MATH 7720 Jecture 1

7) Unita ,,? /’e/oreseﬁfa tions

Z) Motivation: Sjmm.ﬂ/fl/hfs i Luentim Mechanics.
3) Orbit /M&Z% od.

9) Foisson menifolds.

T he 750//65 a/ Lhis course (s _Smdqu/a/ Sdum//éq‘/‘c
varieties, Lheir Gue tizations £ applications 2o Lie
1,%901/3-‘ é/haérsfaﬂc%n} /’%//5/ - ﬂzwo//a /éma/wés ’ ano/
more fe”””/ Hensh- (Rendve. modides Ths civcls of
(deas fas & bunch of motivations (from /@/. 1%0/%
Als, geoma‘rwf Math Pé,szcs). Jodny we wmite an/ﬁ
a//"scuss % o/a{esz‘ 0/ z‘/em . W/’ZZ/ //e///fs:fmfaz‘/m;
0/ ﬁ/ﬂu/os 4( SJWWMWL‘}% 7 Jazzm&am //ec/aﬂ/cs. Nite
Hhat His  discussion s fglf Mot (vationel pupposes 0/«/?.

1) Ui f/ar} /ep//fsanfmféms_
77’£ 75}’52‘ 5%‘11//7&:L 0/ Ee/ﬁl’ﬁsenﬁe/f[m 'fﬂ/ew% one
usad% encounters (s St ep Fepresen tations.
/__‘/7/15/1‘3 s one of the basic jmem[ sesults.
y



Thn: Led (b 2 fite gromp &V be a Fin'te
O{Wf/bﬂd [ @Vesmfmfiang / over C ) ﬂen V 40//%/'1%
2 [ -imvariant Hermiton Scalor p/o/upf, sy ()

Note that ( acts on Vgnz z/m‘z%} (wrt. (--))
gaenzforj, So we ey V és a (/ﬂ/iza/y/ /’zprefeﬂfa’fcbﬁ.

The 7///521 Ay/ﬁ cattion of his theorem (s He cow//a‘c
reducibi 6’1? o V- if UV is a Saé/e/resmfm‘/m, Lo
U is 2 COMp&VManw’% 500//e/0/esmz‘a/¥c'aﬁ.

A nature! gues tion is to whih extent he ‘heorem
extends o infinite j/’ﬂu/s. 73 ;nea'd (rterest we Lie
4704ps (ihere we consider £ /z/pyesenfdmm )

A tlassicd result is et Yo comptefe Mw&? of
Yo theoem hlds when Cis a ca;;?maz‘ Lie Grp (25 e
can stX average. oves () On the other fand. Phe m?
c/m'far} (rve ducible @/esenfm‘/on of 4 /40/7~50m/0aaf simpte
Lie j}w/o js th Givied one.

An interes z‘:’zy, and z'm/o/z‘am‘ /Mfsz‘/on is Co anolerstam/

infinite dimensionad am’fm’dtt //ﬁ/}fesem‘d[om. Let's recal! ﬁ/l/e_
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vel2Vent a/\'/m tions.

Defrn: 1) A Hbbot Spac (s o (C-vector Sprce G/an/oeo/
with a Hermitian Scaler /aroaﬁm‘ st the /es‘w&‘mj fc}w»
/f)j; (S C’OM/UZ%[f,

2) A am'zéard% /Q/)Veseﬂzz wtion of a Lie 7P W
léfreSenz‘;(;f/on of ( in a Wthat Space V ? W'%”a‘”
c;newfors st Yo acton Mep OxY =V is ontinous.

