Lecture B3: Move on representations of Symmetrc P /az‘, 3
Schur /wénamm/s_

1) Detinition and basic /gi’a/ae/f/ei

2) lomections 4o Bypesentation theor

1) Definition and fasic. properties

Jectue 18 hints ot B comection fetwew representations of
Symmerne. groups and Sjmme/fr/c polynomiaLs. (ke goal of This
bonus lecture is 4o eloborte an this comecton A special 1ol
i this comecton ~and ather comections o fpresentation Hheory -
/s /o{f»jm/ é 2 vemaveldl  fomi g_ of symmetrc /wﬁmzwd; Eown
i th Shur polymomals. A basic nferns fere for s s

LF3: W, Fatton " Young oblooux. With appliceitions %

/@prfsw‘fm‘/on %/@7 A gfomﬂ‘rj,"



11) Ec;u[wzém/ a/b//h/'{/ons,

/mz aé/ witon ases Ko stka mumbers mentioned o 4
&m/ 07/ 52(: 17 in /ea 75 Zp/'tl /q A 754 fofﬁéa /rwuéer Le.
{A ﬂumg&f 0/ %WJ' ’fajff&wx 0/ Séﬁﬂe 5‘ 6?/40/ Wefj/{/ff }Fx
Nne 7[ ﬂno( Mao&a /V 7/ .@e/ ne '1,% Monomiel &mmﬂ‘//&
/DD'%WOMNJ/ M as 254 Sum 0/ wll monomiats a/ ‘L‘ZL 75%
Xz() zr) X e ) for Te S (i m“’&l/pﬂmfg 7). for exam/ﬁ for
9\ [h)/ we A&We /M/\ /Dn /’é[L Pok/ﬂ’ ?Mm%l/?c /Wélmﬂul’/ )) h// 5
B A=(1.,1), we have m = ¢, (e &émmz‘wy ?mm%‘m /aygﬁa-
mied)

_@ﬁp m’éon' Zof 1 be A /Mf/’f/on a/n ﬂe/ Ine %/L So/ur
Po%ﬂommj S A as Z /M w/erc 1[4 Sum /s fazw over
VY4 /amf/z‘/om Vi a/ /.

Example: Lot Q= (0) Then £ =1 for oll jr S 5,
;s e Cozz% Lete fjmmm‘r/c wéﬁommf o sum of Wl /ej
1 Mohomely . Cof’# went 7, f.aq
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/ _ ,}/2 7 1
‘SEZ)XW%/XS’)_ /+A/Z+)(3+X)XZ+XZX3+X/XS'
/VOW tet /E /{ 1) [ 'l{lmes), 7ZU» 5 (X, X, ) =€, &,,...XA, ), exeriise.

/%W Hote ‘f/@ﬁ /MJ,,IS 761/;44 /) /aszj (n 'L% wbelian 5/&4/0
7/[&, XA/]”S/V 0/ 0/65 h omajeﬂeous j(ymm&'f)’ic /%ﬁom/a/; W
Zm&?}'a/ coeeients, /Vw{t also f/ef KAB\:/ 4 ,@/4 0 =
1?//1 m ‘L%. dominance oviler [le 2 },-7/%/‘/; #r) It

(=l

Sllows Lt L /ox%ﬁolw}ejs S, alw form a basis in
Zlx,..x, ]hs_”
Now we are j04h5 ‘o gue & detmiton of a very oéyf/ey/em‘
mtuve. We can tolr aboit ant - Symmeiric /ﬂ/?ﬂom/h/& (n
Alx,. x,]: Yose Het  suitdh e Slgh whon we permute Z)f)‘
or L#). EV”} Such /a/%mwm[ is Awiidt {} -1, pndd simce
2y,..x,1 is a ﬂf\ibé, ‘_4_7//5—)5)% V78 Vonclermonolz,).
Heve's K. yelevent example of o0 guti-s ymmvf}’/c /oﬁnammj
det | X;‘jm-fj)c;j':,, whoe D=lh, 0 is a partition of n 5o
-

