
 Lecture22 Finite dimensional associative algebras II

1 Description of submedules

2 Proof ofDensityTheorem
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1 Description of submodules

1O Main result

Let F be a field A be an associative F algebra Let

Up Un be pairwise non isomorphic finite dimensionalirreducibleAmodules Si End Ui sothat Ui isalso a

right Simodule and the A andSi actions onUicommute

Let Mi i d ok be a finite dimensional left Si module

So diesMi becomes a left Amodule w Aacting
on Ui sMi vie a tu m au m

We start by constructing a family of Asubmodules of

EIUiesMi Let Ni be an Si submodule ofMi By Sec
1.2 ofLec 21 we can view UiOs N as an F subspace of

yesMi
From the construction of the Aaction on Ui sMi



we see that dies N is an A submodule in Ui siMi
So If U s Ni is an A submodule of itdiesMi

Preposition Every A submodule V'CV EsU s Mi has

the form OfU s N for some Si submedules NicMi

Preet Let'sdiscussthe idea first We know that we have

natural isomorphisms Sec 2 ofLee29

4 PIUi s Hemalui V TV

4 PIUi s Hemalui V TV

Next Hom Ui U embeds as an Si submodule into

Hemallli V Theproof is then checking the details and in

particular matching various identifications

Step1 We claim that Mi is identified w Hemphill
Namely Hem Ui V Hom UiUj 103 for it jf
Hemp UiUiOsMi For meMi consider 4m Ui UpsMi

gym
u nom an A linearmap m Agm is an S linearmap



Mi Hemp Ui Ui sMi where Si Endaluitects on thetarget
by takingcompositions on theright its injective these are

left as exercise forthe injectivity use a description of a basis

in Ui sMi Sec9.2 in Lec21 Nownote that it dimsMis
n then UQsMi Ut so dimgHemp Ui U sMi
ndim Hemp Ui Ui nLimSi dim Mi
So me pm Mi Is HempUiv7

Step 2 Recall See 2 ofLee21 that for anarbitrary
finite direct sum V of Ui's we have

4 PIUi s Hemalui V TV É diey 4 if gilail
Thx to Step 1 for V IEU sMi we also have

V t.EU s Hemphill Equi Mi 4E4Ui 4mi
Since qm.lu u mi we have y id 3 4

Step3 Consider Ni Hom lui V yeHemphilll imgot
This is a subspace in Mi Hemphill Moreover it's an Si sub
module Si EndMil acts on Hem luiV by sq yes so
I



fixes Hemp Ui V We claim that V'sOFdiesNi which

will finish theproof Indeed let y if U D Ni V

be the analog of y for V
Thefollowing diagram commutes

by the construction of y 1244

PIUiOsM V

f f
i diesMi I V

Thevertical maps are inclusions andwe identify Mi w
Hem lui V es in Step 1 In particular we see that V is

ndeed of the form OfU D Ni for Si submodules Ni Mi d

Exercise Show that E U s Ni EUi s Ni for
submodules NiNi cMi implies Ni Ni ti hint use bases

in tensorproducts introduced in Sec 1.2 ofLec20 This
shows that Ni's in Proposition are uniquely recoveredfrom V

Remark Thx to See2 ofLee21 Proposition describes

submodules in an arbitrary completely reducible module

I



2 Proof of Density Theorem

2.0 Statement

The theorem was stated in Sec 3 ofLee20

Theorem Let A be an associative algebra and U U be it

pairwise nonisomorphic finite dimensional irreducibles Let Si
Endymionand let y A Endg Ui be the homomorphism car

responding to the A module Ui Then the image of yo g is

EEnds Ui

Before weget to theprooflet's record

Corollary Exercise Suppose thatdim Aco Thenthenumberof
irreducible automatically finite dimensional Amodules upto iso

is shimA

2 2 Proof of Density Theorem

g
Again let's start w an idea We'll identify ifEnds Ui



W PIUi sill and then use Preposition to show that
imp OEdiesNi for Nicut If NiGUtforsome i then
as we'll check everyelement of imy annihilates a nontere
vector in Ui This will give a contradiction

Step 1 Analogously to See 1.3 ofLee21 for aright
S module U w dimsU o we have an isomorphism

U su End u
Here U't Homs16,51 we identify U w Hems5,4

via u to sous Then isgiven by

402 44.2 yeHoms5,41 LeHoms US

Step2 Suppose now U is a left Amodule in such
a way that the actionsofA25 commute So UesU
acquires e left Amodule structure via alu 2 an 2

Ends U is also a left A module via

as an heh JeEnds U

It's left as an exercise to check that is an A



module homomorphism

Step3 So as an Amodule

i
Ends Ui if U s Mi Mi Ut

Note that imy c Ends Ui is an A submodule

By Proposition in Sec 1 I NicMi Ut s.t
imy OfU s Ni
Weneedto show that Ni Mi ti Assume the cent

revy Ni GMi

Step4 We claim I v ell s t Not so the Ni
For this observefirst that U U aspa wPuk 2 a

just as ferfields Cheese a basis 4 dm in Ni lover S
and complete it to a basis to La in Ut n m Let
up Un be the dual basis in Ui given by diluj Sj
it exists thx to U I U Then take v sun

pstep
5 Under the identification Might EndUi

F



all elements from UON annihilate v u 2367 26 use

By Step3 so do the elements of imy Contradiction

b c 467 9 I

23 Application classification of semisimplealgebras
The following summarizes two theorems from Lee19

Theorem 1 Every finite dimensionalsemisimple algebra A is

isomorphic toDIMatn Si where Si is a finitedimensioned F
algebra

2 Every finite dimensional simple algebra A is isomorphic

to Mat S for uniquely determined n KS

Proof 1 Let Up U be all pairwise non isomorphic

irreducibleAmodules Si EndChin pi A End Ui R

g ly y A QIEnd Ui ByDensity theorem
im q OIEnds Ui Choosing an S basis in each Ui we

Identify Ends Ui
I Matn Si w hi dimsUi So it



remains to show that y is injective Indeedanyelement

aekery acts by l on every directsum of irreducibles
hence

in particular in A But at a a o

2 By 1 of Theorem in Sec 1.1 ofLee20 we know that
A is semisimple w unique irreducible module U So by 9

its proof A Ends U Matn s for n dimsU dim Udim S

Let's show that As Mat S forsome skewfield
finite dimensional F algebra 5 5 Endy ut for
the unique irreducible module U Indeed weget 4 5 We

need to show that any Mat 51 linearmap 5 5
is given es the rightmultiplication by a unique elementof
5 This is left as an exercise hint prove that y P
for a unique syes thenshowthat yu su t ve 5 g

Remark Thereis also a uniqueness statement in 1

the collection Si ni t is defined uniquely up to apermu

station



24 Bonus Wedderburn Artin theorem

One can generalize Theorem in Sec 2.3 from algebras to

more general rings Namely by e semisimple ring we mean

an associative ring A whose regularmodule is a finitedirect

sum of irreduciblemodules Then every finitelygenerated A
module is completely reducible

The Wedderburn Artin theoremstates that
As IQMatn Si

for some skew fields Si


