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1 Main results

Ourgoal inthe remainingtwo lectures is to apply the result
about semi simple algebras to understand the structure of
skewfields Let It be a field and S be e finite dimensional

F algebrathat is a skew field

91 Commutative subalgebras

Tostate our main structural result we need a few
observationsabout commutative subalgebras of S

Lemma Every commutative F subalgebra C C S is a field

proof
Weneed to show x e CK x e C SinceLim Sco



I n o a an.EE xntan x t those We can assume d to
otherwise divideby x Then I f x ten Mt tape C 5

Corollary Let A be a simple F algebra Then A is afield
Proof

By the classification of simple algebras Sec2.3 ofLec22
AtMat S for S as above By Exercise in Sec 2 ofLec23

I A 215 By Lemma E s is e field 5

Definition We say that A las in Corollary is central if

EIA F

Wenotethat A is always central if viewed as algebra
over E A which is a finitefield extension of F Thisallows

one to only consider centralsimple algebras

Exercise If S is a skew field then everymaximal subfield
contains 151



12 Statement

We are interested in the structure ofmaximal wv t s sub

fields equivalently commutative subalgebras of S

Theorem Suppose char f e Suppose S is central Then the

followinghold

1 t maximal subfields Ka ki S have dim K dim K

2 if the dimension in 1 is n then dim S n

3 Let K kz bemaximal subfields and t K I k be an

F linear isomorphism Then I se Sto text sxs t xek

Rem The same is true if char f p assuming I is perfect
every element haspth reet Ingeneral one has a complete

analog of this theorem where one considers maximalsubfields

of S that are separable over F one can show that there

e maximal subfield which is separable



13 Application Frobenius theorem

We willprove the
theorem later andnow we will explain

its famous application

Corollary Frobenius Every skewfield S which is a finite
dimensional R algebra is R A or Al

Proof A is the only nontrivial finite fieldextension of R
Thx to 1122 ofThm we onlyneed to show that if E s R
E dimension of themaximal subfields in S is 2 in whichcase

all ofthem are isomorphic to G then S Dt

StepD Pick a copy of in S and view S as a Qvector

space via multiplication on the left By 2 ofThin Limps 4

so dim 5 2 Let i s f e I viewed as an element of S
Ourgoal is to find je S w j 1 ji ij then we are done

Step2 Apply 3 of Thm to THE E Id Weget
A



SES w 575 Z HEe E sis's i Notethat
i self ble A is commutative So Ps form a basis inthe

G vectorspace S

ii s ER equivalently s is central This is because s
commutes w S W Q 525 s s 525 s É Z By i ARs

generate S as a ring so s is central

Step3 Let stale D 63 We have ace otherwise

Ja sta o llc are commutes w s so s ISae R

leading to a contradiction Now set j s Fe gettingjig's i

jis cj aj 1 This finishes theproof A

Side remark

Using the same techniques one can classify 4dimensional

skewfields over a field F of char 2 Namelypick abe5403
Formthegeneralizedquaternion algebra Alla6 it hasbasis 1 ij k
w multiplication recoveredfrom it a j b k ij ji inparticular
K's abl
I



Exercise A Alla67 is a skewfield theequation

y ay betabu se
doesn'thavenontere solutions in F Hint

xtyitzjtuklxgi zj uid Yay.bz'tabu
2 Suppose Theorem holds for S ofdim4 leg if charF so
in fact the theoremhere holds as long as charF 2 Then

S I Btla6 for some ab

3 Give an example when S contains nonisomorphicmaximalsub

fields

2 Tensorproducts ofalgebras
The main basic ingredient in theproof of the theorem is

bese change to the algebraic closure of F if É denotes

thealgebraic closure then we seek to replace F algebras w

suitable I algebras Then we use the fact that the

classificationof simple algebras over É is easier than in the

generalcase they are justmatrix algebrasMatn E
The base change is a special case of a moregeneral

construction of taking certain tenserproducts Thecomplexifi
I



cation fpassing from R to E in HW2 is a special case

2 1 Construction of tensorproductofalgebras
We start w two F vectorspaces A B equippedwith

F bilinearmapsya A A Ayup BxB B Form thetensor

product BOB lover F We'llneedthe situation when A orB

is infinite dimensional Still A B have bases ai eA ie I

6jeB je J
where I J are somesets Then the elements aiebj

form a basis in A B

Lemma it 3 bilinearmap for DeB AeB AaB w
1 Jaebleed a06 galaa'togyp16,6
ii Ifgo.jp are associative resp commutative resp F units

thenJae is associative resp commutative resp I unit
Sketch ofproof
i Let go be theunique bilinearmap w

2 JaeB ai bj he bk Malai ae girlbjbk t i le I j ke J
where hi ie I Gj jet are bases in AQB To check job



satisfies o is an exercise Ontheotherhand o z so

Jae is unique Thisproves i

2 Let's prove jy.jp are commutative jeep is commutative

TheB n N TheBltM Atax e AxeB

If Xis diepi is9,2 then

TheB ta ti Jaka4 ftp.lpo.pl pki47gBlpz.Po s 4aoBlxz.ta

In general A 2top and we reduce to theprevious
case by bilinearity
The claimsabout associativity unit areproved in a

similarfashion if yeA IBEB are units then so is hotBeA B 5

Thx to the lemma if AB are associativealgebras thenAQB

acquires the natural associative algebra structure calledthe

tensor product of algebras

Exercise 1 For an Falgebra A Mata F AsMatn A

Hint Eiji a to aEij
A



I

2 Met F eMat F Matan F

Remarks 1 Notice that themaps A AaB exeat

B AQB 6 pleb are algebra homomorphisms

2 If M is an Amodule N is a Bmodulethen MON hasthe

unique A Bmodule structurewith

6 Iman em exbn

The proof follows that of lemmeand is left as an
exercise

3 The tensorproduct ofalgebras is associative HB C

e A Boc commutative distributive wv t O and f is

a unit FoxAs A F D thenatural isomorphisms ofSec
1.4 are these of algebras

22 Base change

g
We will be interested in the special case where B is a



field É containing F a.k.a a fieldextension Wewrite

Ii for an F vectorspace V Vg VEE This is a module

ever Fox É É i.e a vector space over É

ii for an F algebra A Ag A É This is an algebra
ever É

iii for an AmoduleM Mq MeÉ This is amodule
ever AE

We say that VgAgMg are attainedfrom VAM by base

change to É

Remark Here's how one thinks about base change inpractice

Suppose that an algebra A is finitedimensional forsimplicity
Choose e basis a oneA andwrite themultiplication table

hiCj Eydigen digEFI



Then Ap has basis hi 1 Inowover F thesamemultiplication

table

I


