that every finite dimensional simple resp semisimple



algebra A is isomorphic to Matn s and n S are determined

uniquely resp A is isomorphic to EMatn Sill Let'sexplain
how theproof for simple algebras works

Let A be an algebra and U be its irreduciblemodule
dim Aco Lim Uco U is e quotient ofA 1Sec2.2ofLec19
Recall that by the Schur lemma Kee6 Endala is a

skew field The space U becomes e leftmodule over Enda u
hence a rightmodule over S End lui The actions of A
S en U commute in particular the image of A in EndCal

lies in Ends u

New suppose A is simple so that AcsEnds a We

will see that
i A Ends a

ii End u s Matn S fer n dimUdimS an isomorphism

of algebras and S is recovered as End lat
it is more subtle and will be addressed in e later

lectureWeill new work towards Iii This landother things

pre
quire understandingmodules ever skewfields



2 1 Structure of modules

The slogan is modules ever skewfields behavejust like vector

spaces ever fields For example
Lemme Let S be a skewfieldand M be a finitelygene
rated module over S Then M is a freemodule meaning

that M t S for some me Thenumber n is uniquely
determined from M

Proof Let m MmeM begenerators t meM I Sa Snes

m ÉSimi Assume n is minimalpossible Suppose we have a

linearrelation Éaim so for some hies If aj to then we
can invert it and express Mj via the remaining MiContradictionw n being minimalpossible It follows that mo ma
is a basis S IM

To show that n is uniquely recoveredfrom Ma

S I Sh n ni we can argue as in the case of fields Or
in the case him Sco the only case of interest for us we

Ibserve
that dim S s n him S which recovers n S



We call n from the lemme the dimension of M ever S K
write dim M If dim S o then dimsM dim Mdim S

Exercise Let him M n Show thatany na elements in
M are linearly dependent andhence any n linearlyindependentelements form a basis

22 Endomorphisms

We now check Iii mentionedabove Suppose S is a skew

field land a finite dimensional F algebraforsimplicity Let

M be a right S module ofdimension n

Lemma A choice of a basis inM identifies EndsM WMatn s

Proof

Let Ma mn be a basis inMyielding an identification M

S Asusual we view S as the space ofcolumnvectors As
discussed in Sec1.3 ofLee99 an element ofMatn s

gives
an F linear endomorphism of S multiplication ofa



columnby ematrix It is S linear for the action of S en

Shby multiplications from theright Thisgives an inclusion

of F algebras Matn S Ends 5
Nowshow that Mat s Ends Sh Let yeEnds15

So y lifeis E pleinsi Then y is given by themultiplicationby thematrix withcolumns peep glen I

2 3 Examples we care about

Let A be a finitedimensional F algebra UVbe finite
dimensional Amodules w U irreducible So S End a PPis

a skew field The space U itself is a right S module and
this is one of themodules we care about Anothermodule is
Hom U V It is a rightEnd u module via ya g 2

yethem14,4 heEnd ul and
hence a left S module

3 What's next

Now we explain our approach to amoregeneralversionof it
Thefollowing will be proved later likely in Lec22 This
I



statement is known as DensityTheorem

Theorem Let A be an associative algebra and U U be it

pairwise nonisomorphic finite dimensional irreducibles Let Si
Endymionand let y A Endg Ui be the homomorphism car

responding to the A module Ui Then the image of yo g is

EEnds Ui

Let's explain how ourproof is going to go As a

left A moduleEEndsUil is completely reducible Indeed
IfEndsUilCifEnd Ui t.IO4,9dm as Amodules

Weill later see that one cangive a description of all
submodules in completelyreducible modules Applyingthisdescription

to ACOIEnds lui as a submodule forthe left Amodule

structure we'll deduce theDensity Theoremfromherewith a

little trick

I