32 A 5u6@yesmfﬂif/oh in V is a closed (-stakls
sub spacs. This allows us 1o toke aboit 1veduidh m/i‘ardy,

@Wesenfdlons_

Nite ot &Ve?, t/ﬁ/’ézrj, @reseﬂz‘wf/an s cm/oéz‘eg Yeolu-
cible and s/né”z‘s as an infinite e sum” (more precise-
é} its f‘}”%j""“/ Velfsfan) of Z)’K?as-

E)(QIM/DL/ZSJ 7) //ere s ¢ classicel fxam/ué a/ Q l{ﬂ[l[ﬂ? /c)o n.
Lt M bo o mamtold with fixed volume form Then /£
meres sense o spea eboct M), H, pact of Spusse-
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anejmgfe Sunctions. Tbs a Hillbert gpace.
TF C acts on M //esemhoq e volime Horm, Hon it also
ects on LTM) fam/hgi i irto 2 c/m‘fay /’goifesen{a‘/’on.
A important specied case: M=C w GH-inwiant
volome. Jorm (olefined wz/'fw/é 7 45 /}’o/oarz[c’om/éigt) and
action of «ix et ’fmﬂs/a/fioﬂ_s).
2 IO o compact, Llon every z/m'-/ardi Z)’K%o [y finite
a/z'mem;‘m/. 77)3 (7/@/ s {/L &5255;‘/?'@2[ (on 0/ Wﬁ[w&{ Z»’?J
(#or compackt Lie jm«/a:)_

//erf ‘s One a/ ‘f/e mort V%‘MJ; ?ueszzcbm ]/?)r a//a/zl we Rre
joz’n 7 %o Sﬁm/? in Yis cowse (bt whid we went jozhf
o Méf&ﬂ/f to o SWer):

/% K gzm ; ﬂ Ven & 56/%15/}»7/06 Lie j}’aa/o [7 c/izmé /'z/;

un nfmgt 6}’/175 .



V4 ) Motivation: SJ/WWL!}”; n 1&{@ Lun /%V/M/CS_
Heres  some  Qyantum Mechanics ﬁwm'w/éj ¢ (ihpse
actuel mmnm} we domt need):
' 5/94@5 of states: a Hilbert space, i/
- senndles: Hlermition a/ﬂmifors an V/
+ Homilbonion: an observable H
Ay evolution eyadc’m Fhet ez;a/mhs fow a given observe bt
O/Mjes Z He .'/ryeﬂ‘o»y, of (y/vleem ~ //eben/e/; 8/01162/2[6.0/7
F/{)=#[&/F/f)], whre F is 4o Bloae constant
. %mm%‘/} A am’ﬁugL /@}/esenfu‘ioy; of 2 reesonadls
group /faq a Lie jma}o> preseving H
So 41}7/%47 /?Vefmfﬂ/ifom /)Se RS SJM)’LM%I{ o/ fazwz‘um
mechonicel ?;zzc,m, Their usefilness s Hhat SJ}Z%M; with
more ?mmm‘rze: we erSier 1o "c'nszﬁrq,{c,” f/ess[ﬁ in; 4.
anﬁfa? ireps allows <o undler stond! /mmz‘m mechancil

SJJZ%/M W, Sfymmef}’[es_
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3) it method
Theres a class of Lie j/m/?f S whed Hows a very
cmcéofa (but not mm/azrfa;ffm% 5@%/374%24 answer o
o chhssiticadion /aaesz‘con in Sec 1: 2 é&ifem‘ jrou/as (an
exampls : Lo Vs of wn- 'L[/”/ﬂ//ljm/d/’ metrices, ( 5 *)) 7.
resull con b extended 4 2 Somewhd wider cless of grogps
bt werll restricd awselves 4o ﬁ/%gﬁﬁ/ﬂz ones, The
ayswes, é/ue % K//'//‘ZZW, plates i fwgl Z//e/os ‘L[o ?‘aaoé‘azh'f
orbits" and s tnown as b V6t method
LeA's f,i;a/@[n whot He maé’o[m‘ orbits are. [ (be
a [ejm{/o Mo/ﬂ its e dw{m Thn [ acts O”ﬂ
Via Z% 7 Jamf /@Olfeseﬂfﬂ/f/on 2nd hence on \7 V/a 78

