Zeofwe // 4: -(5'7114/)/2%[/6 /(/K”(/Ll('on jm{//S.

ﬂ) /%fiwzf/am, /ﬂa/f A

In s Ined lokwre of A series we are gocns %
dscuss He class of Sw(/jmz%; in (L) (Jor sutodl. U)
Het ,in & wey, jeﬂemﬂ‘zes Complex veftection 1 but
also e fnite Sa{jrau/ps of $4(C) Gt we have seon
in Homewores 1 £ 3 These we so called //5(7/11/0/?«'/2%
/f/ loction j}’a//s. ’ 77@53 j/aups we Saiju/; 7 %M//fmz[/é
Groups 5} W) so we wmtl start {} /fw'emhj &m/oﬁw‘?c
vector spaces and symplectic grops

01) Fa C/Ciifaam/ on )ym//eyf’/c vector spaces.
[t U be a Jonite dimensional  vecto Jyacz/ L 5‘/

2, JJMpéy‘f/c %W/r an U we mern 42 [flon- gt’mm;ff Skew -

f_]j mmmfr)c ﬁg'ﬂear %/m ﬂ/ X &/ — . 4 6/)744/[ ﬁoffﬂ;f/on
1



7@/ SZ/QA a J/é/m /S5 . A/Aﬂ // ) 6714/)7060/ W A2 jjllféa
f/’c 75/;47} we Jag f/a}f il /s A4 f}/h/?%’(/l[/c /eﬂ(o/f j/ace,

Exanple 1- On € we hove Ho syplectic foom, ditt”
W ((a6) (c,d)) = ad-be. More qu:’m,% on ()" we con
Consider B livect sum 0/ severe! copres of det:
w(l,. x,) [o({""'é”’)): é@ /)(l"]f)» xl»,J,-eCZ IE is smplectic

Z;Xm/oﬁ Z : /(/2‘ V be 2 747/2{8 a)/mm;/bnd vector ;mce.
Then U= VéV caries a paturel 5('7/%/9/?&(.[/6 Sorm
(), (V) = L) = '[V), 4 d'e V}* wv'el/

L —ZL /}’eyiaus €Xam/0{;s ZZA _501266 % /5 ﬁ/wy} even

dmensiondd. This Jolds i jeﬂe}’a/[ — Moveover, for every
Sumplectic Jom (), HYers a basis v, u vy, oy el
st He Som s gven o e basis ({J_-
w[q.,c(}-)=w/z~,5-)=Q &]/L/L.,l{/-): 5{-/- (= ~w/lg-,u,-)).
Suehd o bpsis i wua,% clled o Darbon basis.

"
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For /roa/: see Sec 53 in [T

/@md,"ﬁ . ﬂﬂe VerRSon WZ?/ ?/M/Oéd( I S{/MVZ(L//(S e
Z)? fﬁ/esf/'nj I %al[ 7,‘/4? 4//0\%;/ (n /ézm/gz[om'an /b/m/cw/cs,

0.2) %M/DKP Aic ji’wfs.

St U be a 5;"%/{“[’4 vector Space. w Sorm 6. /%,

A fym/afe(/f/c groap, SplU), we meen 4, Su{7m(/rf of
all elements g L) Hhot presene (, ie.

w{ja)jvkodﬁy/) ¥ yvell

Exwpé: L U=Vol* as iy &wpé 2 of Sec 07
We claim tht Yo subpoup of Al Loments of $plu)
Yot preserve He o/ecam/oosz'z‘/on U= Vo™ js identifred w
(L), Dodead, for ge C10V), G g% VA A
induced  lneer map (/fu/en {;, /C-?”‘oz](v)w/[gv)), A cloment
oé'aj [ﬁ’ j*”)-’ Vol > oi/* preserves 0 [exerase) &

hene les i \S}) (U) émem/g, i he SP/ 73 Jpreserves
3]



He diveck sum a/zcom/aosz'f/on Vo VY Hen £ is of Hhe
f@/m Oéaj fj’j*’/) j@y j: :A/‘/ (6)(6/’0{5(,)_

