Zeaf ure A1: Around //e/émfzbn f/aa/ﬂ, 1
0) Whet s his whoit?

1) ketlet on greups

7) Eeja/w fogfopes.

kefs: [B] %apfers 145 fr Sec 1
[T for Sec Z

0) Whet is Hhis about?

.Z;? 7.%'5 [ourse, we Aal/e CMS/'A{’V@( /am/ Y174 com‘z&ér) R {ahoé
07/ hnte fma/ps: Symm%l//c j/au/as) / {/harj) ﬁ///eoéfa/ f/w/os)
'L% /)ﬂa/% ’ffll/zz/eo/ /’2[ (7}’00//95 WI"LZA Some More 'fo /VZ/W

7Z£5£ j/ﬁa/ns /Rj/t Some S /aléo/ S{?m’//'caﬂce: Z‘/e y /Mﬁ %
aé) M"LZA /e//emz/on j/aufs) yoot Sjsfﬁw QM/ suc.

7;/'5 ceyies 07/ 7@(1}’ lecAwes tales aboit f/ese 06(.%2/5.

7) /@/Kewf/on jmu/os
11) Detintoon am/ €mm/9/€5
Zexf V be 75}7/%{3 %Mﬁﬂsi&ﬂw/ vector Space aver Y/ 6?4/;0/030/

_ﬂ



w, a scelar f/o/uaf_ So we can consider its arz%;md 9104,
al)

Detinition: - /% o yeflection in O) we mean e arz‘/?jomj
velloction about g {ﬁaer/ﬁwc, f7az'm/m‘{7,, en eloment seQ(V)
W e(s-id,)=1 (so Lhat wer(s-id,) is Yot hyperpllene)

* g} a Ke//fjr/lZ [on 3}’0{4/0 in @[ 4 } We mten A 75/1/'7,[6 Su zgf/acy)
4 zzz,[ef/ 4 /e/éu'tzc'ons.
36)’) 17 i,

Ekm/ogfs : ’/) 7Zz 04/60//&[ jl/ou/) 0/ om/f/ ,@7] Le. z‘A j}’ﬂof/n

07/ ZSOM&‘fi’lcs 0/ 'L‘A /’guj«/ ﬁ-jﬂh n 4 /—Mmem'/bna/( s/mce
M 7Zis Is /MD&/? _Z;[n)

2) (onsider e Space V-R" w. 4o stondodd scalor /}’OAA(JLZ.
721 (= S,, cwllmoi on K ! Vi /'zzs ﬂ//ﬂwl‘ﬂ/f/on /’eﬁl’fffeﬂfuf/bﬁ
fs & rettection grogp 4 z‘/aﬂyasz%/on (&j) acts as He rbho-
jond /’ey%wfzon whoit e @of}p/@ne = J

Note Het 4o lue P 00FcR s 4 subepresutation &

R A S x=0F is its othooned conplowart. Mot 4ot
a



S, ﬁ(ﬁ,”) wnd s also o reflection grop Hhere. Not-
Yt R" is an inednabl o a /Q/yresmfd/on of S, its

called 4 reftection represontation. The reflection group S,
acting on R is often said %o be of Lype A, (r1-dm R))

3) i vector space is shtl V=RR" and we consider the group
of //Sijnco/ /)ermmfu‘/ons " ranstmatbons et send (x,.x) To
(2%, %1,,.,+x,) for an M/fz‘mrj e of nps. This grop 45 1somor.
/oéic t Sl 2407)" T is jenermfeo/ 09 vetlections . ahout the
éylaer/yfancs X =4 £ %=0 s said 2o be of 7{7/96 B (or
EC,, the reason for Ho nitaton will be explained  in Lhe

next /mn‘.

9) We can consider He ju/Jmup of sl elements in Y o of
7:[7/96 B, tht 0/4% Mlmje even mumber of sins. Its jmemzfeo/
g the pflections aboit the /Jper/)(anes of Y tom X “£X.

