[ecture 4

1) Tensor //aa/udfs wd daals of vector Spaces.
2) Tensor //aa/uafs wd daals of o tepresentations.

Kets [l/]) Sec 8.1

1) Tensor /m/ucis and _duals of vector spaces.
We wore w vector sprces over 2 hetl [F
11) Tensor /a/oo/ua;‘s: construction.
In Sec 21 of Lec 3 we telied about bitinear meps
For tuo vector spaces UV Cheir fensor /}foﬂﬁd Usl is
andther vector Jpuce ﬁo;fjﬁg w. & biCnear map U — UBY
Hat have some //aniz/ema/éiég /al'o/oerfét// o be steded below
We wll wees! MZ_ the case whon ULV ave fnite dwensionad,
Fix bases u,.u, el v, .yl Debmwe UBV as the vector spce
w. basis of 5(7/!45055 4“8y, C1eym, j= Lo (50 of dhmension mn)
togother W tle anipus Gilinear mip, donste. i temporarity, by p,

__qwen o e basis elements ég, /B(u‘.,ng).fa;@l{}-_ For jeﬂe}’d uelf
d



VeV /Bﬁw /s 0/61407/550/ {} udv so i/ u= Z/d‘a V= Zél{/, Zhen
_ (-——"’—0{4?515 elements.
Usy: ZJZ; &J

' J
ﬂc e/emen?fs 0/ {ﬂ/ﬁ 74/'#7 uev are 0/1,4:;4 Caﬂeo/ {Eﬂsor /noﬂomiaxfs.
Wote Bhit by constuctio, (UBY, (41) > wou) dopends on Hhe
hoice of bases in ULV In U, pext section, we canam‘cg/?

z&énzz('fl /Wl’j w//esPom/;h } ﬁ ﬂlf%//enf &/m’ces_

12) Tensor f/o/uofg - aniversol. property.

Tk mein punpose o tensor products is to convert biCinear maps
to lnear ones. fBelow is e precise result, £l “universal ﬁ;@/mg{;’
Yk also can be ased o show et USH s tndependent of
hoices of frses.

Lt QY)W b vector speces & g UV =W b o bilinear
map. We nite that if ?:WHW’ s Gneas, How Gop i3
bilinear To see this note that Huell th map

poply,?): V = '
is Unear as co;u/oam‘/an of Cnear maps  V —— A 1y Loty

(end Ho some is e whea we fix vel)
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P}’opos/‘{lon.' ¥# bitinear Map /? Uxl) — W 3.’ gnea/ Mmap
Friey — W st Bluev)=plv) ¥ uell vel/

Froof We must hawe /ﬁ/al-@g)=/6/a,-,zj). St He eloments

« 8y, fom a basis in UBY, His oltermines & m/}wg? Nite
Chet both meps (4v) o plgv) & [ov) 1> Fluwr) are Gilinear
72? coincide on He pRirs of dasis elements ;) and so
Coincide €Ve7wﬁere /é‘ Gomare in Sec 2.1 of Lec 3 0O

/ﬂow we establis) ‘ulé; zho/\;ocﬁo/cme a/ fé p/of‘cc o/ bases.

/Waf/ag: Let q'€d i-1.m 1(//-/5% jt, be anither padr
of buses and (US'V, () > ue') b He comespondng
{ensar /Oi’oﬂ{lﬂé 7Zw ‘f/ ere s 7,%; L/ﬂ/f&a vector Apace [SOMor -
/p/fsm (U =5 Y SRJLl/SéZMJ/ Cludv)= ud

/%07[: .@e/;na /g: UV — (el {; /6/51/V)=6(®/I/ andd set
[-'=/§ Sp {/a;f ((udv)= u®v ¥ aeﬁj vel/ m‘s dotermines (w//'?a-
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5§ 02, froposition. Tt temains 45 Show ¢ s an somorphism
for this we //oﬂéa Ao inerse 5/;%;{@/? ‘o ( we j%‘

