Lecture 3 Basics . Awended /25
7) ﬁ/omomm/néfws of pepresentations.
Z} Associative 4%@6}/@5 2 Lheir /e/orfsmzfd/om
3*) Eonus: Lie a,fgagm s Lf universel e/ﬂ/rjopini d[jfygms.

7) //omomr/%fws of pepresentations.
For oll a/g.o/émjc structures, Herers 4o noton of 2
Aamam»;n/fsm Here's what it looxs lre for /{/a%e;enz‘d/om
[l [ b a g1, [F b 2 feld, and UV b pepresen
Laions of [ over [F

:De/l'/?/‘flﬂﬂ-' 4# [F- Cineoy Map ?ﬂ UV is a /o/haﬂ/m////km
/0/ /ﬁ/f}’eswfdlom 07/ () [l/) j ?O[u)=7a<j‘u) ‘ﬁ/jé (; L{Eé/\

EXQM/?Z%: 0) 7L Z2CVo /%af ﬂ —>V /S R /omo/ﬂogoﬂ/ffm.
7) 7Z¢ //M’L‘/‘@’ m$a 'Z;/I/ V-V s oa /omamofé}m
2) Let Ul be a Su5/~€/0f£S£Mfa/’f/on. The inclly sion mep

U =V au and flL/Oi’oJeof/o/q map V=W v vt
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are 4omam0/734/sm5 ; {/ﬁ wpre sentotions i U £ VY are constyuc-
'LZ\‘?D/ Ilo Mare 2%'5 #& case /Secs ,ZZX 2.3 ¢n Lec Z)

c LA N e seds w Cactions  ond w: =Y
be 2 map zhz‘m‘m’m‘ng, He (2 actions : plgx)=4. &) ' }eC:
xe K lonsider #e map  Fun O F) — Fun (X F) fre/o/(y_
Show Yot it is a ﬂ/omamor/o/fsm o represeatetions

Zﬂf's /Omcaeo/ % 0&5 cassz‘né /aro/gerf/fs 0/ /omom//pn//‘rms,

7753 wirror //O/Jerfzes of Unear Meps o heir /}/oa/s e
left as

Lewma 1 Lot %: U=l b a 4oma/m¢4iw S //z?a/efeuz‘af/o/os.
Then er 2 U gl wre subrepresentations,

Lemma 1 Lot U, f{ W be Vepresentations o
d) I @ U—V 7/,. V —W we %mamo//'o//‘;/m) Ghen 50 is

o Y — W
ﬂﬁ”ﬁ”



6) 1# §: U=V is a @fﬁfnfc %moma;pn//‘w, Lhen 9/ V=4
is also a éommwf///sm. In Hhis case we 52y Zhat @ 15 e
/somo/’/oéfsm .

¢) If %, ¢" U =V are %mamgoéiws) o so are @]
ap: U — I/ £ aclF

Femares: 7) 77 {/m s an ZSoMO/'f//sm between /z?ﬁ’ﬂ'ﬁh’éﬂ.-
tions ULV o e sey Hot ﬂc} are /SOMO/;DA/E. [his
means that ﬂf} behave in Yo same wey, pad one wm/?
Seexs To understand representations up < isomopphim

2) Let /%m/é{ V) denite He space o Onear Meps U=l
Bt o) tells us ot /ommo;yp/z‘w; of vepresentat ons
Jom @ Sués/ow_ in Hom /M,V), “ be /Mofﬁﬂ/ﬁ //omg/éjlv),

Z> ASSOM‘Q/f Ve %&6}/&5 ﬂMO/ {ZMV /ﬂlbfmefd/oﬁf,
4550&22/{/% a{j’aé/as /s dﬂozz/er &/ézss o/ ﬁ’/j&gm’{t ﬂlrac-
‘é///es {4//05& /e/aresenz‘a;fzom we west o ﬁuaﬁ _Z;, A Wag ,

_’)‘f/u /s 4, most ('m/ool’szn,Z class: for 2l other ﬂ[jd/’m}_
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Strudures /jyou/of £ Lie a/j&g/a s /e{)g/ 7_42 most m/oorfahf
expmp les), Yeir //ff)’eswfa/flom are | in fact represeatetions of
sutabty associatie Mge bres.

