Lecture 9: Oavacters ff- 7
1) ﬂrﬁojoﬂwvf} of  characters (w addondam Hom A)%6 )
fef: Sec 114 in [V] Sec 45 in [E]

14) Moin result

Let [F be an Mj@émjca,% closed felyl, be a fnite o
st cha FYIC [ 50y Maschre's thin, every, Kepresentetion
of [ is Completel, /e&é«c«t%), We consider e space of
cbass functions

L) =TF ¢ —F| fahs)H0) # g he (S
Oy 4his spece we introdua o filinear form U0 <] —F
- i Z Hpt
Ites symmetnc: ({75) /5/ Z 7[){7)/[3 ') = [/€0V0/€Vg J']
- 5 S 1t 40

lo a fmite dimensionel /e//esmz‘mon Vol ¢ we ass{ﬁn
its choracter S e (), yG):=tr(y,), Sec £ in Lec §

= T /agfowino{ is & Verdz Zm/oorfmz‘ basic result
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nm : 7Z£ D/W’QOl(ffj o/ éﬂea,éfuﬁé /@f?’ﬁS@ﬂfwf/Oﬂ s ;grm s 0/?,%0-
normed, /on‘/zyzma/ W Squares =1) basis tn i

L/e witd /OYDVe 7,%'5 ’L%eo/em 7, f/ls 5%{//@.

: /erfé z% concusion of Zz/e fzcorem 74/ = S5, m/n}
‘L% [/a/au'fey M/es in Sec 1.7

11) Sfmiécjg of /0)’00/
The /0)’007[ is in two 5/; Sfelps.

(Gpim 1: The choracters of inveducibles Spen the vedt space )

C/a,ém 2. 7Ze Mamufers o/ z'//ea{/oi //es are  an an%ﬂow«/
collection: (. X)=1 U=V & 0 cbe

Woim 7 = ‘f/esc hracters are %ﬂt’ﬂ? Z/loéuen/mf hence form
& bgsis 2[4% to (Loim /, ‘f/ms /D}Wz'ﬂdr( 7,42 'LZ/MJ"BM.
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/Pem;w/c: A/e W/f/ aﬂ% /arol/c //aém / /or C’Aa/ F=0 in ‘féé’:
/écz[we_ TZ@ case 0/ C/ar Fr0 mtl fe fmo/fea/ n 754 Ind
/Dmf of the class.

13) Bost of Llaim 1
Assam/oﬁ'ah: {ZL J;Dcw a/ 0/@/4(/’1(03 (s not f/e h//oﬁ f//(/.

Werll  show Yt Hores 2 Z(FC) e conter, Sec 11 in
lec8) Z#0 Yt acts é O o all imedacibls hence on alf
/zlﬁrescm‘dmns_ el A,a/aé} this 1 Y Veja/a/ tpresentation &
amive ok o contmoiHion

To stast w/z%, ¥ fn dm rep*’eswfazflon W of é?“‘}‘
FC) we can extend X, 4 [FC: K ()= Brle,) for ot L

E{(rz/// é/o%a/ tn gec 17 a/ Zec g, {/Q/-g Z acls {
/ 8

2 scakar on any (edusible veoreseutation U

Zemm&: Ths scalar is J(a[z)/c/;m U
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P/oo%
Meﬁm‘ Za=zz-_z'o(u 76);/ some a2 €[F =>7{P/Za)=g-frffo(u):

2-dm i = Q=J(h[%)/0/)m0f. 0

/@mark © We use chor [F=p when we Mmé /J Ao U: we need
ﬁo Mmeke Sure 1%(/1‘ ﬂ/lm UF0 n -

oo of Wuim 1:

S{e/a /- dm Z(FC)=cm CUL)= # of [0/(7/@&? lesses in ([
Indecd {} Exampls in Sec 12 of Lec 8 z/ﬁ‘c)={‘€2ca,,4{@=a}43-,
Jlj,ﬁ ~ dm Z(FC)= # c’og classes. Sm;(w@, dm CL(C) equets
# same.

Sfe/)Z//fssam/m‘/on = 3 a2e Z[Ft\ {03 w 2,70 #
irveduii bt Uf)

Lonsider e Onear €7aa/‘f/om J{Aé)-ﬂ/ where U runs over
e [/Somognﬁism classes of ) irreducibles. 5; Ass'um/;z‘/wf, i
{ysfem o Unear €?ae/f/oﬂ>‘ /s Efw't/a,/enf to one w <dm CAC)

=[ Step1]=dlm Z(FC) equottions. So 3 2e Z(FC)\fo} .
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J(u[%)=[2 4 Z/i’taé/u'éﬁ 5/ ﬁe/} Z,0 é, é/mﬂm.

5{995 /7:2 -0 ¥ re /uresmz‘az‘/on ' 1% Maschees Thm (Zec €)
Vis (0/79/6116% /eo/aagﬁ S0 / fz»/of/cug in Sec 21 of Lec 5)
V ~ @ é/ Lf//ei’e U we ieduitle. E} S{? 7 2,.%0,

Aeme 2, 0{/0(7 (—E’” ...Za )=0.
Step 4 [set Vo=FC & jd contradiction):
= Z. 1 == (ontredicton w Z #0 O

/4) Sf/dfﬁg/ 0][ /}’007/ 0/ K/ﬂﬁmz
Z&f S 6,?0/04)4 /ow we /;/oz/e f/a/z‘ z‘[z 0/3/4 cters a/ ///e/a—
cibles fom an othonomad  collecton. This is besed on

ﬁeorem-’ Mm/& ‘L[A ZSSUM/[LZ/O/?S 0/ Sec /7) we /zwe
%m /%MC /% V) ’/X‘/,J(é,)

Sehurs émnm /mpﬂ'es L%;f Py A [/ // 1(4 / s /s 0
(/ L/ // 1z %7(,( /S'OMO}pélc am/ / // 'L[n/e e /)’[)VM;/ %/m Z

—
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Our /roo/ of 4. previous Heorem 15 based on B wxiﬁwy
vesulls of  independent  interest.

