Lectue 6 Tnedudbte & com,o/fm‘eé reducitls
Kepre Sentat (ons, /0f Z
’/) Boof of Mascheers Hheorem
) :Dccam/wsif/m into (rreducibles £ Stchur lemme.
fef: Secs H1811.2 in [v]: Secs 73 4146 in [E].
1.0) /@Cgf)
Our jaal in s section is to prove:

Thiy (Maschee): Lot [C1<=. Farthes, assume Hhet either
thar F=0 or her E>0 but char ﬂ—j//“ Ve eye}g /%milc dimen-
SZOM[) /’e/ofefwfa)f(on y o/ (' over [F s com/ofdc% /eaéza'/é.

e abso ned 4o prove a Lomma from He last tme.
Lemme: Let VY b fom/aéfcé reducibts. A-modutos. Then
() El/e»y, submodute 4, <l i (om/aéz‘eé yedubte.

(i) Yol i c’m,o/a‘eg reducible.

Pfoo% () Lt U C”, be 2 ﬂm//mM- Since Z /s wm/a/e-
K



tely tecucible 3 subwodudy UCY w b=l (e,
UNUNU)=05; oy show U Ui lUD4]), note Het ¥ ued] 3 uelf
well st u=uru’ (from U [=U+U’). Thn u'=4-ucl1U] ie.
U=U+lUny) = y;é/e/w/)cg).
i) Lt U@l be o submodile. Woll find submodilles
U<l st Uelyey)=-Ysl

(onsider he projection el -1, (g,6) v and lef
P be it restriction to U In pastiede, 3 U =Y is an
A-madubs homomonphism So, ker (= UNY)< Ul & imcl
we submooiles. Since V] Y ase wmp/y&% teducible we can
%W/ submodiles CV st. Ueln)-= V £Ucy st
Ue ing=1]. W Loim thit Ue(yoU)=1 0l

Led well,i-12 b st gra,ell Mte thet =Ty
eimm = ye ima I U, ={0% Tha 4elljNt)N4,={o3. Wi
see Phet UM [UoL) =10}

Now we prove U+ (Gel,)=lel Ffice v el We cen
Ind dell £ yel | v=9)ra. Thn 4+ -u-uel and

Z

‘\!

we Con 75140/ u EZ”L/ Zé/{éé{/ V/f{/;—a—azsu 7‘-% =
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Yry = (u'+u”) + (u+y,), A a{esz';/eof Aécampos/z‘/aﬂ. O

Nobe thit s 2o fz)/olfwat in Sec 27 of Lec 5 [which
followed From He Lomma we ve Just /pmyeo/ ) every comp&/fcgb
reducitte /elm’esen’f atlon s /somo//oéic to e dved sum of
(rreducibls /cfrescnémfxom. The hoorem eretore reduces He jz/aog
of com/aéfegl veduibly /qrexeﬂfwf/om b thet of ineducittes

11) /ff/eyaj[nj
We wtl que ane proof of Maschie's Bm based on inriant
/Ore/'eai()rs " and swetdh ay alternitive //pa/ fr [F=( based
on “inverignt  Herwitien scelor /}fméuz‘s.” Bot), are fzsed on the
Seme 535,, [den. — aw&mjzng, %o be exp/eu’neo/ in is section
tyoler e essumption of e 1%{20}’6#7) A /offomh} element
of [ mares sense: 2=/"ZT/ % 4. Tts celled e
m/erajm} (or tri w’d) /b/M/Oawaz . ie/’e we  [ts o/aS/c /Vz}aen‘)es

Lemma: a) he- #he(
3]



o/) [t Vb a /’éﬁ)’esmfwf/m 0/ ( For any vel/ He
Loment svel f/z'ﬁmnmés),
Q) & if vel/* ten vy

/%o/ Sy folVows /f /eam/mh} He summends, 8) Sllows
from o) & ) fs cleer. Detoils are . O

,Qem: s-¢ - W/lIOA is 14/,%,_ £ is called an c'o/mpafmf.

1.7) ﬁom/ vie. (NVariant f/p(/e()fa/:.

