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Ref E See3.1

e Goal

In Sec 3 ofLec20 we've stated the Density theorem

We've mentioned that this requires describing submodules in

finite dimensional completely reducible modules This inturn

will require writing a canonical decomposition into irreducibles

Forthis we will need tensorproductsofmodules over algebras

1 Tensorproducts over algebras

1 1 Case ofgeneral algebras
Let B be an associative unital algebra over e field E

Let M be e right B module Nbe a left Bmodule We

quant
to define MABNandstudy its basicproperties



For simplicity assume dim M dim Nco

Form the tensorproductMo N Insideconsiderthe F subspace

Kmn Span mban mobulbeB men neN Set

MEN Ma N Kmn this is an F vectorspace
The image of man in Ma N meM ne N will still be

denoted by mon
Here's a universalproperty generalizing that in Lect

Lemma Let Wbe e vectorspace andp M xN Wbe an

F bilinearmap S.t

a plmb.nl pembn AbeBMEMhen
Then I F linearmappMaxN W s.t Ilmen Blmn

Proof Let j Max Now be theunique F linearmap st

flman plmn it translates to plmbexn mobnto.tb.mn

5111mn a hence uniquely factors through p g

New we establish someother properties of MOBN
I



Exercise Let Ma M be left B modules Nbe a right
B module Show that under theidentification Sec9.6ofLeer

MAM Q N Me NotMe N
we have kmem n kmnotkman Deduce e naturel isomorphism

M GM ApN IM BN M BN
Similarly showthat MAINON MON M BN

Example We identify Bo N W N Toproduce an F linear

map Box N N consider the Fbilinearmap BxN N Int e
bn and observe that it satisfies o giving the unique linearmap
Box N N w ban abn Its inverse isgiven by N Box N

n to ten To check this is an inverse is an exercise

Similarly MABB IM w mobtomb

Together w Exercise this example shows isomorphisms

21 Both N I N Ma B IM

Remark Suppose A is anotheralgebra Suppose further



that M is a left A module sothat the actions of ARB
on M commute 1am b amb t a eA beBmem Weclaim

that MORNhas a unique Amodulestructure st

a man slam on Indeed fix a cA Note that themap

ga MxN MABN Palmn 1am n

is F bilinear satisfies 1 in Lemma leading to an f linear

mapBa MOBN MOpN

Exercise 1 a Apa A End MorN is an algebra
homomorphism so MopN is indeedan Amodule

2 If W in Lemma is an Amodule p is A linear
thenp is A lineartoo

12 Case of skew fields
Let S be a skewfield and let M N be right

left Smodules Assume S is a finite dimensionalalgebra
ever F dim M dim Neo In this case one can write

g
basis in MO N as follows Pick an S basisno neeN



and an Fbasy My MiEM

Lemma The elements Mixonj
i f k ja l form an

F basis in MASN

Sketch ofproof The choice ofno he gives an identification

N S Now we are isomorphism z Details are left as an

exercise 5

One has a directanalogof this fer an Sbasis in M
F basis in N

Another special feature of skewfields is that tensering
preserves submodules Let N'CNbe an S submodule We claim

that Mo N can be viewed as a subspace in MO N

Exercise 1 31 E linearmap Me N Me N sending mon

meM n'eN to Mon where n is now viewed as an elementofN
I



2 It's injective show that if it's injective for right s
modules MaMa then it's injectivefor M 0M So theproblem
reduces to M S which can behandledusing Example inSec1.1

13 Hems tensors

Recall See 1.3 of Lee4 that if UV are finitedimensional

vectorspeces then we have a natural isomorphism

Vegh I tlemg.lvU

Thisgeneralizes to modules ever skewfields as follows Let

UV be finite dimensional left modules ever S We can form the

F vectorspece Hem UVl

Set V Hom NS homomorphisms of left Smodules

is a right Smodule via as u 214s Lev se S VEV exercise

We can also identify U with Homs15,4 via getlem 15,414911

EU the inversemap sends a te se su Then wehave the

compositionmap U U HomsUV7 It uniquelyextends to an F

linearmap exercise

r Vasu Hems VU

I



14 is an isomorphism similarly to 2 ofExercise in Sec1.2
we reduce to the case when U S where o becomes dos pas this

is a special case of the identification from Example in Sec 1.1

2 Canonical decomposition into irreducibles

Let A be an associative algebraand Vbeits finite
dimensional completelyreducible module Then there is an A
module isomorphism

s IfUtm IV

where U U are pairwise nonisomorphic irreducibles and

Mi dim Hem Ui U dim EndalUil see Sec2 ofLeeG

Isomorphism 5 isnot unique ingeneral Forexample if A F
then s amounts to an isomorphism F IV i.e to a choice

ofbasisin V Wewant to come up with a canonicalanalog
of s
Let Si End Ui r Mi Hemp Ui Vl ThenMi is a

left module over Si Sec 2.3 ofLec20 Moreover



dimsMi dimgMi dim Si Mi
On the other hand Ui is a right Si module so UigM

makes sense This is an A module as explained in Remark

in SecPI It has an A linearmap to V Indeed consider

the F bilinearmap Ui Mi IV 149144cal as Ai

YeMi Hom luiV7 It satisfies

plus4 p stalls yes u BluSy t seSi

Blaug glam Cy is A linear agensapeug
By Lemme in Sec 1 31 F linear p HisMi V

W Bluey q u andby Remark it's A linear Wewrite y
forp

when we want to indicate the dependence on i

New consider themap

4 140 Ye QtUi sMi V

thatsends do hide Ui s Mi to Yikill
It's A linear6k the individualmaps y are

Proposition y is an isomorphism

I



Proof Fix an identification s Ut.EU miForj 9 mi
considerthe inclusion Lij of thejth copy of U into V It's
an A linearmap hence an elementofMi Hom ai V
We claim that H i the elements Lig 5 9 Mi form

an Si basis inMi Since dimsMi mi thx to Exercise in
Sea 2.1 of Lee 20 it's enough to show that they are

linearly independent This follows ble the image of Lij is
in the jth copy of Ui inside V
The choice of the Si basis Li inMi identifiesUi sitti

w UF The composition Utm U s Mi V on the

jthcopyof Ui is a true Lij to light So the composition

IQat
mi

E U sMi V U

is the identity finishing theproof s

A


