Lecture : Tneduible £ ccw,a/?yfegL reducibls
Kepre Sentad (ons, /of 3
1) ./Decompasiz/[on into irreduibles, conted
2) fDeComPosi bon of /’fjw/p/ pepresentation & applications.
3) Skew - felds.
Fef- Secs 114 112114 116 in [V]

9) fecaf and jods,

In Sec 12 of Lec & we hove /Woueo/ He Meschee thm Bt
stetes | (n prrtic lr Yt evers, Fnite gmensionad vepresentation
V' of @ fite rop [ aver 2 charecteristic O feld [ 1s
completely reddusibl. This motivates as to consicer complitely
reducible. representations —even i Bo sitwatons when mt olf
I’Ef)}’esenfa)f/on 5 are comp!fez‘ﬂe} veduciblh.

LeA A b an assouatve a,ﬁ«/ém, ad Vit co@/pfpﬁ
Yeduci 64 /e/u/fsan‘azf/m In Sec 2 of Lec & weve stated z‘ﬂ/%‘
(1) V=D U™, = don Hom, 1,0/ 55, (1),

where Us are some paurise /70#/’50/14/04/& (e duablc #p's of A

ﬂ
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Note that in (1) we 2llo some M- to fo 0

Werll deduce: (1) oo, sing e Schur lomma. (prued
in Secd of Lec 6)
Thn: Let YV be imdecitle rpresentations of A

3 Kfug A- modul. /momorpé/‘sm 7: U =V is either 0 or is
invertibte,

(6) Su/a/yosc I is alﬁeyé/w'c% dosed , and dm (<2 Then
zuy, A- modute Aomamoﬂism 9: U=l is scaler

Well deduc [1) fom this. Tn Section 1 we wtl
com/aafc e /ﬂw%/OZia"L[)es m; For A=V=FL well show et
m = dm U/ dm End, (0.) Y irredacibtes .
This qves ol to %55573 75}7[7.4’_ dimensional Z//ea/aa'éfe
/e/u/e;wz‘d/aﬂs o « Pnite Grayp C ~one of the main aé'eofwes
of the f/eory, [in Some cases). el do Hhis f (- S, Sy
In He tast section we'll addvess a 7ue5f/'on: whit kind

o aloetve can End. () be
2l :



71) /D/fooz[ 0/ (1)
ZEM/MQ-' Zﬂ/iz é{ V,,,K be A- /MaMﬁs_ 7Zw we éwua A /7/?/‘&//4),/
/Smor/o/ism /%MA Y V/@I/Z) —’Ve/JomA /QZJ@//OMA )

Fodf: E/eral Oneer map - U = Vel i o A Sorm
7[u)=/§o,(u), %[u)) fov wzifm,ﬁ defned  Onear naps Y =4 2
(s J'usz.‘ e it comdinate of ?) //Sz’n} He dofnition of e
modile stuure o @ = aly y)- (ay,ay) — we se thet v
is a Aommo;néfsm il 4, ¢, e s o e /'5oma704/;m in e
Lemma. s " H[?,,%)_ O

Foof of (1): /4//79”3 Lemma Se//em/ Limes | we j%‘
//amfﬂ/’/) Hom (U @L/W) ——9@/%114 /UK/)

@) of 4 Schr loums WP/CS Yt hn U is it
dim //om ( é/ 0 if U auo/ U we nit /50/140///}2. In
purtuader, f // U, Hen dlom //omﬂ (U, V)= ; dhm Hom, (4,0
This implies (1) g
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Lemare: Mote et for A-modibis U, we abso have

//amA (@, 1) —> Hom, (1], 1)@ Hom, (1], 1), cp = Coly, ¢l )

from heve we ser Hhat  m. = dm Homy (V 11;) /o End, (4]
:Dellaj{s V{4 /?44 as on

2) ﬂ)ecwn/oos; bon of /’eija/ pepresentation & applications.
2.1) Main result
Theorem: Led ke a foite group, [F bo 2 ficbd such
Het char F0 o chw 2o b chow FXICL Tho for cvery
(rredvable representartion U of ( its /m/&‘zp&mé, w [ is
m:=dm Y/ dm End,. (1)
Ths to Bomare in Sec 11, Theorm Allous fom

Zenmm: ZMZ A be an associatue a,{ja/{m £V be an A ’/hao/aé.
We 4&4/5 a vecto 5/&6@ /50m0¢4i5m %/134 //4,f/) [/

oot A Map /%mA/A,I/) — @ H(f{f} fas inverse

V —>Hom (AV), v >q w ¢ (e)=av. Th cloom bt
7] 4 fr ¥ 7



Zhe two Maps are inverst % cach obher s an .0

(. DVM/a@ - There ave ou} %ﬂ/ﬁ? may (rreducile /f/v/eyenz‘az‘/?
ons (of () a o isomophism. If ...t} ane ol (pairvise non-
/SOMO!?DA;C) (rreducible  representations, Bren

a [C1= = (dom /o 0y ()
roof:

We con wiite [FC =‘@ Zﬁem" (. some ;. pem/e/)s, 0). Ten ?,
ﬂm, ) = dom U /dm End, () 70, So every (reducibte occurs in [F(
W. Honzern mwéécpfiaé,, Jence Hen aye ;4m¥e§ mi.ng of Yhem
(2) follows by omparing e dmensions i FC-D 4" D

/%7(6 {4[;}),‘ /{) (7 'fZZ SOZW élﬂ”m 4;44/06'6: Z(/«/'Ll l/ f/‘;
ﬂ[g&gfajc% 0/35606 {417 I 570/¢/[ﬂ-)=7 ¥ i So (2) becomes
) 161= > fhm 1)

IPCV”Q/K.' ﬂeal’em je,ne/a,&zes % %}1/'2[6 Mmeﬂjlbﬂej RSJ’O(A’M/J/{:

djp/@;’as A st 1‘[@ /e;uﬁw /hoM A is c’omf((/‘feg, reduciéle.
5]



2.7) Exmpé: clzssifecetion 07/ Z/)’ea/uag(eg 7%y S;KS%
[ F be /b/gefmjcw% Losed and of har 0 (or )7}’”,06'6'%)

1) Sy. Hewe we know Hhree imveduibles: triy son (T-dmensional &
ﬂon-isomw//zc o;I te frst exerdise in Sec 12 of foc 5) & [,
(2-dmensiond). We have 131%2°-6 =[S, 50 we have exhausted
ll reduibles b £ (5)

2) S, we A//eqo% Know 4 different (meducibtes - iy sn
/o/m 1) [F jjﬁ@ﬂ— * (dom 3 non- /Jomola/zc 5) of Lemma
in Sec 72 of Loc 5). We hae [S;1=24 s Ho sum of
dimensions s7ama/ of te /emjm'né reducibles is 19-2(153)=4
Bid v g g7 exhaust all 1-dlmensionel rep's o S;. 5%
& dmensions of e A‘emu’m’ng (reducibles are 27 We conlde
Yot Hores fxapz‘§ one 1-dymensional inreducidl.
lets  constucd it Peall thet m S; we have onder 4
normal Su‘/ﬁmu/o k=1 e, (12)(34), (13)(24) (19)(23)§ The qustient

__lsq/K is identifed w S, e to S,K=S, where S, is
6



embedies inte S; as {65y [60)-45 Led U be He pullbace
o [ adr S— S, Snee S, an S;-5tabl subypece
in 7 is B Same a5 an S, -stobl ubspace in I, hene Y] is
redudbl.

/CEV 6}(’/06/ 5;/14/7?%6’/6 (j)VOU/ﬂS ‘fA’Sg ea 5'3, /M%(/oé h/o/?'f Wovk —
and we't? /we/ some Zé/epg 110 be oél/eﬁ}aea/ Me// w 'fé cadyse.

3) Skfwvg%o/s.
ﬂDﬁ/’[ﬂizZ/on: An associative (wnitel) //}7} K is colled o Skew-
74&/0/ /0/ %I//'Sion //'ndt) // m? Hont€)o a/é/ﬂmz‘ /s (nvertible.

X cowse, erers Sl is a seew-feld Gy Lo other fend
(a) of Schur [omma Shows et Z/) U is an imeducitle A-

modubh. | Hhen Eth (1) ss 2 seew-Felid In falt, ary Inite
dmensionad ﬂ,{%&{m over [F Yt is 2 seew-Febd is 5904 (u)
]é/’ sutable A KU. For {/"S , we noeol 2 oleinition £ a temma.

—
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,,@e/z'm'f/om For an [F -a{?%m ,4, et A7 a/enﬂ‘c z‘é
670/1705;142 a,/(jefm N ‘fA Same Veﬂfo}f ,;mce 75 /4 a{d‘ M-qu/
0/0/005/'1[6 /m/wf: ﬂ,op/’/é: ga-

Zeﬁmm: h/ﬁ Aauc an a%ez{m /Iomolpéism 570//1 //4) > /\{‘W

froof: Led V=A so we 9t 2 vedor spece /'yo/mgm/i:m
A _"/7/0%(4'4)/’57{/4/4)), Lemme in Sec 2.1 TE sends bed
to g A=A atal Mte thet g &)= abh= g 09 )
(opposite order!) so that bnd () A"

; Z\%‘ B b 4 S/Keh/—ﬂ&é/ 7Zm So /s 4_.__8"/’5’“”0(
He /’ey/a/ /gﬁyeSwfu‘/on of A s imeducible. Henae B indeed
2nses as He e omoyaéz'sm ﬁ/g%m o an imeducible E”“,/4 (4)

Eem: The /w{/m: 0/ EMQ (U)=[F for en veduiible. A-modid,
U s one of f[c Main  FeR Sons W% £le /epreseﬂfaf/ah {”/"0"3,

_\loyer yon -cbosed ;5&/0/5 15 More Ad//éca&‘ Yan over closed ones.
£



27) Luaternions.