We need an equiveloat farmudetion  of Ao existene of
a (— statl, com/aéwz{ for Hhis we neeo //{J/ép’t‘m.

@6/?/71'1[/0/4; Led V be 2 vector SPRCe over F & Uclr
be 2 Subspace. 62, a /}fa/wz‘or to U we meen an goera-
tor PeLnd V) st

(y im Pcl

(i) P/u)=a/ + uelf
4]



Nite Bt imP=UZL PP

Lenma: Thre is 2 @'eaf/on befween:

(o) the /ry’eyfars to

() te complements 4o U, ie. subpaces U<V w USU=1/
Proot:
B)—(2): St £, (ura)=u, ue U w'e U] B, satishes ()4 ()
(&) = (6): Set MP/: ker P fMte et Plo-Pe)=PG) -
Plo) =0 So Urli,=V Swa An)-v #rell & Pl =o

¥ vell], we gt UNUL=(01,50 UBLU=I

Tl cdeim that U'=FP, & Pl we iverse 4

each other (s boft a5 an . O

Proo/ of Theorem: Mote Gt o V is « representattion of (
UV o subrpresutotio and a projector P o Ul is a fomo-
mD;;M/’sm of representations, Ao U=ter P is aboo a sub-
/\‘;OI’eseﬁfssz/on (lemme 1 in Sec 1 of Lec 3] and 5o g e

/afeyious /emma, U'is a com/o{émenzz “ U
5



%z 2) of Lemme in Sec 72 of Lec 5 ipé&o(/y) is a
AoMDMOt;DAi m 0/ /’e/O/eSeanf/ons (}f/ /L[ ‘s chmr[w/ﬂf J%V 'L% /50'
wesentation of [ in &//V)j/y&o /? jﬁ”zjv“‘z“j;)-

Fer a /m/e&far P % U, ot Coast one exists. (onsider

_ 1
e.P | 2 g )
an MWU&MZZ _Z¥ remaans o Ject f/aﬂf P s R F/ (/e(/for %o
U,

lhece (1) Plo)- i Z 9Pl br) [0 fr P 4

9y (ely]el.
Uhece (ii): aEM=> P/U) 6l 2 - goPeg! - L) i)eld
X (i) for P] /[/ Cj'/ jv'/u)" //g u=u. O

13) Seetdh of /0}’007/ ve. invariont Hermition prodact.

Let F=C, and U be a fnite dmensional sepresentaton
of [ over C. ol ot o} o Hermition fom on U we
meen an R -6ilmear map <. -: [/xV — C sazfuifyz‘n} e

Mom}ﬂ zza/o// t//or/a/ Co#zo/if/ons:
] §



o Tbs C-lnear in Ho 15t wgumwz‘,
cand <uyvy= Zywr ¥ yvel/
We 2y bt <7 is o Hermitien scoler /wfoaéwf it in
addition, <viy>0 % vell #0 Suh <, ensts
For 2 subspace U<V and a Hermition scelar //o/u(/?f
- We con consiger e 0”2%0;0/462/ [oﬂ;n/émem‘ U lSo
Yot USU =V
Lot Bom (V) dote e st of Hermitian /Dl’ms, ts &
vecHor Space over R (adliton andl mu/h‘c/'oé’c W 551 scalers of
FniAions).

/4 /}’Oa/ a/ ﬁeorzm 3] gaseo/ on Z% /@Z/amai exeycises,

- 2) Herm (V) is representation of { (over R)
via. g-<57 dlefined é lyv) t <3"u,j"v7.
§) If Uk is a Subyepresentet ion, and <7 € Heom (V)
js (- invariont, Hen U “is g Surepresentation

7]



; I][ ('/7 (s & He//ﬂ/'lz/tw Sca/ar /l’oa{udf) f/w

S0 s E.<2= /—2} ezcg <o
J

Thx to Lxercise Z Heor 15 2 L iwvariant. Heomitian scelor
/roaéwz‘. Wow we use (6) of Exercise T and tare U “y*

14) Femares.