71) Bilivear meps.
Detinition: [t UV W be vectr ypmces. A M@OJE:Z/XI/ah/
is Glmar f ibs Cnear in oach of Yo wgwwrz‘s Lo

//x He ofn/er (ej -Vué(/// e map U’H/?/cgv)-' V=W s
(éﬂfw’, and e some for each fxed ©).

Exmp/e: el X be a vetor space wnd  End(x) be . space
0/ (7)465{/ a/ae//ﬂfors X — )( 7Zm 'L[Zc COM/OOW_ZZ/M /uzz70
Endd (X) % bnd (X) —?Eho///(), @ﬂ,gu) =2 oy, s 6Cnear

Fom SM;[/W% % lnecr meps, bl near anes 4 co/typ/f/z‘eé,
o/ezéemine/ {} He Zmajes o/ basis fémenzzs - if U, thy € 5/,

’O;,...,Y)’;)éy e KaS@S/ f/em

4]
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22) A. jagms
Detinition:  Mn d/{jaél’a over [F s an [F-vector space
fﬁaz/'y/ow/ Wff/ 2 6inear Map AxA —>/4) f[L //oﬂézuf.

4/10[( M;eéra s a r/n} S0 we con Ttale aboul associatue,
ommut-atwe and united @%&gms. In this course, we are
Unterested o mited  associative a/%céras (end 2l assoviative
&%p/gmg we consider ate anited, so we omt Yot mfezf/vd,
An exampte of an associative alaebra is End (X) for a
vector spece X, e P}’oﬂéwg is Y composition, see Example o
Sec 21 Heres ansther [W/om‘anz‘ exemple.

g(am/pﬁ /‘L‘L j}’wf Mjﬁ/gm) Ze/f g fe a j}/ou/; [%m’fe ,
/or S/)M/o 4 m.g) Detne /s jmu/o ALZ eb Ya. 4o o/e a/eno{ea/ [3,
ﬂ"— [ RS Q Ver/zlor gmce w. Kzes;s jé [ Mﬁ/ 144. wf/fa,e
/Drﬁ/uif j/l/en on ‘L%( {&’.S‘IS 0\, UU Zf4 /Vﬂze_ f/ﬂf {}

g
ﬂff 0/‘”4//14/'240/7, [7 Coxn be !/iWEO( as 4 SuéSeilf 07/ ﬂ'_ ( Via

‘g‘, 31—7@} /M/ we write j lesfeao/ a/ Z§>



Lemma: Tl Mjf/é’m [FC s associative w.unt ee((cFC)
Tt:s  commutedive /7[/ ( is abelion

P/’oo/f Well chece G RSSOUMW’?) eue?f/{n} ebse s oy
Lt Q}%’a&ﬁ” éﬁ%éﬂ) c:tezc C & /aj,{(,cke [F)

[ hen (M}c:j% ajéck Qé}u[(fy/)hj[/k)]:

j% ajéck 3[A,¢>= a(be) d
2.3) /@p/esemfdxons of associatie alsefres

Definition: Let A be an assoiatie (end wnitel) ﬂ/ifa&a £

V is an [Fvedo Space. z% o representation of AinV
we mean an assoviative a!égugm /ommow/fsm A — End(V)
it & linear map. f jazfzs/(}«én} g(d} = y(2) p(6) ) e A
(e mare to comerton Yot all associatwe alsebre Jhomo-
/m}?y//wx we consider send 1 4o 1)

4 S (n flc (ase 07/ j}’oafs, We Can eym’ waenz‘é A/{%M a
\@(f@:gm‘dzon &’ map AV =V Gv)as, tht s 6tness,
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assoc atne ( ie. (ab)r = alby)) and Jazf/S;ﬁes o unit axiom:
o =1 (19[ vel/ ) A/lm We use ﬂf: a/esm/'af/on,a/e wm/%
Sa,y' Z%uf V 5 an A-Moa/uje.

