
 Lecture A2 Reet systems

e Motivation

In Lecture At we have talked about reflectiongroups
In turns out that many of them arise from anotherobject

of combinatorial nature reet systems Those that arise inthis

way are precisely reflection groups that preserve e lattice

they are also known as Weylgroups Reet systems Weyl

groups are very important for various things in Math for
example in the study of semisimple lie groups their lie

algebras And representations of Weylgroups are important in
the general Representation theory as well but this isyet
more advanced

1 Root systems
1 1 Definition examples

Let V be a Eudition space w scalarproduct i For



LeV16 consider the reflection s w rt Lt an important
exercise is that saw v 41 2
Let o che be a finite subset

Definition Wesay that o is a rootsystem if

Ight EE t d.peO
52107 0 A LEO

Span lol V

Exercise 0 0

Examples

1 TypeAn V R w scalarproduct restrictedfrom the

standardproduct on B Let e en bethe tautologicalbasisin B
Then O Sei e lit j is a reefsystem

2 TypeBn V R en en is still the tautologicalbasis

Then D feitej a si ajsn e as isn is erect system
I



3 TypeCn V R Then D feitej a si je n Lei
as isn is erect system

4 TypeDn V R Then O feitej a si je n is erect

system

5 Type Eg Consider the following subgroup in R
F ITNeil EHE27L

Xie ti or Xie Hi
Thepoint is that this subgroup is an even a an imedu

Car lattice where even means that 188 e 2714 Jeff
animedular means that thedeterminant of the Gram

matrix of any basis in f is Il
For o we take the subset of length 2 elements in

f To check that this is e root system

12 Weylgroup
from a reefsystem D we can recover e reflectiongroup



take the group Wgenerated by s w Leo Tocheckthat
it's finite is left as an exercise Thegroup W is known

as the Weylgroup associated w O

Examples A Reetsystems of types AnBnDngive rise

to the reflection groups of these types The reefsystem
of typeCn gives the Weylgroup of type Bn

2 For two different reflections saSpew we have

Ssp e for m 23,6 or 6 this is left as an exercise use

the condition that II Ek This shows that reflectiongroups
of types HsHr Ilm for Mt 2,34,6 cannot appear as
Weylgroups In the other hands all other irreducible ref
lection

groups arise as Weylgroups one can explicitly

constructthe root systems corresponding to E E E the latter

has been treated above F K G e k e I2161

An important remark is that since WpreservesD it also

preserves
Span lol which is a lattice in V a finitely



generated abeliangroup that spans V Conversely one can show

that a reflection group that preserves a lattice must be
the Weylgroup of some root system

13 Dynkin diagrams classification

One can classify rootsystems using so calledDynkin

diagrams In order to explain the classification result we

need to give two definitions

Definition We
say that a rootsystem o is

irreducible if o cannot be split as the union of two
non empty subsets O Wo w O being orthogonal to 0
reduced if he 0 7 2240

The classification of root systems reduces to that

of irreducible reef systems Themeaning of reducedsystems
is more subtle the initial reason why one restricts to
reduced root systems is that every reef systemarising
5



from a semisimple Lie algebra must be reduced

Now let o be an irreducible reducedreef system
Cheese a chamber

say C for the Weylgroup W By the

system of simple reets MFMc associated to C we

mean the collection of roots 2 satisfying thefollowing
conditions

Thepairing w 2 is 70 on C

2 is one of the walls of C

We extract a kind of graphfrom 17 The vertices
correspond to simple roots Thenumber ofedges nonoriented
between dap is T.SIp In addition if ax cp.pl then

we put the decoration in the direction from a top

Example Here are examples of simple root systems for reef

systems of types AB C D

An e ein I P n

q
Bn fi ein i d h d en



Cn ei ein ist n t Len

Dn e ein ist n d enten

Exercise Showthat the Dynkin diagrams are as follows
An o o o

Bn o o o

Cy o o o

Di E

Theorem 1 An irreducible reduced root system is uniquely
recovered from its Dynkin diagram

2 The following Dynkin diagrams occur

An o o o o n 1

Bn o o o a n 2

Cy o o o a n 3

Dj o o o I nor

A



Eg o o o

E o o o
F

Eg o o o o o o
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