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1 SchurWeyl duality
Refs E3 Secs 5.185.19

9e Introduction

Onereason why the symmetric groups are important for

Representation theory is that their representations are

closely related to representations of othergroupsalgebras
Themost classical of these connections is the Schur

Weyl duality discoveredby Schur that relates the
representationsof symmetricgroups and ofgeneral lineargroups

11 Polynomial representations of GL u
Fix an algebraically closed char e field F and let

I
be an n dimensional vector space over F A choice of



a basis in Vgives an identification of GLU w Gln f

and defines the n distinguished functions of Glen the

matrix entries xis i j t n Similarly for a representationof
LIV in a space W say of dim m we can choose a basis

in W identifying GLW w Clm F The representation

gives us m functions on Glu its matrix coefficients

Definition Let de74 Wesay W is a polynomial
representation of degree d if its matrix coefficients are
homogeneous degree d polynomials in the Xij's

Exercise Show that this is welldefined independentof
the choices of bases in VAW
Direct sums sub andquotient representations of a
polynomialdegree d representation are polynomial of degreed

Example V itself is apolynomial representation ofdegreeP
V dis polynomial of degree d moregenerally if W W
I



are polynomial representations of degreesdada then W We

is a polynomial representation of degree dad

12 Schar Weylduality
The starting observation here is that Vdalso carries
a representation of S2 6 ve v2 Venkat V12

It commutes with the representation of Glu give eu

gu gut guy giving us a representation of GL u xSj
Thisgives a way of constructing merepolynomialrepresentationsof GL v Namely let U be a representation ofSy

The representation of Glu in Vdgives rise to e

representationin Homs IU Va by acting on the target
it's also polynomial of deg d exercise

For a partition X of d define

S v Homs Vx Val
Recall from Lecture BP that VHSa ex where ex

is the Young symmetrized By Lemme in Sect of that

feature
S V ex ve



Examples Let 7 121 Then Ex is the averaging idempotent

Ex Ts Est and S v consists of symmetrictensors
i.e Stu is the dth symmetricpower Shirl
Similarly for X 9,1 M E Ts Essgu616 and

S V consists of skewsymmetric tensors i e S v is

the 4th exteriorpower
In general the structure of S V is not easy to

describe

Here's themain result of SchurWeylduality see
Sees 5.18 5Pl in E3

Theorem 1 The representation S V of 62107 is
irreducibleif It sn or l else

2 We have Vet SNelly thedecomposition into
thedirect sum of irreducible CLM Sa modules

In fact 1 is not fullyproved in LE Let's showthat

N les if It n



Lemma For representations Ui of Sh I1,2 we have an

isomorphism of v representations

thmsaafIndsIsjll.exUz.votdyIHemsalUo.Vedy
Hemsj.UV'd

Proof We use the Frobenius reciprocity in the form where

Ind is left adjoint to Res see Bonus to Lec tr Apply
this to the th s ofthe desired isomorphism toget

Hems xSqlUOlle V
ktd.ly

To identify this with the rhs is an exercise s

In particular Homs III V't j Niv If it n
then N'tV a hence Homs II V'd so and so
S N Homs IV ve e

In fact if I s n then S u e but this isharder

I