Kecoll, Sec 2.2 of Lech, tht if YV we mpresontihons
of  Hen Hom (UV) becomes a tepresent ation:

jﬁp =j‘/°$ooj;’, jé 5, (]06 /L/OM/%V)

/Dfo/aosiz[z'orz ik )(Hm /U,W[J): ]V 6,7 /}; /j—/)

TZC ,Zo/ Vesw&l Concerns 7-(4 /ﬂowzhgr )%y & fj’m’z’e MmeﬂS/'o-
nel  rpesentation W relote dm W (e Subspace o nvarionts)
t S "

H/opas;flon Z: a/m Wc Z_J({j ) (in [F)

/C]
P)’oa/ of 7Z,forem Modudp P/c}oosfz‘[om 142:

/@C@ZZ (Sec 27 07[ Lec 4) Z(ﬂ/u‘ //om /C/(/) //M/HV)gﬁb
a/m /L/om [MV 0/m /L/OM[MU [/01/0/0 21= /C/ ZX/%M/HV){j’)

[P/O,OHMZX()J(/)/J(J() 0
n | gec vy~



So it remains o fy"’/‘ l%?oosff[om 7£7.

1.5) Foof of  Foposition 1

flex 56[ and Lot H b 4o /(ryoéz) S(/tfﬁl’ouﬁ of { qererated
/{;, 4 Since IHI dvies [(] 4 representations of H over [F
are stitl cam/o/de% veduii 6. Ké‘ ot 1 in HW1 (or
Cec 13 in Lec ), Yo imediible representotons of H are 1-
dimensionad = UV we divect sums of 1 ~thmensiona! Veptesenta-
tions of H, snd hence Judy aéadqonwza/%' et u,.u, €U

el te elgenbases. Led 06&5,[4, 4.), 06&1&[5 6,) be the
matries of jV 5u m Hhese bases. I /aarz‘/zw&v X () [j Z

3') Zé

{ZL matrix ant ‘-,e%/om/u, V) ((=1.,m L/’=/,...,n) we jmf

g Jﬂj Eygi o,

Lot gt éZ;JZ,até (Zat) AR

77/5 / Mzsﬁes z‘/{e //007/ )

n



Eemares: 1) In ﬁm‘/w//a/ /5 V=LV is bivied ] ) {7 ) Ao
vecoll Hhet {} Sec 27 a/ Lec 4 we feve an /Somoyyélsm
of representatons Hom (V) % 15OV = Hom (4*0) =2 11/
So Syey ()= A 5) N 47) =X, )L, (5): e churecter

of tensor /Voa/wz‘ s He /Voalwf of  Chavacters

2) The fomatas Lo)- 1,05 £ Ky, 510, 5) 1 15)
Ao/o/ w/o f[c stumpf/m fn/a;f Oéew ﬂ_)( /[/ 7Z¢ /a)’ao/ /s ﬁ/am/er:

one nuds 4o decd w jmzmlizeo/ &jeﬂymces

16) fioof of  Pupasition 7
Fecall 4, averasing (dempotent € = /5, 2 ;9¢€ FC (Sec 11
of Lec £) Th operattor &, W —W SG%ZLS//eS
< img, W
E | = 1
See Lemma in Sec 11 of Lec € In other words, €, /s
o prjecty o W lsee Sec 12 of Lec £)

N

g



ll/évf We /Leao/ ZZ /Oroye /3 Z%Uf
d b= /m >, trly,)=tr (i) 2 4,)- trt5,)

Since &, s a n‘)/'eyfar “ W ,Ch/e Pedluce ,;’cpw/i[/on 1 %o
Zemma: [ W b a fnite dmensione ! vector space, cndl
W<l é a Suéspace_ [et P 4 A/W?/’eufor 4t W Vo
am W =tr P
Foot- Fecall, Sec 17 of Loc € Lat W= W @ter P
Both W Lrer P ar P-stablh, so tr Pt Pl,+tr Ply,p
by Ty o+ r 0= dhw b g

Addendom : obbernitve /a;/oo/ of /D/g}ﬂdsiffbn 1

/%/oosif/m 1° Lt UV b Fute dmensional yepresentations of
[ over any 2l F Then

(1) “l/uw {7) =Xu[j)"/y@)

(2) S /§> = J, /(?‘1)

) Mty 51 = H5) 415"

——
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Foof: (1) Fee bases a,..u el Y, u6ll Then He vectors
461, Soom 4 brsis in UBY [ gef let A-(a;)e Mok, (F)
= /‘63/)6/'4”1” (F) be e matrices of Jur G Lecel! that
jU@v[u@")‘%“)@/g,/U). It fllows ot e coetficient
of 48V, 7 juéav/” @l/—? is d“{b So
JZ@V%) z‘//ja@,) [ 754 sun of the o diagonad entries]
- 23 aiby = (Za) (24)- 516

z): Is smiler in S/virff [et A, o, be bhe dhal [t u,.a,)
basis a/ ﬂ 7Z€n flz matnix o/ju* 7 f/e {asw oy Oy IS

(A ) [ z‘nwpose comes from ju’*"( oA 2 3M/60m/oaszz‘/on on 4 /(/jﬁ)
Aol T, {7> b (A7) ) = 4r (A7) - J’@ )

( 3): /4/[ ows /fom / 7) & ( Z) & isamay%z’sm o/ /eloraenz‘a/z’/om
Hom Y V) = 1ol 0