1) The nd fraa/ we sketched is more netrw i scope.
The approach, however, hes an da/l/aﬁ‘félje) onee an (nveriant Hermi-
tiap scelar /o}’og/uyf G is fived, we have a /ore/em/ wey
of recovering, U Bom U And in some Sf’/ff/ﬂjj’ we Heve
such <. Hoe are two of Hem Yok are 0/€C(70no[ e scope
o/ 7.%’5 course.:

I) /Mf/ f be 2 [poSS//@,ngm’fc) j?mu/a.
LA N fe o space with o measwe and ( act oy
/V {} /chscrwhoi fé mer Sue. % Z?/X) comes w. < 2) - (s

a “Hilbert S/ac&: ond ( acts o / Z/X ) 61 aﬂ/z‘w} gbe/mfm‘,
El



b pactucater, LK) is comploredy, vedncibll (in Hhis settng
one festricts o subreprestutations bt closed wrt. 4o topo-
KOjOL/ quves 501 the nom)

_ZZ) ,Pep)’esen’fa/z‘/ans o Hilbert spaces ? am’farg c/wmfors
are akso  important For Lucntum Mechanics : Hilhert spaces
appear as “spaces of states” fo /mm‘am mechanicel gd't%lﬂ.f
anol g/ representations é am‘fuolt qperators agpear a5 symmetyes

2) The constrctions and results of s section extend %
Some. infinte Jrogps (i one Sw'z,‘alé wstits te class of
Ve/rfsenz‘a/f/ons considered). Most /m‘ajé, s is He case for
Continupus //e/?reseﬂfd/ons o com/omf groups / B summetion in
He  construction of e averg c'noc eﬁemﬁfw’ needs o e /fgoéceo/
with e Zm‘f;jm/ ) W elaborete on his in o borus secon.

3) AVe/le'né s w@/w[ 761/ 01145)’ /UL//7905£S k) W&Z/, f’j' %
plove et the MSMVQS of invariedts are ﬁ'm’fc% jenemzfea/.

T/Hs Is ‘f'\/z. Su{je&f 0/ 50/%«5 /em‘u/e 45
9]



2) :chom/ws)’f/m into irveducibles £ Sthur lemme.

Let A be an associative ajjvgm wd V is s A dimen-
Sionel representation Assume V' s com/o/d&g eduii 6l é} (or
in Sec 21 of Lee 5, Vs somophic to .694/‘”"
U,

K

here 4]
are /M“/W/Se Hon-1S omo704/c [V/’ﬁ/d&féé Vgﬂ/esemfa,zl/ons o/ A{
Der 7ue5f£on for now Is: fow o compute e mmbers m;.

Phposition: my = dow Hong (. 0)/ m ndy (4)

The rhs. is called He /ﬂw&(é/oﬂaf o/ oV Nite

thet it /goefw/s only on UV, V. 1ot on z‘lc o/wce of decompn.
7—46 /0}’0 o/ 0/ fL P}’O/DOSIZZIW) /s {QSeo/ on ZZZZ /O%WMJ’

fim a/amm Z‘% L'W/PO/’ZLMZ‘ resultt

ﬂw;’em ( 5040)’ ZEMMR) Z\”/L‘ /’ {c an associafive a‘%&ére aver
[F and AV be (meducible M- modilles Then
a) &ng A- /ﬂoM Aomamor/%i;m (/ﬁ U -V is e/ﬁer d

_or invertibh.
v



é) 5&70/7056 [ is k/jexémic% [/0560/ &/70/ dm V<o
/f@ homomapphism g: V=V is puportionid 4o Id),

Bosh: &) Bocalt, Lomma 1 in Soc 1 of Loc 3 Ghet
ker & CL/') (m §aCV e ;a{m/a/&s_ I/ §o¢a/%m Kergpgég
im ¢ 2 {05 it UV we ireduibl., 5o /cer7a=/03§ a’m7p=//
Hene ¢ is @'cvl‘/vfz, Le. invertible.