E)(ampﬁs: 1)V is an End V) -mosude (e e w/enz%;,
/o/uomo;/fbéfsm LEnd(V) — End( V)

2 A is o mdih ver el vie (56)1>ad Th is callled
e egutar modihy, (o represertation)

Pemw’t: 715 jenem/f faﬂﬂz/uyf lons ex/afajneo/ ygr j}’ou/: n
Lecture 7 (drect sums, sub and quitient  represertations) wore
Ly /e/rZSenfm‘/anS of assouative ﬂ/{cr(yg/es\ T same is

(ase For /omompy)//sms o /elofegeuz‘a/z‘/ans (Sec 1): a 40/%0/140;0/[5/»
of A-modles U =V is Yo some a5 en A-Crear mep,

24) Ee/oresem‘a,z‘/on of [ vs Fc
H tuns out Hat e //e/a/esem‘a/{mﬂs of  we in a

ﬁﬁ/fa)’d @'e&f Lon M'LZ/ f‘osa 0/ AZI’ (
77[,



Dnoleed . G4 V& FC —End(V) be 2 /@/O/ZSMZZ&’f/DM Defne
e mep 0y [~ End (V) as f/c on pz[e)=]2{yi&{?é):
b(5)p, ) 4« yisa /omomo»p%'w of associative ﬂljdm.
Also F?(j)f)z@”) =PZ[€)=_Z;/,, 50 c}n’oZCKZ((/), hence fy 15 2
jl’oap éoMomw;oé/SM [ — [ / [ % ) RE.a Qq j)’w/o /'gofefsen'faf/w-

In ‘fZL af/wsffﬂ a%/e&'t‘/an/ 4/5 lp [ —> fl(l/) D/C 4j/'0a,o
Aoma}m?oéism. ﬂc///u ff" f( —95)0// (/) 4}

lol 27 49) - chz %504), &k
; Z’ 5 an assSociafive a/ﬁug/q /omomoxiv//’m, HMove-
aver, £ meps. p =Y, A y HFZ ave Mufu% overse,

771‘5 esfﬂfZiS/es flc @'eﬂz/on 0/ (nterest

I_E)Wnpfe: Io/cmfi{} Fn (CF) (Ex 2 in ZeCZ, Sec?) w FC
Vie %Hg V/eh/co/ as  an F(’/hoo/w&/ /‘ZM [[:[F) (s Z//t’ /€ja~
ler  modute.
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Side remare 1- Tl tronster of e Prodduct from C 4
Fan (G F) is known as Yo convolution
It {7):4% {{74-'){ ()
There are sy Sﬂ%njs in Madh, where e convletion

d/p&mj Mﬂ/ our  cunent Seff/hoq Is ‘L%. post 6/6/%%2‘42/;.

Qemw//c: A//g 54Mo/ we View //ﬁ/ﬂfeSﬁézdeoM of L as L%Se
of [F 7 Y /mwf/ca// yeason s Lhat his /)’ow'a/e: a convenient
Wn? to constnit  representotions [e. 5. o bt deckds T c
F( o Hhe fuof/wlzs F(/I). V/4 eAf/ore His wlen we
neod it gesfo/es, ‘L‘[L Sﬁffm} of assoiative w[j%ms /IOV/—
des o convenont /Mjuajﬂ to el about Kepreseutodions
o more jemm@ absebyaic structures.

Side remane 2: Tl roap ﬂ{crmfra constnction can be
Znéer/owfea/ Vie zzaj’o[nf ;{«w’fm /Sz‘w//f:o( e. 9. o MATH
35 0). /Va,meél , Heres 2 :’7}’001/9 ﬂ/ﬁf//m %{M&ZIOI’ ’ ja/ﬂaq %’om

9_]75(& C’o/‘ffjo/} 0/ jVDM/oS ’L% ‘LZZL CQ/{CJO}SL 0/ assouative



Frolochns thet suds (4o F( and dbes 4o only
netural f//hj, o /omomwp/isms). Its e 4 /'oz'm‘ b 2
” J‘g}’jmf/wf Junchor? that  Sends an  associatie ﬁ,{‘?ec{m A %
He 970up of its owertible eloments.

3*) gonus: Lie Mﬁ&g/a S X universel mm%o/o[nf d[jagrm.
3.’7) Liz Mjeémy
This is a cbhass of non-associetive a,/jp/éms Yot is

0/ j}’ea/f Zm/oozfzzama ]é/ JEVBVQ/Z aers a/ //ﬂ/ﬁeﬂfm/f ICS, Z/%Z
@/mresemfaflon ‘f/eorg.

