
 Lecture 14
1 Deformation of induced varieties

2 Induced covers

Refs LCM Sect

1a Reminder goal
LCP LKUCG Lerikparabolic subgroups

XESpeeELOI 1
m T CIN xAA GL lg l Chia x Ighteatext

ggud T CIN xX g xL Ch27,44 ha x 247
where 2421 of a C'tdual to inclusion lug h
We set Y Indyk gild L
GP lax elg a xX s t 21 gyu

GAY g
Ch KxD gh kxD

We'll see that Yhas the unique open Gorbit which is
a G equivariant cover of a nilpotent orbit

1 1 Deformations

Exercisedten understanding the Hamiltonian reduction



ja Y g't Ch kxDesha is a momentmap

Next we need a deformation of Y Pick XE 111443
anddefine Y jail NIL

xp laNe log a xX s.t.LY jyWtX
This is also a Poisson variety it has Hamiltonian

Gaction wgudChKxD ha
Even better we can consider the universal Hamiltonian

reduction Set z 1114137this embeds into 1 Set

Yz Gxp laNe logh H H gk ez
The map h laxD 21 gyu realizes Yz as a scheme over

z w Fiber Y over lez

Example Let ET FB We can only take 4 103
Then Y T GIB 3 5 21 Yz G Blog at w Yz z
h a alg The map Yz g h23 ha is calledthe

Grothendieck simultaneous resolution it deforms theSpringer
resolution Y N from Sect ofLeePo

I



Exercise 2 Yz is a Poisson scheme over z meaning that

Yz is Poisson pullbacks of functions from z are central
Hint do universal reduction construction foralgebras first

Remark Yz z is flat Yz isCMz issmooth all fibers

have the same dimension LimGPt dimXpdimlgpt see E3
Thm 18.16 Forthe dimension formula note that we have SES
e lypt lg at ft o so inthe bracketwe have

the dimension offiber of Y GIP

2 Induced covers
Ourgoal in this section is to prove thefollowing result
Theorem LetDez 3111under g g
1 Letjug Y g'tbethemomentmap Then impelforadjoint
orbit d cg s t for xed wehave GxsCX
2 3 open Gorbit O Y a ja Q Q is Cequivit cover
3 Set A Spec0103 Then ja Y O factors as
Y X O Steinfactorization where it is a

partial Poisson resolution
31



Ex L T P B X e Then imy N D Qpr Sect inLeche

2 1 Proofof 1
Exercise The morphism jig Yz g'tChkxD toha isprojective
Hint compare to theproofof 1 of Thm in Sec 2 of Lec8

Proof

Y is irreducible Note that undergag't we have glp th a
Es I se de Xt dik Wehave a grading en g w C in

Lego h in positive degrees Indeed we can assume p pMa
Sec2.1 ofLec13 Take a coweight XeG s.t Xh O

Harpo Consider the corresponding homomorphism

8 Q G so that2,8o x Let g fog bethegrading
by eigenvalues of x so that Cgo h gi Write a E di
Then defy817 et Wehave that text k x is the
Jordan decomposition exeat So tanstilted
IT a I X 625CX D

I



22 Proofof 2
Thxto 1 theproof reduces to checking

dimjuly dimY a

We write Ox for the denseorbit in gala soju 4 Ox

Case 1 X is generic z N C Weclaim thatja Y O
is finite which implies o Let 2 Ight E'tbethe

naturalprojection so that the condition on a is he2 tax
Themorphism y factors through a finite morphism

Y GXP2 tax Ch laxD a ChD It remains to show that

Gxp2 OyXt O is isomorphism Consider the actionmap

Poleax g gtx It factors through
P x OXEN COIN y Oct txt n 21

Exercise Use K X h to show 2 is an isomorphism

Deduce that City Oct Gottxt to is
an isomorphism hint compare to theproof of Proposition in

Sec 1.3 of Lee 5

5T
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Case 2 4 0 Consider Yax Xz Yz forgenericX Themap

Ja Yen g't
is projective by Exercise inSec 2.1 it's image isYeeDex
Note that statIn Alexi So im static9115 is a curve
denote it by C Thevariety ing is irreducibleble Yenis
so dim imjus dimE.tt Case17 dimYx.tt dimY 1 On

theotherhand OT is the l fiber of sq imjus C a its
dimension thatofgeneralfiber dimOn LimYeedimY So

JimO dim Y
Since O j Y we have dim O dimY finishing theproofin

this case

Case 3 general X
Exercise Let G be an algebraicgroup acting on a variety
E Let d maydimG Then I te21himG d is open

Apply this to an Yz Note that Q n Yz Forthis

recall that Q A X w fit x thx see Sec 2 ofLect

g

New set t ChlaxD Ch It'st.AT This action commutes w



G So Yj is Itstable By CaseP d dimY Nowconsider
Yax Since Y Ya Yz themaximaldimensionof the Corbit
in Yax is that in 7 As that in Yz Both are equal to d
so themaximal dim of a Gorbit in Ye is d as well
But Ya EX is f equivariant Oneof monterofibers
contains a dimension d forbitbyExercise hence all ofthem
must So every fiber of Yz z contains an orbit of
dimension d dimYwhichfinishes theproof s

23 Proofof 3
Wewrite Oxforthe openorbit in Y The open inclusion

x x juan Yx 3

is an isomorphism exercise In particular agenericfiberof
Y E is finite Note that Y isnormalble X is exercise
TheSteinfactorization Hartshorne Ch 3 Sec 11 tells us that

YA factors as Yy I O where thefibersof
Y I are connected while I I isfinite The variety I is
normal Since 3 is an ise Get The construction of X is
canonical so GAI to check theaction is algebraic requires a



I
bit of work Y I O are Gequivariant So Oi is
an openorbit in T cedimy III 2 blecedim cedimet 972
Since I is normal Is SpecQEII finishing theproof

24 Induced covers

Definition By the inducedcover from LA D we mean Ox
Thenotation is Ind 19x if He wedrop it fromnotation

More on inducedcovers in the next lecture

A



H


