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9 More applications of the Schur lemma

Recall thatpart 161 of the Schurlemma thm in
Sec 2 of Lec 6 states the following

t Let U be an irreducible finite dimensional

representationof an associative algebra A Assume F is

algebraicallyclosed Then every Amodule endomorphism of U
is scalar

Thegoal of this section is to derive some consequences
of x

H



P 1 The center

Definition Let A be an associative algebra Its center

Z A is zeAl za saz HaeA

Exercise The center is a subalgebra

Example exercise Show 2 Matn Fl scalarmatrices

Example For future applications it's important to understand

the center of thegroup algebra FG for a finite Sinceelementsof C form a basis of FG we have

ZEE FG gzszgtgehegzg.bz Agel
We can write as Egahh and thefinal condition

becomes eh aging t g heh So
under the natural

identificationFC Fun GF IgeSg 2156 consists ofclass
functions Sect of Lee 3

Exercise Z A1 R



P2 Action of the center on irreducible modules
Here's how the center is relevant for the study of

representations

Lemma Forany Amodule V andany Ze 2 A theoperator

Zu of the action of on V is an Amodule endomorphism of V

Proof az za t a app era Hae AE zu v V is an

A module homomorphism 5

Combining W H a.k.a 6 ofThm w thelemme weget

Corollary If I is algebraically closed U is a finite

dimensionalirreducible Amodule thenany element of 2 A acts
on U by a scalaroperator

This feet for A 5G will play an important role

gin
our study of characters in thenext lecture



9 3 Irreducible representations of commutative algebras
Corollary Every finite dimensional irreducible representation

of a commutative associative algebra A or an abeliangroup
G is f dimensional

Proof If A is commutative ZA A By thepreviouscorollary
A acts on its fin dim irreducible representation V by scalars
so any subspace is a subrepresentation Thisforceshim V1

And if G is abelian then FG is commutative so we are
done by the case of associative algebras I

2 Characters

Let G be a group I be a field and Vbe a finitedimensionalrepresentation of h over E Recall See 3 of Lect that

by the character of V we mean the function Yu G E

given by

Irlg strigil

A



Also recall from Sec 3 of Lect that

Xulghg 4th t gheh
So Xu is constant on conjugacy classes Such functions are

called class functions Their space a subspace in fun GEl

is denoted by Ala

We are going to study characters indetail as they are

for crucial importance in Representation theory But first we

need to discuss what information they carry We will see

that the following holds

FactLet char f e Knowing Xu is equivalent to knowinggu
up to individual as opposedto simultaneous conjugacy tgel

We will prove fact when F is algebraically closed

Thegeneral case is handled by changing the base F to the

algebraic closure Fact will beproved later

I



Suppose q U V is an isomorphism of representations Then

Xulgl tr gu gig guy trlgg g't trigatXulgl
Conversely we will see later that if F is algebraicallyclosed

this assumption can be removed of char e thenXuXu implies

that UAV are isomorphic

2 1 Fun example of computation
Let X be a finite set acted on by G Forgel wewrite
18 xeMgx x Recall that the space Fun XF of all
functions X F is a representation of f vie

g f x fig x
See Sec 5 of Lec 1

Lemma We have fungalg X 1

Proof

Recall Sect of Lee2 that we have a basis S offunXF

W g Si Sgx In this
basis grunge is given by theMatrix

q
Mlg whose diagonal entries are



Mlg
1 sax
O gxtx

Thetrace tr Mig ExMlg is IN a

Example Let A G w actionby left multiplications so that
Fun XF is the regular representation FG Then X X if

g e and empty else It follows that

lg
1st g e

O else

2 2 Characters of irreducible representations of SsSr
The following lemma in a sense reduces the study of

characters to the case of irreducible representations

Lemma Let Vbe a finite dimensional representation of a

group G and U be a subrepresentation Then

Xulg XulgltXunlg

A



Proof By Remarks in Secs 2.222.3 of Lee 2 we

can find a basis in U s t thematrix ofgr is of the
form P Ig where Ag respDg are matrices ofga resp

gulu Then Aug trAgt tr DjAulg Xualg s

Example Assume char F Offersimplicity Then byLemma

in Sec 9.2 ofLee 5 F t Fun 9,2 n F F Fiona So

Xp g Agnlg Xenonlg Xenon D ie 92 n gli i 1

Note that for the t dimensional sign representation have

Xsgnlg sgnig This already allows us to compute the

irreducible characters the shorthand for characters of
irreducible representations for 6 53 Wepresenttheresult

as the table of values on conjugacy classes labelledby
the lengthes of cycles in the cycle decomposition This
collection a partition of 3 uniquely recovers a conjugacy

class

A



trio

y 11041410231
p p p

Fi 2 O p Example

Sgh p g p

New proceed to G Sr The irreducible representations are
see Sec 2.2 of Lee 7 are trir sgh FiSgno K
thepullback of Fe under Sr S By theproofof
4 of Lemme in Sec 9.2 ofLec 5 we get that after
identifying It Sgh F as vector spaces we have

gsgnoqrssgnlglgg.rsAgnes g sgnlglxp.glgl This gives
the following character table

p p p g p

iii itFi r o o

k
3 t p e p

p p p p

Ign



To see that the character values for k are as specified

note that the restriction to SscS is Fe whichgives
columns 92,4 The element a 134acts by the identity

while 72730 123 124931 acts as a permutation


