
 Lecture25 Skew fields II
1 Structure of skew fields
2 Finite skew fields

3 Bonus Brauergroup

Ref V3Sec 11.6

1e Recap

Suppose It is a fieldand S is a finite dimensional

central F algebra that is a skew field Ourgoal is toprove

Theorem Suppose char f e Then the following claimshold

1 t maximal subfields K K'es have dim K'sdim K
2 if the dimension in 1 is n then dim S n

3 Let K k bemaximal subfields and t K tsk be an

F linear isomorphism Then I se Sto text sxs Axe k

91 Approach to proof

µ
Toprove the theorem we'll use the base change to the



algebraic closure F of F meaning that FCE I is

algebraicallyclosed andany element x et is algebraic ever F
Theproof is in two big steps Recall that for an

F algebra A we write Ag AOFfor its base change

Thefollowingproposition shows that base changepreserves
certainproperties

Proposition Suppose charF e andÉ is efieldextensionofF
1 If A is semisimple then so is Ag
2 If A is centred simple then so is A

3 If BCA is a maximal commutative subalgebra then so

is B CAq

Using this we will show that S Mat III while Ki
cMatn É are subalgebras conjugate to the subalgebra of

diagonal matrices This will establish 1 2 of Theorem

awhile
3 will require a bit more work



12 Proof of 1 of Preposition
We use Theorem from Sec 1.2 ofLee 23 over a field of

chare an algebra is semisimple iff thetraceform isnondegenerate

Recall that for a beA we have ebl tr tabla NextACA

any F
basisof A is an F basis ofAg So for all xeA the

matrices of operators xp a xp are the same 6kACA is a subring

Se lebln tr alla tr ably ebla In particular in a
basis ofA the matrices of the trace forms for A A are the

same therefore one form is nondegenerate iff theetheris O

Remarks 1 Let F Eptr É A Fft fieldsofrationalfunctions
Then Ag is not semisimple exercise

2 Suppose that É is an algebraic andsepal extension

of F Then RedAg RadAl exercisehint reduce to thecase
when É is e finite normal extensionand consider thenatural

action of Gal É El en Ag



13 Proofs of 2 and 3 of Preposition
Lemma Let F CEbe a fieldextension A be a finite
dimensionalF algebra BCA a subspace Set 1B eeAlabba

t beB Then EatBIE EA Bg

Proof

Claim Let U Vbe findim F vectorspaces q U V an

F linearmap Consider gUpUo F Ve Vox I theunique É
linearmap w Fluof glulaf t well feÉ Then Kerg Ikeryle

Proof exercise hint pick bases of unellVa UmeV s t Or Un is a
basis in Kery VE ytail Ed k

Weapply Claim as follows Let 6 b be a basis in B Consider

U A V A q u bin ubili Then

Kevy LaeAlabi bie t i t k barb is basisofB Z B

ThenKerg b b form Ébasisin B Zp Bg D

H



Proofof 2 of Proposition By 1 of Proposition Ag issemisimple
So Ap Matn Sil where Si's are skewfields By Exercise in
Sec 2 of Lee23 2 Ap I.E ZMatn Sil

By Lemme applied to B A Z Aq 2A E 2A F

ble A is central É It follows that 1 1 2 MatnIS E
which gives the claim of 2 5

Proofof 3 of Preposition Theclaim that B is maximal
commutative is equivalent to Z B B landsamefor B CAp
Indeed if x EalBilB then the subalgebrageneratedby Ba
x f Span 16x beB i d is commutative andstrictly

containsB contradicting the maximality ofB
New applyLemme to BCA Ep Bp EIB Be s

1.4 Proofs of 1 2 ofTheorem

Let Ke S be a maximal subfield f commutative subalgebra

By 2 of Preposition Sg is simple andso is Matn Fl Gc É
is algebraically closed Let D É denote the subalgebra of
5



diagonal matrices Weclaim that K is conjugate to D F

i.e Ige Gln Fll KE gDn F g This will imply 1 22

By 9 of Preposition Kg is semisimple by 3 it'smaximal

commutative Any semisimplealgebra is oftheformOFMet E

it's commutative iff all net Considerthe Mat Ft module

F as a K module It's thedirect sum of irreducible kg modules

all ofwhich are f dimensional É sEVi CheesegeGln fl w
geek where emen are thetautologicalbasis elements then

KfcgDn F g Since D F andhencegoalFig is e

commutativesubalgebra Z K ismaximalcommutative we have

Ke gDn F g

15 Proofof 3 of Theorem

Let Kike S bemaximal subfields Consider E kÉkÉ
EKofi thot this is an Éalgebra isomorphism