eoaoé'ai}ﬂf @/esenfu‘zoﬂ

Defn: 5’ q Cpaajozm‘ ot we mean an bt in e
caqoéam‘ ﬁgpresemfaz‘zaﬁ ﬂ

EXQmjné /‘”/z[ C' SZ [f) [z//weo/ as 2 real Z/e(jl/at/m)
T en qg- S[C) ad 4o 2 (/04/72‘ pepresestation is {}
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matrix Caf/'cgﬁf (ons: /{o/g)x = 3)( j’_’ Nite “hadt g comes
with 7,4& Trace yérm: ﬁgg}': Z[}’(XJ]) Whih s fc)?var/m‘f
4 wz%gjonq/l R allws Za/enf/'yg 94 g* as (Hepreser-
fations. So C'aaié'a[nzz obits Hr [ is th some
ﬂ)‘n&t 2s Coycgm& lasses 0/ Bace boss matices. Theor
clrssitication s guver Kg\t tlo Jordon normed form “hm

Um (Kiritlos '61) 541/0/0056 - ///'éo/fcm‘ 4 5//4/;? comrec-
“ed 7Zw A satwal {7’6{1‘[0}4 between e /Dﬂﬁh//}? wy)
Sets:
s itary (C-reps (s iso).
y
+ T co éofﬂz}?f (-orbits

We wowt need He construction Wihat's z’ﬂ;oarz‘am‘ Lor
us is Pt For :em[;/w/pé s, Here's o netaral
5{7’{ Lion. For examfﬁ, A C’O/I?ORQZ{ oy e
[/mza./} Z/}’{/S (= finite dmensional Z//gs) we chhssified ét;
domipent wtegred Wej/l‘s- Th oz ajb/m‘ abits we

ctassifled é\, domipeat 1ol ija’z‘s.
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SHU one ()was tht thee is a comedion between
7 zza/} ireps K con (/’o[m‘ ovbits MW&% jmwm/eo/ (n the

/jcomeslpom/ﬂﬂca /mﬂor/'o& " between antam and (Vessical
/{%?OAM/C s b be 04'5&6{55‘60/ n 7—% next éﬂ!u/e.

4) foisson menifolls
et [ fe a 75?// snd A be o commutetive associatve
[F - @%%m h/ﬁ% / z% 2 o%c/ﬂ/?f on A we mean a
thh/—.gymmey’fhc brlinear Map Lo AxAd = A Ste/‘f/s/jpmj,
b Leitniz z'a/enz‘zfy,: /Szew- sdymmafrdl,,
{4, b= {abic+ factb=>lbeal= ot e+ {ce3t.

_/Defi)?[ﬁbn - . T 52 foisson breceed if it sat /’57/5'65
{4 7425045[ (’o/eﬁﬁff /am/ S0 /4 o/efpmes Q Z/}e a{;ygém).
In parf Zﬁw/w’ , we can 4//7% 7.%'5 a/af#ﬁ/f/on % f/{a
S)'sz/flon W/{w IF /< awnd A=C @[/Lf) s o Comont-

N/@Za/ M T give 4 backet an CTIM) (s 5faz'ménz‘
g |



o j[vz"ﬂj a bivectw Held, a C~ section F of /{27JZ{:
[/07}? = <~p, O//Aa/j) If )ffp (5 /DaiSSOﬂ/ Zz/w we Sa?,
thet P is a lisson bveckwr and (MP) (o (/'as{ Val )
(s a [disson mmfo/a/.

ﬂ&p&h[ﬁw : //l/e Soél F i ﬁﬂ”a/fjeﬁﬁ’ﬂl% s Z e/l 27;4 "
(s ﬁoméjmaafe ¥ meM Thon we /a/wf)é %:%7/@
vie <P v wnd jyé we /_d(/lzz;*) out of P

77@ Condition Hhet P Possson és é/OaZ veloit o

), 560?9 SJM//{QZ‘/C L. Non 0/6(76140@‘6 / aafom;f/c ﬂ/am
He cpﬁsfmﬂzz’on) 4 chosed.