(o UBY —UBY w (faav)=usr W Hon gt
()= ud'y, (L (uav)=uey. T vedtos uev ircbude a
besis S0 L2= Ty, 54’/%[/2/97 (0% Llygy, O

S0 we hove e well-detmed niton of He tersor prosuckt
Usu o,% we abuse He fc/mzﬁo/t?j} and SO; et UG i
Z%. ‘fEMSoV /ifoa@df f/us O/M/z%nj ﬁ éﬁnmr /ﬂ%o ﬂ/zx)H Uy
[z ﬂf‘ﬁoajA i is Y most tmportent /WLZ of Yo structure).

1.3) lensor /Woalwdfs, tucls, and Hom’s.

Fecall Hot o a vector sprce U over [F we con consi-
der its died L% = Hom /&([F), je. Y Space of Onear ﬂnof/om
U—FE Tl joa/ of ths section is o /b/ﬁnlzbzl UV
Hom (4) o Fnite dmensionel spaces UK.

/% zyposzﬁon in Sec 2 1o construct a Cnew rep
U QV —> bom (U V) amowrts £ com‘mvz‘m} a bitinesr mep
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USY — Hom (V). For ae U*vel, define G U=V by

ﬁod/v [v) = dlu)v Mo chhim Hhat b, 15 Unear angd Fhe map

(o v) g, is bilinear. This con be done ? a grect chece,
Lft as - An altemide wey Zo construct B, 15 og,
/'o/ﬁnfi{]énj V s Hom (EV) ~%o v we assion the mep ar>av:
F =V and obsene et B, 3 4 compositon U = [F =1/
And 4o map of fm‘ng, e com/wsff/ah of lrear maps is bilnear
(compare to Lrample in Sec 21 of Lec 3)

Lemma: The Oneer mp U B —> Hom (UV) with Lo =,
/z%u‘ eusts andl 5 am'ﬁaa {} Pm/osfz‘/'on in Sec /-Z) is & vector

S/Jaca /Somw;b/ Ism.

Froot- Choose beses u, apell 4y eV The choice of o basis
in U gues He so colled dud basis o, € U defned {}
Gila) = &y These choices que a besis v e 'OV and idont
Hom ( Uy) w e space o mm matrices. [yder Hhis lsoma;/%w

-—]%""’J Is 2‘4 medrix  un't ﬁ{} 7Zaj %/m & basis in /%m /[// l/)
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Mo/ aur &/Wm ﬂ/gouf an /50/#70}?4)}»7 /D'Z[OWJ, |
,@mm . Note ot Dy's e exau‘? e 1 lnear Meps.

14) ”46«1/5/// of tensor /}’oalwfs
A Fun (ond important ) ct s Hut vectks spaces w k.

gpentions @ @ behowe le elements o @ commitatve assoiative
/[néL:

Boposifmn: Lt UVW b finite dmensional ) vedor spaces.
We hove Hhe /@%M'n} natanel” vector space /sam;;p//‘ws :

. (V@V)(Eh/ = (® (/o) unigue L. (uBv)OW > u® (yow)

- (ol = /oy am'?u st usv > veu.

» (UeV)ol => (oW ® VU, wigue st (1)8u 1 (uow, vow)

c FOV =V, wipue st. asvi>ay

/D/oof”i an it e Meps are am'?«u/g determined 021_
h//m f/e; 56140/ {asu e/fmemfs. 7Zw we use ‘L%, /iﬁnaw‘%}
% wm/amfc Gem on He jencrd Lensor monomials, d
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.& 14/4075 /DZZOWS we W/ZZ dh/ﬁiy S C-ﬁ/ﬂl’f‘élé z% L(w?ﬂsak
/Jrop&wfs ir e /0}’;7005/'{/'0/7 g MeanNs a/ Hese /'50/;4070//})%5.