It s said 4o be 0/ fj/c -@,
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12) Lassification

A brsic guestion s how o [/fzssié reflection groups
[<Ov) (up 2o equivalone: two pairs Ceofy) ¢ <o)
wre g;uimfwf i 3 z bnear /SOME{VJ =z  —l st
A ¢ 6 90"). One con reduce 4o 4o case when V is weducitts
over [ i |- Vel the et sam of spRces W Foclidian
scalor /J’Dr/uif SEbot) VLY we [ stable, then there
wre. reflection Groups (<O, -1 st (-(aC, meaing
Yot [ consists of trausfomations d{ia} [j,,ﬁz)éfm/ ) i€ G

F Vs iveduible wer £ 4lon we Say et 5 an
(rve ducibte reflection group

The cruciel step  n A clossifeation is He nbon of
2 Hember 1% a vetlection /jf@//)ﬁﬂe Jor ( we mean 2
hypoplone HeV st th wllection cboit H ism (0 A
hamler in V is He Losure of 2 comected ca/u/pamm‘
of V \ UH where He wnion s taren over all retlotion

@pe;p/wes. Here are 5;(%/345 o/ chambers
4]



Examp/es :
(1) 73/96 A . He Mumbers we Labelled {; /aelmaz‘af/om
we tooe bee Ll,.0) Xy, 7 K77 X, 5 for 6€5,
Ay exmpé s 1, x)|x202.2%5

(T) 7:7 e B e chembers we lebelled {} S/j/'lt’ﬁ/ permi
tations and loor Ce {(/\;,...,X,,){ﬁ)(cmz €, Xety% 2 €, Xy 205,

An emm/ofe (s: f@,...)(n)/)(,?/)(ZZ...z anof

Here ave jenemf Sacts  about hombers:

bat 1: [ /e/mafes e chambers Y/M/)§ z‘/m;iﬁv%.
fect 2: Led C 4 a Mm{er. Then every obit of
intersects [ ot 2 Smjf fo[nf.

¥/ e exampés above, Hhese /D/O/Jeﬂ‘/es we immediate 4o
Check.

Evercise - Deserile e chambers £v 2. yetlection gpoups
o 7{7,>e D awnd cheer Faks 142

—_—
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Eg R Waﬁ 0/ 4 L/mler f We Meéan a4 /e/éyf/on
{7/06/’/9{M)6 st p//m /KﬂH)w//m V-1

gxamp/és: 1n EXM/%I, e wells of Yo Hember
(= /[)gx)/ijg =04 X, 2. 2X,5 are K=K, for (=1 n-1

In Example I, Hhe wells of e chamber (=

:{/)(7,...&,)/)(,2)(12_,,7/ X,205 ave X-=x, (=101 £ 1,=0

(A o I

fact 3: IF [ s meducible, then each Aamber fas
€Xﬂ[7LZ§ a//m V WR/Z/S.

/I/ow from l we /roﬂ/uce an anor/enz‘er/ m i (7/4704
colled He (oxeter a//qgmm. Its vertices e wels.
We comect two vertices, HH w. an ea(/j»e, il He wxzjé
between HIH s <%r_’ I Ye Mjé 52w k>3 we

/Jmf K as /ecom/flon an er eo/e. We ﬁo?fc 'L%z]f f/c mj{
ﬂ/: ﬂ/h/ajs ’gj h//ere_ K (s ‘L[/( ozfﬂ/er o/ SH’CH" W/ﬂ %,SH/



{ef‘n} He vettections alout V £ H

gXQIMp/eS I B T R
Zz n- ll -1
WAerc ¢ co/respan/ s to z‘/e wo ll Ki = K-
_.7[—'. e ——o ———o-— . —e ——0 _4__.
7 Zz nv Al

Wéerc ¢ CO//%ZS/JOﬂﬂ(S to the WQ,ZZ X = X(,/ (<n Xfo =0

for (=n

Exeruse : The Loxeter a//kzjmm of ‘{7 e _(Dﬁ /s

/'h-l
S B A

//ff?e's fﬁ/e maen %ssi%cdmn /éfujfi

Thm: 1) An ineduiitly vefloction group s aﬂ/'?cw% a/fffe/minea/
éj its (Coxefer aé'ajmm.

Z) The /aﬁowin& [oxeter ﬂé@/ms can ?)/gear 750/{4 (vedua -
(% /’ez/fdf/ﬂh jVOM/)S /7.[/4 /ho/ex s Mh/aﬁs ‘I,Z/c 0//}7)6/)51'0/1 07/ [/)

‘A, (n21), B, (n72) D, (n79), see e
3



* The a[iajmms E., E?/Eg:
Ee Ez Es

—_— — —_—0 — @ — — —_—0 —— O ——p .——.__.g——o__. — O e—

! | ]

¢ The a&aﬁi’m /';-‘ — ..
‘77\€ D&‘QJYMS /L/SIIL/4

S L)

O —— o —9o 0 —— 0o —0o

* The A.eram _Z_?_[h) 7[)0}’ nz8 [C’OI}’eS/oono//)y ‘Lzo Zzﬂ/e Q/IACO/"A’//

(j/au/)S [n=3 Is AL, Nn=4 s Ez;ul/ N=6 caqse (5 Khown 4s C;)

7) Eeju{w fo?‘fopes

The /ejwfa/ /oa/f}fo/oes i one sowce of how reflection FHoups
wrise (ancther source, rogh fjs%ems, will fe considered 1n Yy next
lecture).