ﬁ&%ﬁ‘nh{/o}q: lh ﬂjgfg}’o_ ﬂ /w /}’oozualz /Mpfea/ {i Z: 7
wid colled He Lie buceet o commutattor ) Is 2
Lie Q//;g b if 4 /Waaémf setisfres D /aZ/om'n? axigms:
(Stew—s(ymmdg): [xx]=0 # xeo]
(Jacobi /'a/mf/z;\,)-' [x %,%]JwL[J, [ax1)+ [2 [X,J]FO, #Jgj,eeﬂ_

/Voafa ZZZL %/ﬂz axLom 5}14/95{’65 nore 741@/5&4’ /;j J] = ’{}, xJ
70|



lendl s 6914[1/4&;42‘ % It // cha F#2).

EXMPZ; 1: Led A be an associative a/;e{m. Tha i becomes
2 Lie ﬂéeém_ w [a61:=0b-6a. This can be viewed as a
zéxwafwg Funitor  Hom s co/fejo/d»t of associative ﬂéw{/’tzs
to He ca;éejog of Lie ﬂ/%%ms, For exomptt, i we 5”/?
s o A =End (V) we jwf # jeﬂemZ bnear Ll
M;eém ﬂ[ (V)

Lxanpls 7 Led =B or €. T mases sense o £ule
ahnit el o Cam/aéx penifollols z% a L §1oup. one means
2 manifld fﬁa&f/ﬁ@/ with o go9p stk so et The
/Drwluaf (%C —C and 2y inverse map [— 0 ae CF

/ng €XM/D£_) K/,, [/:)) SZ,, [F) are 0; [ﬂ:) [{/{ Okg/ojamz/
metyices) we L Jroups (over (F), white, e o4 /4 of
unl ’sza, /C'omp/ex-ua,&aoo /}{wf}’/ces 5 a /’faZ ﬁf, jmu/o,

bor a Lie 9o ( its fmje,mf Soace L/ hes a natund

m[/’c ﬂ,é&gm stuctuwre ﬁ'aaj/ 6 speatin g é, 4&7/}/&/@2‘/@{/}5’ A,



grogp commdtartor). for exampt, for (= (L,(F), we g
LL= gl (F), whte for (- S4,0P), we gt T 7= S[(F), ¢
Sugdj&g/a of gl (F] comiﬂz/n} o Ml tre 0 mtrces

T, Studly o ans,  guestions hput Lt grops, €.
hoi Heiy /@/chsenz/wons con be teduced L Lie ﬂé&é/’as
(“Enearizetion”). This is o initied reaswn MZ miaihematcions
core aboit Lic a/{iaéms,

32) /;pe/preseﬂfa/{/ons { wniversal éﬂvafgochg, &/geéms.

/4 Vefmscnfa:é/on a/ A /ft a,{ie/ém ﬂ i a vector ,;ma V
s 4 lie g/g(ygm /amam@o/fsm q — g[/[ (/){=Em( (V) As in
Z‘& case 07/ (j}'ou/as, A i'ff/escnﬁ/‘f/on a/ R //e w{c}»&g/& Z/@) /s
f,é Some. ‘4 )’n} a5 A /’30)’53’6/12[42{/0;4 o/ Q Su/'ZZA// L as soccative
zz%dm called 4l wniversel eny%/oéng, a/j.«yém, and!
denoted /&, ﬂ[ﬂ)_ This a,%agm is eonstruted as
guctient of Hu tonsor absebre Tlo)( -0 ™) 4 4
Zuto-sioed  cleal jme/a;feo/ /&t e elements X8y -y ox -/ (7]

/lygr )QJ €. Nite Yot we have a vector sprct em{eo/o&hé,
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g e 77\07) /a/eog 1 tensors). I#s com/aoy;'éxbn with Ho /i:o/'ea‘/on
Tly) —=Uy) i « Lc alyobre Jomomophion, doncte 26y
L, /0/11/905/}45_ witl ( defnes a Map Lom He set of presen-
lthons of Uly) in V 2o Het of representattons of g in V.
H s a {/]’éyfmh, bt as an exercise. Luven more 1 True
compare to Side Bmare 7 in Sec 74: fwdnj 4l wiversd
em/agofiné R/gafm 5 2 (pert of a) Ao from e cate-
3 of Lie z{g%ms fo that of assouatie 4,{?%/’@5-
Ths functor is Loff 2 fjoint £ b Sortfil Functor fom
He cmfe(jor} of assocatie ﬂ{j@éms % ot of Lr
ﬂé//ms (see Fx T & Sec 37)