Z) 7émor //Oﬂ/udff and duals 0/ j}’au/o fep/esenfazf/ons.
ﬂur joa[ m f/is section (s to apjrm/a some  constructions
of Section 1 4 /’ipreymfm‘/ons of j/au/w,

2.1) Jensor /ﬂ/oo[mfs of /e/O/e,Cmfd/am,
[iopositin: Lot UV be representations of a group (. Thew
Yerers e aﬂ//ae strudave of a Vepreseutation o  m UOY st
Guor (480)= (5, )© 3, v) # uell vel/ ()

Froof: We start by showing Yhet 3| loear g, oV — UV
sd/'5§a'n} (). The map (4v) H{juu)@/jvy): Uxl — Ul is
5/'{/'17&3/ / , Amf : j“ 4 jl/ e Zmear, Compm/& % 522c ZZ )
7Zfs Shows ‘L%’]f 3.{ (7(101" 7;5401«/ z(/a/f J Hgaw 5 Q
Ke/a/’cscmfuf/on a/ [, s gm?jé t S/ow 'fn/uf oy L &

udy

{74)4@;/’ Oqaew/" /aw %jx he (%)

s,

%



These /'}Mp/Zt thet Guer 5 mvertile (compare £o Sec 14 Lec 3)

The eyuwﬁ'%} Cpor=Ld ey is easy. To thece (&) note That

juw‘%"w (usv) = Jusy ([/au)@ [4Vz;))= [(ja ")@{71/41/ v)=
:94)6(@1/ (uor) = [jbu@)/:jaw%mv a

it 5ur/r/’5f/7j6, we coll UBY e tensor /o}’aa/uﬂf rep-

Vesentakion.

2.2) Duals 8 Hom
We dofine He /o%wzh} /f//afmfaz,‘/ons i
Tl iviel representotion in I (v gt 1 ¥ Je{ )
+ by Vepre sentations U of [, e Fepresentaion in Hom (Y1)
/9, g-¢p+ - jv(fja, [jé L, pe Hom (Y V), Hom representation.
To check His is indeed 2 Keplesentetions s Lt o5 an

¢ /'—Dl" R /Z/lﬂl’eSeﬂllﬂﬂf/on é/ a/ (; 'LZ[L ft/ﬂfveMf/on i L/’K:
Hom (U IF) (where [F is Biviad ), 0795‘&{2‘? g-ed = o(}ai This

/s He odued /epreswfﬁ/f/aﬂ.
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T /ﬂam’n} lemma. summarizes imp ortant /%/erz‘/e: of
Hese /e/wswfu‘/ons.

Lemma: 2) Hom, (YY) = Hom yv)"*
4) T /Somo:/’z?//'sm USY = Hom (U V) from Sec 13 is

o /Somwpéism a/ /:e/o}f,eSe/; tations.
Foot: ). gpé%m([ﬂ/l/) S 49,20 ¢4, #}@j’;?oj&/:?
& sae%m/%l/).q
§) Mebe Bt g (1or)= (15,18 lg,0) o we e 4
chece that

j‘/o ?ﬂd/v—ag;{ = fp,,(aj(;', 4,
7]}'5 Jef/c /S /MZZ RS an a

23) Wit wboit representations of associatie ”/3‘ bres
In Sec 24 of Lec 3 we pane Lowrred Hat a Vepre-
sentaton of ( is e some ‘L‘//n} 45 a representation of
suitable  associative a/%%m/ Zhe froup a/geém FC Mote,
fowever Hat Be constructons of ths sechion db it make

Sense. For representetions of an a////‘z‘mrduL associafive @{%yfm
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(whd may bl to hawe wzi I-dimensionat. /e/w%fwfdlmg
S examlo/fe). Jheress an additioned structare on an asso-
ciative a[éic bro. that enables Hese construtions ( ”/%/o 7
a/ée{m ) ol JFC comes w such Blanes 1+ s construe-
tion.