Stepp we claim that I goG F stew gig xek
Note that KI Met Ifl E has exactly a pairwise

yen
isomorphic t dimensional irreducible representations denote



them by ViVi i 0.2 We have the decompositions
F EVj gVj

ifKI g D fgigeGluts then we can pick Vj Algie
Let y ki EndUj I be the correspondinghomomorphisms

Ki I F as an algebra andpj s are projections to the sum
mands j P n The homomorphisms yjeE correspondto a pairwise

non isomorphic f dimensional representations of K's and so
after renumbering gj's we can assume that
1 y j E y t j t h
Take g gig gKfg g DnlFgi KE Moreover

for XeK's x acts on gej byscalar y x so gag acts
on grej gg e by g x and on the side gag e k acts ongeej

by 93gxg y x qjlgxg.tl Combining this w o we

see that
2 y tent qjlgxg.tl Axekit
But y is theprojection E E to thejth summand So

y gxg q EW t ja n gag Ed

131 gx thg t xek
A



Step 2 Now we prove the original claim J seShe
TH s sxs H Xe K Pick e besis Xo Xne k lover F and
consider the f linearmap g S S yes ya child
andthe inducedlinearmap g S St Recall Claim in
Sec 93 that Kerg Kery We know that g

viewedas a

matrix i e an element ofSg is in Kerg by 3 So very 103

Takeany sekerg 03 It's
invertibleble S is a skewfield

so SX th s SYS l T x D

2 Finite skewfields

In general it'shardto descify finitedimensional skewfields

S over F so F R is an exception Another nice case is when

F is finite Here S is also finite

Theorem Wedderburn Every finite skewfieldS is commutative

Proof

Can take 5 2151 let 151g Let n dim S stg
Assume F IS n P Let 6 She be themultiplicative
a



group Let s sn be representatives of the G conjugacy
classes in 1216 55 Then
141 191 12144Es ICI IZalsil
Note that Z sa Zs 5,71103 Let di dim Estsk

false qt 1 Next note that Eskil is a skew
field and S is its finite dimensional module 5 2,61
1St 12,1s Liln ti Since s 26 din

4 becomes

5 q r g it Is g o lgti M
Let 92WETLE denote the 4th cyclotomicpolynomial

92 x I lx e where theproduct is taken overprimitive
dth roots of 1 In particular X 0 17941292,42
are coprime for d d In particular I hahime7247

if k s t X 1 92Wha Ink xdi o hi x
Combining this with s weget
91g hcg g NtEsMighitg 419111g n

Observing 19197171g 11 exercise we arrive at a contradiction

s



3 Bonus Breuergroup
It turns out that the set of isomorphism classesof

finite dimensional skewfields over F carries agroupstructure

the resulting group is called the Branergroup of F R is
denoted by Br F
The construction of thegroup structure is based on the

following observation

Theorem Let AB befinite dimensional centralsimple
F algebras Then

1 AQB is a central simple algebra
2 ADAM I End A

Sketch ofproof
Stepp Note that A is an irreducible DexAPPmodule

via soar as Gaa a a heA which in particulargives
a homomorphism ofalgebras HeAn End A Note

that Endopepp A t Eld A is central F

I



Step 2 We use Preposition in Sect of Lee22

every AxeAh submodule in A B is of the form AB
where B'CB is an F subspace Similarly every BoxBon
submodule is of the form A'QB for an f subspaceA'CA
It follows that there are just two subspaces in AaB
that are both A A BoBarrsubmodule 03 AaB
Such a subspace is exactly the same thing as a two
sided ideal exercise So AaB is simple Toshow it's

central is also an exercise

3 Since AQAPP is simple the homomorphism

DeAPP End A

is injective Both dimensions are dimby so the homomorphism
is an isomorphism D

For a centralskew field S let 53 denoteit's isomorphism

class Fix two such skewfields S Sz By thepreviousthee

rem S Sz is a central simple algebra andby ear
a



classification of simple algebras SO S Mat S for
a uniquely determined skewfield S that mustbe central

We define S Sz 5,7 An easy check using the

associativity of tensorproductsof algebras Exercise in

Sec 2.1 ofLee26 shows that thisproduct is
associativeIt is also commutative F is the unit By 2

ofthe previous theorem SM is the inverse of 53 So
we indeedget an abeliangroup
An important property of Br f is that everyelement

hasfinite orderMore precisely Thm in Sect l andit's
charp versions imply that dim S is a complete square
Define the index of S in21st to be dim S

One can show that Sind s A

I