We considkr Convex /oa%{a/pes m . Luclidion space V e the
comvex hdl of o Pnite subset of V For a convex petytope
we can consider its k-dmensionad Frces (Phet ave assumed b
be closed) as well as com/n&[c f/ajs of faces: sequentes
Febe <k whre £ 5 o foa of dm=c

—_—
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Exm/p&: For a {WJZ we have Six (0/"//\%[1: ;%js Yol book
Ciee: :
FFL_\ (we /e% ped o tare th doswre of [ but Hhis
5 hard to o/efiﬂf )

@eﬁ'n/f/on: A /ﬁogfo/oc P s colled /’ejw/a/ it for ”J Two
COIMPKM,ZE //ajs 0/ /acesl ’L(/erc's a /S’omﬁf/], 0/ /D /}7270/7/}7; one //Z}
to the other

W can 60/75/'0/6/' Z(/z/c Jroup Ls50(P) of P: its elements are
Y ronetries of V Fing P Mo sppose thet ble center of
P s gelf /o bt Y /Somafra jrau/: ISO/P)CO[V)),

[hm: Tso (P) is a rellotion group.

Examp{és_' 1) Mm 2. 7Ze /Sofn&l‘r} fm“/” 0/ Q /{’jwfﬂ/ ﬁ—jon /S
T,00

2) dm 3. There are %I/c /cjufar 3D ﬁ”@fo/’“’ He tetre-
K]



Jedvon, cube, octahedron, icosehedron & dodecahedron. The aube &
otohedton Share b sume. sometry grop (they, ave dind o each
oher: 4o jdf He reaudsy octahedron Fom o cube tare the
comvex. $ll of e centers of dimension dmV-1(-2) /aces/'{/c
Same /orocea/aw, /proo[aces He cube out of Ye /fju//a/ ochahedron)
Te same af/yé‘es to isosahedron vs ghokcakedvon

The reflection roups Hhot appear ave A, (for He Aetrehedlron)
B, lfor the cube foctatedron), H, (For £l icosaheolron/ubdecaledron)

Sketeh of /&ma/ of Thm:

I EF are complede flags of faces, Hn 3! G<
Iso(P) w O(E)=E' Mo sypose Gat E=(Ec F<_<F, ),
(B cf,) sty EF fr jei o sme 0). bt
Loim et 6 mﬁm} Fto F' 15 a rtlotion [the cormspom/mj
yeflection /J/ger/p(ana Is S/Jamzeo/ as & ubjprce {; He conters of
He feay /5J¢c) Ore can Uen show el we can jof any
/ﬁ? of faces Hom F @ o/majm} e foce af o time. a
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77»: 0455}’75&/5/% o/ /t:ﬁa/(a/ /w%fopeg (n a4m 73 (s as
/@ZKOWS. 7751’6 are z[//a /am/.é'c_g ‘Lln/a/’L[ ﬁx/nz /n a,Z/ %meﬂf/.om:
‘LZ[e Kﬁw/ ar 5[;%/1/6)( @mem,@'zmj ‘f/¢ /’eja/a/ Z[ezz/e/eo//’an; /ts
ISomerry 9o fas z%e A, where 1 is He dimension), #
/?j’w(a/ Ajlﬂerwée {jenem/izzhj ﬂc cagc) ano/ /Zj ﬂ{m/ {fﬁﬂ&-
/a[iél'n? 4. //ejw/a/ okadedron). TL latter fuo are dudl
{o (a&/ oz[/e}' an/ ‘f/u'r /SoMMf}’g, j/aa/w are 0/ '{j/ve ﬁ,

I Rdlds ton i 0/m4=4 Here are Hree cxceof/o/m/ P”’ﬁfa es.
Lhe s self -duad . /Somf/l[/’; jmalﬁ of ‘L&ypc f He olher
ﬁ/o _re ﬂ/ua// fo ea% 0{46/ K /Me /50/4{075} ji’oa/o 0/ § e
f,

Relerences:
[/Qj /V.gow'/am') ie Groups £ Lie ﬂ,{jﬁgﬁzs. G 4-6
[C] HSNM. foxr/fer/ /@jé/a/ /w%fo/ryes.



