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1 Criteria for semisimplicity
2 Applications to representations offinitegroups
3 Bonus analogous resultsfor Lie algebras
Refs V3 Sec 91.3

1A Recap

Let F be a fieldand Abe a finitedimensional F
algebraWehave seen that if A is semisimple then

As If Matnilsi
where Si are skew fields that are finitedimensional F

algebrasThm in Sec2.3 ofLee22 andthat the irreducible

Amodules are exactly Sti list k 3 of Thm inSea 1.1

ofLee20 We note that if I is algebraically closed then
the situation simplifies es SEF ti

Thegoal of this section is to state two criteria of
semisimplicity via nilpotent ideals andvia thetrace form

A



9P Nilpotent ideals

Let I J cA betwosidedideals We can define their

product IJ Spen abl ee I be5 this is also a twosided

ideal exercise Theproductofideals is associative so fer
ne Th it makes sense to speak aboutthepower I

Definition A twosidedideal ICA is callednilpotent if
I a for some mo

Example Let A be the subalgebra of all uppertriangular
matrices in Matm A ICA is thesubspace of all strictly
uppertriangularmatrices Then I is a two sided ideal

it's nilpotent I e3

Lemme For a two sided ideal ICA TFAE

al I is nilpotent
6 I acts by O on every

irreducible Amodule

I



Proof e 6 For e twosidedidealJCA an Amodule

M define JM Spang 6mIbetmem this is an A submodule

ofM exercise Andnote that for two ideals I I we have

JJ M J J M

Assume U is an irreducible Amodule s t IU 03Since

IU cu is a submodule IU U But then I d U V n Contra

diction W I 103forsome h

6 a Cheese a JordanHolderfiltration on A
a MesM E GM A whereMi's are Asubmodules

Mi Mi is irreducible Then I MiMi 0 IM CMi ti

So I A Los It a s

Corollary 1 A hastheuniquemaximal w rt c nilpotent
ideal called the radicalofA anddenotedbyRadA1
2 TFBE

a A is semisimple

b RadA Le



Proof 1 Recall Corollary in Sec2.1 ofLec22 that
A has only finitelymany irreducibles say A Uk Let y
A End Ui be the corresponding homomorphism Thx la 111

RadA sE Ker g is the uniquemaximalnilpotent ideal

2 e 16 RedA acts ly e on every completelyreduciblefinLim Amodule And A is completely reducible as an
Amodule RadA 03

6 a In thenotation ofproofof 9 set

4 19 get A QIEnd Ui
RadA esEs y is injective

Then A is semisimpleby
Proposition in Sec 1.1 ofLee 20 5

Exercise Let A be thesubalgebra of uppertriangularmat

rices in Matn F Then RadA is the two sided idealof
all strictly upper triangularmatrices

A



12 Trace form

Let A be a finitedimensional F algebra and Vbe a

finite dimensional Amodule Consider the bilinearform on A

given by lab j tr auto It's symmetric

Exercise if U V is a submodule then

lab u lab at lab un t abeA

We will beprimarily interested in the case of VA
here wejustwrite instead of fila Theproperty we care

about is being non degenerate

Examples 1 Let Gbe a finitegroup 2A FG Then lab

Xp lab So for a beGKFC we have s6 1h1Safe Hence

is nondegenerate if char ft 191 and is l else this
is because we can findduel bases the basis f g gel is
dual to thebasisgel tag h Sgh tg heh

5T



2 Let A Matn F Recall that we have an isomorphism

of Amodules A 5 7 So la6 n labl n n tr fall
Note that lab gn is nondegenerate ble tr EiEgil tr Ei 1

Hi j So f is nondegenerate if char5th and is e else

3 Let A S be a skewfield Suppose first char It dim S
Then is non degenerate s s tr ss s tr is
dim Sto f se S In fact if charF Idim S then so

one can see this using basechange to thealgebraicclosure

3 Let A Mat S where S is a skew field landa finite
dimensional F algebra As above labl h a b sn The form

gbsn is non degenerate if char It dimS Indeed cheese a
basis so SmeS andit'sdualballs si sie S WVt

Similarly to Example 2 we have thefollowing dual F bases

in Matn F SeEij e o m i j 1 n seEji exercise
Our conclusion is that if char Ff ndim S then lil is
non degenerate

