
 Lecture 13
1 Classical Hamiltonian reduction

2 Induced varieties

Refs Cds Ch lx CM Sect

1O Discussion

In theprevious lecture we have seen that forevery
conical symplectic singularity X there is a maximalpartial
Poisson resolution a.k.a A factorial terminalization Y
Our nextgoal will be to construct such for X ECO
where O is a Gequivariant cover of a nilpotent orbit
inof The construction is a variant ofparabolic induction
that is based on Hamiltonian reduction Thisprocedure
that allows to constructmore complicated Poisson

varietiesfrom easier ones was originally invented byMarsden

and Weinstein in the Csetting
This is discussed in CLS Ch IX

A



11 Hamiltonian reduction of algebras
Let It be an algebraicgroup A be a Poisson algebra
Suppose that we have a rational HamiltonianH action on
A Hamiltonian means that we've fixed a comementmap

q B A H equivariant linearmap s t 4137a ga
tJeb ae A where 343 B EndAl isthedifferential

of the representation of H in A this is an algebraic

analog of g Veit114 fromSec 2.1 ofLec2
Note that AggieA is an H stable ideal

Definition lemma The Hamiltonian reduction Allott is the

algebra AAy151 w Poisson bracketgiven by

at Aqil 61Agebit a63 1915

Very important Exercise Show that this bracket is
well defined hint the condition at Aggie Ayla
implies qts a spaeA9141 and is a Poisson bracket

Remarks 1 Supposethat A isgraded w degli s d



H preserves thegrading img eAj Then AlllH isgraded
w Leg l d

2 Pick Xe157 Then q B A definedby 9 131 45 axis
isalso a comomentmap compare to Prob t inHWA Wewrite

AlllH for AAy1514 So we get a family of Poisson

algebras parameterizedby 157

12 Hamiltonian reduction ofschemes
Now let X be a Poissonscheme equipped w an algebraic

action of an algebraicgroup H Inparticular we have an
Hequivariant Lie algebra homomorphism say G Veit X

and so it makes sense to speak about Hamiltonianactions

Suppose Hall is Hamiltonian gu X f bethemoment
map If X is effine then we are in the situation of the

previous section

Taking the quotient AApity inthe algebra setting corves

pends to taking theclosedsubschemegild X Iw its natural
scheme structure Taking the invariants should correspondto



taking thequotient ji lo H compare to Sec 2 ofLec o

Taking quotients is tricky so we'll make a number of
simplifying assumptions

Assumption There's a scheme Z s t we have a principal

te ji'd Z Thismeans that there's a surjective
etale morphism É Z s t É z ji lol I 2 11 We
will mostly need the situation when j le Z is locally
trivial in theZariskitopology e stronger condition

Underthis assumption we set Allott Z

Exercise 1 Equip All.tl with a Poissonstructure Moreover

show that if X is smoothK symplectic then so is AllH

Examples e The action of H en TH sayby right trans
Cations is Hamiltonian w 4137 31 These vectorfields are

left invariant So if we trivialize The Hotusing left

gin
variant vector fields the moment map for this action



is h2 to 2 Hencegullet is the zero section H
T till H pt

1 Let G H bealgebraicgroups Consider HAT Gby
right translations Then under thetrivialization similar

to Ex O we getjulg a a 21g So ji lot Gxlog57
Theaction of H is diagonal h g at gli h 2 so

T GMH Gx lol s compare te Rem 2 in Sec 1 of
Lec to T HH

Exercise 2 Show that the resulting Poisson bracket on
T GA is the standard one hint G Git is aprincipal
H bundle

2 Inducedvarieties

2 1 Parabolic subgroups details LOU Exer 2027 inSec 42

Let Gbe a connected reductive e.g ssimple algebraic

group Recall that a subgroup PCG is calledparabolic

gif
it contains a Borelsubgroup p Lie P cg is called a



parabolicsubalgebra Here's a construction Let Mcotcocky
be the systems of simplepositive and all roots Take a subset

MacM and set 0 Span Me no Form the subalgebra

PIM B go.ua Jp it'sparabolic Everyparabolicsubalgebra
of g is conjugate to f Mo for the unique17 Set Md

50PeoJp NM phonoJp a subalgebra andan idealof

p nd They correspond to algebraic subgroups MdU Me

CPMe G where Me is reductive it's a Levi subgroup

KUMo is unipetent Wehave Pla LA.lk Uno

Example For G Gln the subgroups PMe Lind 6117
are subgroups of block upper triangular bleakdiagonal block

strictly Unitriangular matrices for some decomposition into
blocks

Exercise Describe the subgroups PMelLind UMe for

G SenkSpn

Since
everyparabolic P is conjugate to some PMe wehave

P LAU for Levisubgroup L unipotent subgroup U
GT



22 Parabolic induction

This constructionallows to go from representation
theoretic

objects for a Levi subgroup L easier to similar objects for
the ambient group G lharder It occurs inessentially every
branch of Lie representation theory the studyofcategory O
representation theory ofreductivegroups over finitereal p adic
fields representation theory ofWeylgroups Heckealgebras etc

There's a version ofparabolic induction for nilpotentorbits
due to LustigKSpaltenstein see Sec 7 CMT In thiscourse

we consider a certain upgrade

23 Construction of inducedvarieties
Fix a parabolic subgroup P LKU G Let O be an L

equivariant cover of a nilpotent orbit 94

Remark Recall See 1.3 in Lee5 that Qc 13147
Moreover theactionof L en O factors through the

Il
simple quotient 2 2140 exercise So we are still



talking about equivariant covers of nilpotentorbits for
S simplegroups

Set Xi SpecAldi This is a Poisson variety w moment
map jy N C't a finitemorphism w imageOf
Next consider the quotient Clu It comes w commuting

actions of G L g ehasghtU the Lactionmakessense
b c L normalizes U
The following lemme will be useful

Lemma Theprincipal U bundle G Glu is locally trivial

in Zariski topology Thesame holds for theprincipal Pbundle

G GIP
Proof Suppose P PMd Let P bethe oppositeparabolic
subgroup w Lie algebrap'sGot A

Pe o UoGp
Weget

P LAU W N ftp.gp so that g ti e lek

Exercise 1 1 Themaps U GIP up up P Glu

gyp
topll are open embeddings



2 G GP G Gu trivialize over the imagesof
U P respectively over their translates by elementsofG

2 finishes theproof I

Consider the induced GL action on T Glu It's
HamiltonianSec 2.2 ofLec2 The moment map can be described

as follows We can view 7 64 asthe homogeneous vector

bundle x log at Themomentmap
guy T flu g xCt isgivenby

jug h23 ha ja 11h23
s die heGdelog a

where 1 4 gla via gth s low
Now consider the diagonal action GL AT Glu x I
g e ChD x Ight eD Cx It's Hamiltonian w

moment maps jus c Chi N e ha LI x

Definition The inducedvariety Indf I is the Hamiltonian

reduction guile LK GP laNal gyms

I



Example Let HEL Then Indf 63 GPglp Clp

Details are left as an exercise forexample you couldtry
to show that

I