O SJVMp/@of/c /e//fedfmn jmo/ﬁs.
17) @e/[n{f/aﬁ awo/ basic fxwp/ej_
We stut w an exerase. Let U be a )ym//ém‘/’c vector

S/che_

EXU&rSeI Zuf gé S/D /ﬂ) 55 R /5/7/'24: O//c’r &/%W/cm/ 7]&7
f[z //ﬁj'(,z}’raf}o/) 0/ A 'Z‘o /aea/jb/:b(} /5 ﬁOﬁaéJeﬂe/de.
;4/611(,(_ MM {ae M/ }(4%{} 5 €Ven %men;ian&/

So rely-id, )22 i g4,

Definition: A SJm/n%%‘/c reflection in Sl) is Fmte
ovder Aoment 4 st //</;~/o/a)=1 A fnte subgroup o
_Q/o (U) s called « ,ym/o/e&flc veftloction oup L it s

_ﬂ je/mwfw/ /&’ %ymp/wf/c /e/%df/ons.



Emm/og/ 1: [t dm U=2 Then every Snite juéjma/ of
-5;0/ u)(=~ S, (C) /s a {ym/o@wfd //{/éﬂfra/; froop.

Fumte 1 Lk G SLUO b < St sl Lok

U=(C)" b equigped witf th strcture of 2 sppbec
e vedor Space &5 m Exemple 7 of Sec 01 Set £ =
S, K Q Y equip U wt) e stucture of o septsents -
tion of ( /} f%(z/m; S 4 /ei’maz‘e e 1 summends
of € end e n coples of [ to ad on their copres of C°
(compare with te construction of Clon)c (L(C) in Sec !
of Lec A3) We leave i as an crercise 4o checr Yo e
Moge o L om (L] les /é/) wid et its jmc/u’m/
Z} S(ym/o&oll/c vettoctions.

Emmpﬁ 3. Z&f [ < [ A / V) /f Y COM/oéx /r/éﬂ‘/on j/ou/a
Eméeg/o/mé [V) into %/é/] w /= Hﬁ&/*m eA;ofiu'Meo/
in Sec 07 we con view [ o5 2 ﬂ/{;mu/o n S/’o/é/l

_A%VU? COM/Q/&Y ///eu‘/oﬂ 7 / Z/ v ) /s & )})ﬂ/oéyf/'c /&/fec‘é)'on
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7, S/O/é/) Se f c _SD/U) 5 A S'J}h/a/éﬂlfb /M/EVZ(/M (7/00/0_
Note  that a/ﬂpémg, f//g constuction K[{Zh}c ((cC’)
e jWIf o (7}%'/0 S, & [;hCS/O[[CZ)m w.

(= {ding (.67 [ 2515

Sjmld/edl'c /w/éﬂl/cw j}’au/os were Vésf/eo/ gi /g/en
m 1950

12) [assiteation in o 2.
77& &/msi/jcefmﬂ n jme/wf snt /%/M/M? zuee, but

it s yery nie in dmension 2 , where we are Concemed

a/fsw'o/fnj/ f[( %m’zzc YM@VOM/&Y 07/ 54 [ C ) ﬁf/o Zo Cnfybjd/on
m S, (C ).

T/emm : % % Caﬁ(/'c({jdzon 7 SZL (C ) 7_4/6 %m'{e
Swéj)’au/ﬂs i SCC) (itferent from {17) ave z/assi/e/
%ﬁk/ﬂ Aéb.;/w,( 0}/ sz/nes /4,, //?7/7)) @4 /}77,/), é;} E;,
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lg(amloész 7Ze 4:7ch 47oup {ﬂéq; /g’E ")/ % § 6’0//{,?90/104 %o
'f/(( oé'ajmm 47_,, “’/’é 214 /mu} 04%6’0//%/ jfw/o . /ﬁ eloments
CoWﬁS/z’)ahp/I 4t th /ékjt/m D, .