é) Z/m/cy aour QSSum/aflons, 7 /zs an &/j@ﬂmﬂzaljagl 2. Mote

'f/«/é 90- 2 Io/,, is elso a 40/140/%070/)'%) ¢) 07[ lem 2 én fecf,
lec 3. Since - ald, is ot c'm/mz/o%,é &), its zew p

Pem: 771‘5 &/a/m 5 a %mﬂm" {/c 144 P}’Oo/ /3 ezeyj-
guf /JZZ’S S{/ZZ a Veig ('}M/OOVZLMZZ ZRJ‘I'C ‘Lé/éorem "WE’Q Sex

Sel/em,f more. app/fca/f/om é/gfﬁ

[/\/e'% /0}’0Vﬁ ﬁ'p/omff/on n ’L‘/e hext /ec/‘fa/e,



32) Bonus: m/emjm} for infinite groups.

For some infinmite groups, one. can write pgown Ma//oJS of
e operator v 1> v Jor some ppresentetions. As for A yepre-
sontations of Pmite groups, bhis wll  sho Yot th Veplesen-
tetions in Bhis closs are compfw‘o% yeducisly. .

Th frst fmm/ofe ocaurs in 2 world of fo/ooﬁ:j/cﬁ[ greqps
wild their Pnite dwensionad “contmous” /e/ﬂ/esmfu‘/ans V/C:
z‘%oosm? 2 basis in V, we /’a/mzf/'yﬁ (L) w (L (C), s Yot
p: L — (L (C) & 5/760/7664/ /07 0 Sncdions, metnix coeffcionts.
We Say et UV is contmas if Hese Fmdbions are

We reed our group to be compact as a topelogicel
soace. A basic exampts is U, He suboroup of am'fafy matrices
m (L) T compam[ G its closed [j/yw é & bunch of
equations g bounoleo (2l colimns hove /éajﬂ 1) in M, (C)
The oy of read orth ogonal matvices, O (F) is compact o

A basie fot ahoit o compact grop G 15 thet ey have
a o[fsf(l?juiS/w( measure J., colled Haor measure, thet is

invariont wunder Cott (znd rzﬁ%f) transtotions and L=
17]



In e easy specied case When P o G 15 Fmite, we
bove Hl measure w valu /%, at every /m’m‘. for compact
Lie Jreps (sucd as U) or O &), it comes Hom a
suitah @ nomalized Gt invariont +top differeatial form

We  can an‘ejwfe continuous Functions on ( wrt
e measure Vi This extends t |- vibued finctions for any
Iuite dimensional vector gprce. fow oV o5 a continous
m)oremfdfon it Mmap g t>9v C — U/ is continuous for
any vell  so can b anej/zzjfeﬂ( We. olene £ V—ﬁ(/ag

S f jv OJ/%

Since Vi is bl inveriaut, we have g vel/ “2nd sime
foytrﬁ we have E U ¥ ve l/*

The enstera o Me/ajc'ng_ gperators #r compact 74P
y/efo(s Ho exstena of arraging gperators for “refioned
represeatations” of “complox redlutive 10gps’ An example is
(L, (C) wd a representation is rationel if s madri
coeticients are /006140/11/’@55 i e 1t entres £ e AU

_ represen fotions o tained  From 4, tauto fo;fa’[ represen-
73
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botion L [ Cor/eslnonaﬂ‘nag Yo e solen z‘ﬁf} from oma;/fon//‘sm
(L, (c) — (1,(C) by means of Loting drect sums &
Summends | tensor prooémfs and  duels are fatiomd.

I%i a/e%’m‘f/an, e avereging c/wc/adfor Jor @ rationed fepre-
sontation is e some as fr U, A oty z//z’r/g we need 2o
hece s that any U -invaviont vector in a ratonal
rclprcSenfdion of (LC) is ( ( (C) -tnariawit. For His on
obsewes that Ho condition gr=v is equivabent o z/am’rn/zhdr;
of some matrx cofficients o g Then one wses Yot U, is
“Zristi wense * in (7, (C): e onty Fanion Yot s fooly-
mad n te medrin entries and ot Yot vanishes on L is O
This s easy when h=1 . any Lauredt /aéﬂo/mﬁf in 2 venishing
Loy [2]=1 15 0) ondl //efa/kg Some ‘L[/eo? o N1 PQS,W?} Hom
[0 (C) % U m s context s Known s "am'z‘a? Hice!