O/VLZ / Xz'J )/4 /s & /)W%ﬂom/zz/) n %Wé ):ymma%z//c‘
’_‘ 7Zc /@/Zam‘nj result is &hown as 1[4 Jacol) - %a/z Jéi//tm/éz:
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Theorenn: 5, 4,5, = det (x.""")/
/Ec;y ] Stefd 07/ /))/00/ and /e;é/gnge: see Sec £7 in [ Fl

12) Bilinesr foym

Since 7.‘4 5,S Sorm a besis in 7/&,,...,)5(,],,% We Have
754 Zrz 7 ’/fﬁ‘nm/ Symm%‘m o'm, // . )) on s abobich
groap st [s.s S, S / */”

We went % com/amfc £his /@mn m Some Afer f{/u/wmf
nic ﬁo?na/w/a,/s In Lec 17 we have introsduced He /o{jmm/:

Pa= P, Pr= Pay whee A=(1202.20,70) is a /anffz‘/oh of
/. /4/70#&’ /@m? we witl /b&eo/ IS A)&' //e//e

4/\ = 5(14).-- _S(AK)

72; /ag/owzhac is ﬁ’opp sition 3 in Sec &7 0/ [ F1

Theorem: We howe 40/\04) ,Z[;UJ’ Wlwa 201) i A
order of o contralizer of an eloment w (ﬁoé ‘{7/96 Aan S,

(S&Z Lxeruse in Sec 13 0/ Lec ’/5) 4{5’0 // 7 5’1

"
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12) femare o e pmber of veriadls

Above we considered e situation, where e number of virind.
bes, N s 21, 4, aéjm;, We an omit 4hs restriction and
SHO consider Y /a/?ﬁom/a/s , M, S A, ete, with 2 same
defmitions. Nite Bt mG,..1,)20 if ] has more Ghan 1/
pests, wnts H. /)arf)nammjs m(%,.1,), whre ) Jas <N sy,

Sv
/orm 2. Basis i 7[&4,.-)(/1/]_

Exerase: The FO/@MOIMM//S S5y (,,.%,), where ) has <f/ parts
S /.
fo}’m a D/af/s i 2 Z;g,.__)(,vj (i /oarl‘/a,/a/, Ve Nonitn).

,Z) /O/Meo‘f 10715 'Léo /p&ﬂi’e)”en’bza;ffon f/ea}y

21) %M/}Wf/’/c 41oups.
Z&{ /V7//7. M a/wé}u, Z% /;0/6/7/.1/5 &/zwwfer /L; a/;:,

)’C/y)’CSeﬂ?fa/‘f)om 4 0/ 5; “o fe ‘fA MWM& ﬁé’do_ 0 elewent
0/ 7[/3(,,___)(”]5”; /'/ ”A (s 'L%. /mjﬁpﬁalj} 0/ K n %
Loy

ﬂ[*) Fl_/= 2;, NS, (x,..%,),



WZerc lz[& Sum I Zéczzen over a/f /a/fﬁf/om 07/ 3\ 07/ /.
0146 Cqn ASK w% 4o j/l/e %fs /agm{ lon, /%/’c’)’ Some ch_d% Zfa

answey.

/DVaﬁosf{)on: Led U]V b represartetions o 5,5, woAnen,
e can Z Ol 45 a Veppesentation of S, %S, S
l/:Do{thxS;’z V4 ®l/z 7700
(1) f=Fy R

Foot- W start [3 Sn/om‘;;é Lot /"}+ 5/)&‘ 129/ ) Eemarr in
Sec 17 0/ Lec 70’; Zé/ﬂé

x
So, é (#), ?5"*5" Lecall thet s, fZ[}/ﬁ ",
ond, by Sec /z (A 1,)7(5,5)=8, Ths inplies Gt th
oechiet of M My S/\ s ffuwg 4 2 coetbiint of S, /”év
fov 0l ) , Se K A for all 7).