Sceteh of //00/ of Thn:
Lt ( oenite o Prite Su@m«p of S (C)

Step 1: Fecall, Sec 13 of Lec 6 Yt Hheres 2
ivarient  hemtian scaler /ma&wm" m C’ é’u[m//m-/?, 4
/s ca‘n/hgmfe /Zn SL(€) 4o 2 Sua/jm/;n in féé,z% Group of
am‘z‘arg Yrenstormations of €' w. dedeminant 1 Dhe con fother
Show that i Hwite su {}/pu/s of St are coy'ﬂja/fe ln
SLLC), thn they we cojugate m Sl So we teduce o
/pro{fem %o Méssf/[hj Fnte SM{jVDu/OS o S g o copu-
facy.

Sﬁ:)o 2 Therrs a Jroup epz'mo;»éfsm S — So,(R). Tts
construcked as follows. LA H, donote He spree of Herm
bon 2x1-matnees, its o 3-ghwensioned  vetor pra grer

’__]E Yot comes w LFudiden scalar /pyoa/auf-‘ ///g)irﬁﬂgl
0%



e grogp Sty acts on H, 4 4.4 =0MJ-% Ths acton s
pé( Onear  150mertries pre WVM} e scaler /m/wz/_ This detmes
2 grop homomosphism from Y, to Ho orthogonel grogp of 4,
whid i identifed w OAR). e can show (2 He jnerven sing
ordler of J%Mﬂg) that :

“the vemed of Hhis homomanphism s {213, where
/o/m%/@.

4 /mzzja 55 Contamed in SO () (can e Hecyeeo sa,
Bom Y ;m:wfm/ Lheorom).

+ e (mage coindides w SO, ().

7 15 Ye

Sfap 3. The classiteation of Pnite Sugjl’oa/% of SO(R)
IS known, see Froftem 412.8 in [E] The answer i 25 Follows:
1[/\653 5‘140‘/7}%4/05 are a‘z%f 2[4 /}Mjc 0/ 'LZ[L twp /ﬁmiﬁfs 0/0 ZZA
jw{jmups 7 6{%/0’5 above or groaps of Yotations (= &mmyf-
Yies //e;emhag {4 Orl'enz,zwfim ) of He iju/{ Vi /)D'@/ea/m: {[L

betrahendron, Ho cube foctahechon and He tcosaheslron/ dodkeca

Ae&/}’on
K



55‘:/0 4: Mow we have chassited all fnite saéjmu/as of
SO,(R). By Tating e preimage e recoer B classificbon
of He fmite subgroups of  SU, containing I Oy
oher hend  if L SY s o fnite subgpog, Hon (1213
5 alse 2 poite su ijq/p So, Lo complete e ctassitication
we need to answer e /o%wm(? /um‘/m when 2 fmite
Sz/%rou/o ( c Sl cortains 2 5&/{7)’0@//0 [ c [ st -T¢0X
[{*T5- C One can R//IR/éﬁe s case J caSe and conc-
Lice et 4his s o, possibt o (- {0&&} (s €1f w
odd € £ (- M’a} ()15

Step S5: It remains assion a Lynein a@(ajrzzm %
each of He roups ( 61054) a/m,; difecret and £ Hhree
xcegtiond. gragps ~bnary betrehesbed, ototlrid and
icosahedral ones) This is done usig. A vecpe atlined
Foets 143 we form e wnorienteo jm,n/ whose vertiu cones-
POW/ %t ireduibl /zyfcswz‘azf/ons o ([ and betwem

verticy Z%/We fiave dom /76/@/5%9% u’) edges. Then e
9



Jemove z% vertex correspa ﬂ/Mé‘, A Hiviel /e//mnz‘d/on
jﬂ/ffm} 2 .@Jnm'n Aé'ajmm, Tts 2 matter of cmputetion £
Show thet:

- T, @o@c grosp W eLoments ques ﬁé aékejrm of
type A,

- TL //'mug Litedred Jroup v 90 eLoments cor/e)?pom/s (A
Dres

Tl Zma/g {zfm/eoﬁfq,/; octahedrad 8 icosakedvel s
coms/oon/ t L, E, E /es/nmf/wﬂ/g;_ 0