The most fomous (and 4/}150/:@,26 frst) Z)(Rm/o/e S a
seew- febil which is not a felel s e fcwfe/mbm,
Detinition of H) : - Lonsider 4, /ﬂomhdc eloments of Mot (C):

7=(09) i- f’fv,)(j(%) e-(57
LA [H: - Spas, (1 6 J ).
(k=1 = k=, Je=t=-K], Ki=j=-tk.

In partiadss, H s cbosed ander mltipli cation andl
Aance s an [R ’5&«44[26//@ n /L/a/’fZ (C)

ZBM}M&: W (s 2 Sl./f’h/*)g(’//a/.

Proot: For A€ [H o= a+ KHCJ'M/K, set A= 4-55-5('-0/& Thew

o direcd check Shows odd = An= 24l chdE So for A#0,

_.(_ 1 —
we AM& 0( - a1_‘_£z+cz+o/z 9( O

W s 4, ( stew -Heldl of ) /wzfembns_

e
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: SAOW oflz;/go—(— #%/Bém

/[éﬂf /{0 be /VDV@@/ much  Cater i 4 Course ) H is 4 o»?
ﬁOMCOMMMfanlvﬁ K’ ﬂ/gét{}’& f/«;f (s Q Sklw- %cé/

/‘Br o {r/e/ artichh a2 bout //mif/on and /1'5 o&'SCOVegL 0/
#, Wa?femions) see Sec 473 in LET

22) Powus: Sthur Lomma for intinite dmensional tepresentations,
1L assumption in (£) of Schurs lomme that dim Y <oo
i Cociel. Here we énvesz‘z'ju‘e whet /z//aem when s cond-
tion is rempved We will bo interested n suffrieat condron
on A so thit o every (reducible A-moddy, U we Save
(Aly) El/er; Ge Endy (U) is alsebraic over [
Heve and el U s an QJ/A;ZZ/QI;/ irreducibll A- modits.

/D}’l){/em 7 aém /’<°° = Mm M<w = [A{i)

]



/%/fem Z: 540w ‘L%?]f l'/ F s @/j%ﬂ»f&% %5605 zz/cn
(A%) = () of Theowen.

Frobtem 3 - 5u/g/905e bt A is commutatve £ %m‘{é jaa/deq/_
Prove theit 4. /m%m’n} Laims are i valent:

(1) “wear Mullstellensete” é’”“gl guot 1ont of A o? a
miimed el is 2 fuite Sl extension over [F)

(2) EWEL reduii b4, vepresen tation of A is . dml

Une /m‘frffsf/ngqL €Xam/0é o/ an Znyghz‘fc /{{mmwa/f ASSos 2 -
Live a/%véra/ is e wniversal em/&/bpz)zg ﬂ/jaém Z/@) of a
e aj;zi.gém g [see Bous to Lec 3)

F;zyf [ QMZ/CWS éf/ﬂhﬂ&).‘ Ze/‘f a/)m j< o, 7Zu; 6Ve}’j, (‘/}/ecﬁta’(—
le  representation of Us) satishes [46)

/gm/% L one Can /}’We [, ﬂ/g) p o/ %w‘z‘e? jeﬂﬂl’d;fﬁp/

_aswociakie alyebpes over uncountakly %%W’calé closed
1




%&/ﬁ(j {‘7 an ﬂ/yamwf gmil 4o Ho 074{1'&1: and A&}z‘}” //oo/
of tha wear Millstellensate

Follen 4: Lot F b an ancantable Suld A be 2 hritet,
jenem/feo/ assovative w{«i&ém aver [F and U be an meda-
cible A-moduke. Prove 4 /aZ/bM'nJ:

(2) Mmf A is ot most countakle
L) U=As # v 20 Deduce Yot a/zmﬂ_L/ s at mst
comntable.

() An ena/omow/ism pe 5704 () is miyu%dl vecoveres]
Hom 4(2). Dedduce thet  chm End,4) &5 ot most countabl.
(o) Syppose pe Endy (4] hes mo cigtnvectors Bove thet
the cluments /?ﬂ -a L, )F, or aclF are 5}46’&/? z'm/,yemémz‘

and omve ot a contradiction