Ths cpuedity (MPaa () When =100, Y- T, for anbt-
rary /pw/f/{)om Vo, & 2 of . /Ma ‘L%uf we can
express e o/amm_zer of W/)fmrg, V 25 a 7-Unear combina-
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/- J‘Vl, for  Some //] e it follows Som Ya observation Het
b metns (Cy) is antinagilor fir @ suitedle orelr on
/)Lerf/{/ons)_ TL same, of course, wores Ao Y Ths osenetp
olows 4o dedue (1) Jor wbtpan, UV 4t Yo cose Z=I;f,
- I;, T mare 4his //‘jp/ous m on CXeruse, Gou ey e
Ut th assigmnt Vo] focton thoush £ (Bp(5)
tud 4o closses [I;] Jom 2 bzsic in Yo Heo abelian
o K (¥ (S,)) (for dleAeils on [ see £le bopus part o

/ec ’/7). J

22) Lenered  lmear Jre4ps.
Here we we in e Sdf/n} of Lectwe B2 Assume, for
smplicity, tht e bpse feld in C
Fecall fom Loc 17, Yot 4 Q/le/‘f/on 1 of o we can
2s5igh e /W%Lﬂo}wd decree o /q/esmz‘ﬂié/on S o (v)
Assume  dm Vem. e cloin Het we can c}vfeyymf A che-
racter JZ a/ 4 /)0’% somie/ ﬂ/ej_ o/ /e//emz‘az‘/on U as an elomeit

o U, X » Dbsene thet He pé’aj oneli aable metvices ae
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dense. in (7 (C). Sina e matrne coelcints of U wr
/aognomm/(s in B et eutres, so 15 o haracter Theredre,
/s L/m'?zw@ detemined {) is restniction 4o Qs dense sulsed of
(L (C), i /enﬁ‘m/w/ to 4 oé'ajmw'gm% maltices.
fos we ase Ghat S, 15 conugetion invariant. So ites

cm/7w§ dertermived é its testyiton 4o e 5 onel matrces.
This restriction 15 o pobynomel in the diogonal mat entres

and it Jymmetne : oéadtomz/f matnces Bt olfer by permu-
F£ation of entres ae co{iyagwfe, Ths s how we view j; 25 o
Sjmzwfm po@no/mdf

gxam/oﬁ 50 LA T denste e juéj)w/o oF oék;pomj metices,
wd U, 1 b , fwfa@i(:d besis in U so Bhet For %=
6[/23 ..t )eT we hare Lo -tv.
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2) fmce J(V@o( f} ,K/@.,/H(Z_x)

3) Led U STh) T2 hes besis 5% o (dedd) &
£l s A T Sl Yok ,@M comesponds
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[J% X,a/' ;(M°/m7 zz/l, colh/n/aft ,y/?m%(}’/c /Oaféhomfﬂ/// Le. Sfo() [X, X,).
.
Cucadl [Sec 17 of Lec BZ) et S0)-SW)

4) Z\"/f U= /IJ/U). T+ hes basis UZ;”?I-
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So '/OJ[V) <""l‘_;((X4,...X,,,). /@CQZ/ f/«’/’f/ /;r qf[ﬁ{,.,’l), we /Mc
s,-6, £ S V) =/1"(v)

., S
LAY, G essy,

TL, /J/amng reswlt, Theorem 525 Z relotes S 2 % H,
Schu /)D’%ﬂOﬂ?/A//S jmengi%fr? z‘,./c exmpé.

ﬁfﬂ;ﬁ’lﬁf 5’l ( X, X, ) s 'L% )}vaf/’/c /Doélnomz}z/( co//eJ;/aM/mé,
2, S'l)

5(5)’&/% < e Exercse in Sec 13 4 conclaoe -f/uf
Sx/l/)#\/a:f £ N has <m /aarz‘s_