GT



Here's how the non degeneracy of f is relevant to

the
semisimplicity

Theorem A If 1 is non degenerate then A is semisimple

2 If char F so then the converse is true
3 If F is algebraically closed char f p TFAE

a is nondegenerate

167 A is semisimple all irreducible have dimensions

coprime te p
Proof 1 Thx to Corollary in Sec 1.1 it's enough to showthat

any nilpotent ideal I is 0 Let a cA be I at e I

all is nilpotent a b tr alla e Since is non

degenerate 6 0

2 We use the classification A OYMatn Si We remarkthat

if A is presented as ifAi then Ai is orthogonal toAj wv t
ble aig o fer ai eAi ageAj itj Cilla coincidesw the

trace form for Ai The formsfor AiMatn Si are nondegenerate
Ex 3 se f is nondegenerate for A as well
3 Left as an exercise I



Exercise if char f e then RadA At

Remark Thecondition that I is algebraically closed
in 3 can be emitted compare to Example 3

2 Applications to representations offinitegroups
An immediate application is as follows there are more

see eg
Problems 223 in Hw5

Theorem Let Gbe a finitegroup Suppose charF t let
9 Finite dimensional representations ofG are completely

reducible

2 If F is algebraically closedthen the dimensions of
irreducibles are notdivisible by char E

3 If F is algebraically closedthen the number of
irreducible equals to thenumber of conjugacy classes in C

Proof By Example 1 in Sec 1.2 is non degenerate

A



on FG Now 1 fellows from 1 of Theorem in Sec9.2 2

is vacuous if char f e andfellowsfrom 3 of theprevious
theorem if char F p
Weproceed to 31 Recall that to an associative algebra

A we can assign its center E A teAl za at taek

For A FG we have 2 56 Eggagglag is constant on

conjugacy
classes Lim Z Fal conjclasses inG see

Sect of Lee 8 On theother hand by 1 andtheclassi
cation ofsemisimplealgebras FG t Matn F for some ni
Now 3 fellows from Lim Z Mata All k which is a

consequenceof thenext exercise I

Exercise 9 Let S be a skew fieldand me Then

Mat S7 diagha A Ze 151

hint commute an element in the center w Eij SEii SES
2 E OIA ÉQZAil
3 In particular dim 2 OEMatn Fl K

I



Remark We can remove the condition that F is

algebraicallyclosed in 2 of the theorem If we remove this

assumption in 3 we get that
ofirreducibles ks Isdim 2 Si ofconjclasses

3 Bonus analogous resultsfor Liealgebras
Let F be a characteristic l field Let's summarize

thefour equivalent definitions of a semisimple finite
dimensionalassociative algebras A TFAE

i A is isomorphic to a direct sum of simplealgebras
Iii All finite dimensional representations of A are completely

reducible

Ciii RadA a

1in is nondegenerate

It turns out that this carries w suitablemodifications

to the more interesting setting of lie algebras see Bonus

for
Lec 3



i we need the notion of an ideal in a lie algebrag
This is a subspace acog s t xeg yea xy eor

Equivalentlythis is the kernel of a homomorphism fromg
By a simple lie algebra we mean a lie algebra g of
dim t w oproper two sidedideals if dimost thebracket
is O we exclude this case for the same reason as for

excludingthe cyclicgroups in our definition ofsimplegroups
ii generalizes in a straightforwardway

iii We need to redefine Redlog for a lie algebrag
Note that an ideal is also a lie subalgebra unlike inthe
associative algebra case where we require thatsubalgebras
contain M For a lie algebra 5 define its subalgebra
in fact an ideal 5 Span xy Ixye5

Then inductively

define 5 g for i 0 Wesay that 5 is solvable
if 5 103 fer some i For example the lie algebra of

upper triangular matrices in Matn E is solvable

One can show that every finite dimensionalLie algebra



g contains a uniquemaximal rt c solvable ideal
This ideal is called the radical of g
in An analog of the regular representation for g is

the adjoint representation in og adx y Cap
With this

we can define the killing form killing was a German

mathematician by xy tr Cadaallyl

Theorem Let g be a finite
dimensional lie algebra TFA

i g is isomorphic to thedirect sum of simple lie algebras
Ii Every finite dimensional representation ofg is completely
reducible

iii Radog 03

in The killing form on g is non degenerate

The Lie algebras satisfying i are called semisimpleThe

studyof semi simple Lie algebras their classification andalso
theclassification of their finite dimensional irreducible

representationsover an algebraically closed chare is the central



part of e 1st class on Liegroupsalgebras


