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1 Irreducible representations

Weproceed to studying certain classes of representations
irreducible a completely reducible ones

Our general setting is that F is a field A is an
associative unital F algebra As in Sec 2 ofLec 1 wesay
that a representation V of A is irreducible if it's the
and contains no propersubrepresentations i.e sub

representationsU different from Le V

Example Let A End v so that V is a representation of
A Example P in Sec2.3 of Lec 3 It's irreducible Indeed

get
a UeV be a subresentation Pick O u ell Then t



Ve U I yeEnd U yur ve U U V

P1 Example T dimensional representations ofgroups
Any 1 dimensional representation V is irreducible there are no

propersubspaces Here we will study tdimensionalrepresentations

of G so that A FG

Achoice of basis f a nonzeroelement in V identifies LIU w

GL F FYe w rt multiplication This identification is

independentof the choice thegroup FKo is abelian so the

conjugationis the identity automorphismofAkel Hence a t

dimensionalrepresentation of G is agroup homomorphism Ake
Recall that for gheG we can define their commutator

gh ghgti The subgroupgeneratedby
these elements isnormal

it's called the derivedsubgroup of Gand is denotedby GG
Since 51103 is abelian plight 1 andhencep factors

through thequotient 911,61 an abeliangroup We arrive at a

bijection between the 1dimensional representations of G Kof

F GG any representation of 6114,4 can be viewedas that



of G via thepullback writ G or C14,4 Sec2.4ofLee2
Below we assume G is abelianandfinite
Recall that 6 11 TLmiTL forsome kid ma mic 1 We

note that forany abeliangroups G G H we have a bijection

HemalIICi H It Homer GiHl
whereHema denotes the set ofgroups homomorphisms andthe

map sends y to lyla gla glad exercise This reduces the
question of describing the 1dimensional representations offinite

abelian groups to that for cyclic which is handled inthe

case when F is algebraically closed by Prof1 of AWP

a homomorphism 74m72 Ike is unique recoveredfromthe

image of a generator which can be any nth root of 1 so

that weget m pairwise nonisomorphic representations you still
need to work out the details

12 Some irreducible representations of symmetricgroups
Let GSn and A FSn We are going to constructsome

air
reducible representations of G Let's start w 1dimensionals



Example Define the sign representation ofSn as the

homomorphism Sn Ike givenby gasgnig

Exercise A t dimensional representation ofS is isomorphic to the

trivial or sign hint eitherprovethat SnSnl isthesubgroupof
evenpermutations or observe that all transpositions ij go tothe

same element of Ike and use life to showthiselement I 1
Moreover if char F 2 then trivial andsignrepresentations are

not isomorphic

Now weproceed to irreducible representations ofhigher
dimensions Recall thepermutation representation V5 w Sn

actingbypermuting the coordinates g an antsagain agent

Example 1 in Sect ofLec 1 As any Fun representation ithas

two subrepresentations to be denotedhere by Anse a at

trivial as a representation and I g an E aids
The following lemme establishes some properties of these repre

gentations



Lemme 1 We have FInst CE iff charF dividesn

2 Otherwise Eden F A

3 and I is irreducible

4 sgnnoxFo is irreducible iff fo is

5 Sgn Fe is not isomorphic to E for n 3

Proof 1 2 are left as exercises

3 Set eis e 0,1 9,9 e i t n t These vectors form abasis

in E If a subrepresentation U contains one ofthem it

containsall bei ej forbeS W Gil 6j 6 in 6ja
char F doesn'tdivide n t us x he Fike I il

Xi Xin Then v i itll.rs xi time so ve U eieU U f

4 Weprove a moregeneralclaim ifW V are representations

of G dimW 1 then V is irreducible iff WAV is Let

Pw G 51103 Pr G G v bethe correspondinghome

gorphisms
We can identify W w I andhence Wav Fer w



V as vector spaces Sec 1.4 ofLec4 Underthisidentification

Pworig putgiftg
So a subspace in WAV is a subrepresentation stable

under all pwe g iff thesame subspace in V is stable
under all Puig any subspace is stable

under scalaroperators

5 Exercise Hint 1,21haseigenvalues T w multiplicity 1

and I w multiplicity n 2 on E andvice verse on sghnext A

2 Completely reducible representations Meschke'sThm

Definition Let A be an associative algebra over F An A

module V is celled completely reducible if f submodule

U V F a complement submeduly U'cU w UO U V the

directsum ofsubspaces

Note that then V UBU as Amodules Notealso that

every irreducible representation V is completely reducible just

Iwo
options for U V 03andV



The same definition applies to representations of agroup
G because a representation ofG is the same thing as
a representation of thegroupalgebra FG
The following result is very important andgives amotivationto consider completely reducible representations

Thm Meschke Let Ilka Further assume that either

char f e or charE e but char5X1h1 Thenevery finitedimensionalrepresentation of G ever 5 is completely reducible

We'llprovethis theorem in the next lecture We'llalso

see that this statement implies one from Sec 2 ofLec 1

Remark Let's see how the conclusion of the theorem fails
if one of the conditions doesn't hold

1 Suppose p char F divides n let G S E V F

IF
A complement U musthavehim l So U's Fv with



o an ant Assume n 2 the case 4 2 is left as an exercise

A geSn w g t lie gli jl we have go to One can check

that this implies af an A contradiction ve fo blepln

2 Consider thegroup G xe F CGL f infinite if
It is and its representation in F givenby the inclusion into GL ft
From It 18 one sees that U fo laee is the

onlyproper subrepresentation So F is not completely reducible

21 Generalproperties of completely reducible representations
One can ask whether the complete reducibility is preserved

under the natural operations w modules The answer is Yes

Lemma Let U V be completely reducible Amodules Then

i Every submodule UCV is completely reducible

in Yok is completely reducible

We'll prove this next time
I



Corollary Let Ube afinitedimensid Amodule TFAE

a V is completely reducible

6 V is isomorphic to thedirect sum of irreduciblemodules

Proof lat b is exercise use induction on dimV i of
Lemma

6 a fellowsfrom ii of Lemme by induction on the

number of summands 5

The corollaryallows to reduce the study of completely
reducible modules to thestudyof irreducible ones

A


