
 Lecture O Characterspt 2
1 Orthogonality of characters Iw addendum from 216
Ref Sec99.4 in v3 Sec 4.5 in E

11 Main result

Let F be an algebraically closed field Cbe a finitegroup
sit char FY191 se ly Maschke's thin every representation
of G is completely reducible We consider thespace of
class functions

Ala f G f I fighg tftht tgheh
In this space we introduce a bilinearform Ala x Ala F

If fi Yaga f g fig
Itis symmetric fit FaEggfightg

reorder
g g

I fatalg f lg ff.fi

To a finite dimensional representation V of G we assign

its character XueAtal Yulg try Sec 2 in Lec 8
The following is a very important basic result



Thm Thecharacters of irreducible representations form an ortho

normal orthogonal w squares 1 basis in All

We will provethis theorem in this lecture

Exercise Verify the conclusion ofthe theorem forG S So using
thecharacter tables in Sec 2.2

92 Strategy ofproof
Theproof is in twobig steps

Claim 1 The characters of irreducible spanthe vectorspace UK

Claim 2 The characters of irreducibles are an orthonormal

collection XuXu 1 if U V R e else

Claim2 these characters are linearly independent hence form

ya
basis thx to Claim 1 thusproving the theorem



Remark We will onlyprove Claim 1 for char f e in this
lecture The case of char f e will behandled in the 2nd

part of the class

P3 ProofofClaim 1

Assumption thespan of characters is not thewhole Celal

We'll show that there's ze 2 FG thecenter See 1.1 in
Lec8 0 that acts by O on all irreducibles hence on all
representations We'llapply this to the regular representation

arrive at a contradiction

To start with A fin dim representation U of C equiv
FC we can extendXu to FG Xuk trial for LeFG

Recall Corollary in Sec 1.2 ofLec8 that z actsby
a scalar en any

irreducible representation U

Lemma This scalar is dat dimU
I



Proof
Weget Eye Ida for some ee f trial a tr Ida

a dimU as tall dim U S

Remark We use char f e when we divide by dimU weneed

to make sure that dim U to in f

Proofof Claim 1

Step1 Jim E FG Lim Ula ofconjugacy classes in G
IndeedbyExample in Sec1.2 ofLec8 2 54 1ganhlaiagg
Agh dim2156 conjclasses Similarly dimCl a equals

thesame

Step2 Assumption I Ze 2 Fake w Zuse t
irreducible d

Consider the linear equations XuG so where U runs over

the isomorphism classes of irreducibles ByAssumption this

system of linear equations is equivalent to one w dimCelal

Step1 dim 2 56 equations So 3 ZEE FCK w

r



XuG so t irreducible U Then zoo by Lemma

Step3 zu e t representation V By Maschke's Thm Lee6

Vis completely reducible so Corollary in Sec2.1 ofLec 5

V eIQatmi where U U are irreducible By Step2 tu O

hence Zu diegfn.IT zu so

Step4 set V FC get contradiction

l Egg P Z Contradiction W E e s

1A Strategy ofproof of Claim2

Let's explain how we prove that the characters ofirreducibles form an orthonormal collection This is basedon

Theorem Under the assumptions of Sec 1.1 wehave
him Home UV XuXu

Schur's lemme implies that for irreducible UV the lhs is 0

if UV are not isomorphic and I if they are provingClaim2
I



Ourproofof theprevious theorem is basedon twoauxiliary

results of independent interest

Recall See2.2ofLeek that if UV are representations

ofG thenHom UVl becomes a representation

g q guygilgel yeHom laul

Proposition 1 Xylemiu.nlg YulgXulg

The 2nd result concerns thefollowing for a finite

dimensionalrepresentation W relate himW the subspace ofinvariants
to Iw

Proposition 2 dimW Fagatwig line

Proof of Theorem module Propositions 122
Recall Sec 2.2 ofLee4 that Hom laV7 HomlaV1 So
dimHom UU dimHom UVl's Prep23 TafeatHomlau g
Prep I GEgXulglXulg HuYat I



So it remains to prove Prepositions 122

15 Proof of Preposition 1
Pick gel and let It be the lydia subgroup ofGgenerated

by g Since Itll divides 161
the representations of H over F

are still completely reducible By Prob 1 in Hwiler
Sec 7.3 in Lec F the irreducible representations of H are t
dimensional UV are direct sums of 9dimensional

representationsofH and hencegugu
are diagonalizable let anameU

U uneVbe eigenbases Let diaglag al diag b bn bethe

matrices ofgu gu in
these Gases In particularYulg Eai

Xulg't Egg
For thematrixunitEijeHem UV i t M j t n weget

g EijigroEijigil hibjEij

Homean'g trlgaemiu.at E aib Eai Ebjtxulglxulg.tl
This finishes theproof I



Remarks 1 In particular Xu lg V is trivial Xulg Also
recall that by Sec2.2 ofLee4 we have an isomorphism

of representations Hom UV1 U't v Hom1444154Uav

So Xuelg Yulg Xu lg XulgYulg the character

of tensorproduct is theproduct of characters

2 The formulas Xu g Xulg Xuelg XulgAug
held w o the assumption that char FY161 Theproof is harder

one needs to deal w generalizedeigenspaces

96 Proof of Proposition 2

Recall the averaging idempotent e taGageFG Sec 1.1
of Lec6 The operator Ew WoW satisfies

im Ew cWa

Enlwas Id
see Lemma in Sec 1.1 ofLec 6 In otherwords Ewis

e projector to W see Sea 1.2 ofLec6

I



What we need to prove is that
dimWa Faga trig tr taEgw treew

Since Ew is aprojector to W we reduce Proposition 2 to

Lemma Let Wbe a finite dimensional vectorspace and

WeeW te e subspace Let Pbe aprojector to W Then

dimWo tr P
Proof Recall See1.2 ofLee 6 that W WOker P

Beth Walker P are P stable so tr P tr Plwat tr PlKerp
tr Idwet tr e dimWe 5

Addendum alternativeproof of PropositionA

Proposition 1 Let UV be finite dimensional representationsof
C over any field F Then

o Xuelg Xulg trig
kl Xu g Xulg

g
31 XHomla lg Xug Xulg



Proof a Pick bases up amell Va vneV Then the vectors

Kiev form a basis in UA Fixgel Let A facileMatm Al
B bjj eMatn F be thematrices ofgugu Recall that

gueluet gaul gut It follows that the coefficient

of Ui Vj in guolui Vj is hiibjj So
Xuanlg trgue

thesum of the mudiagonalentries

E E anbjj E ai Ebjj Yulg Xulgl

2 Is similar in spirit Let a dmbe the dual to a am
basis of U Then thematrix ofgut in

the basis do dm is

A Itranspose comes fromgud Legit composition ontheright
And Xu lg tr M t tr Al duty

3 fellows from 1 2112 isomorphism of representations
them16,4 utter s

a


