
 Lecture 15
1 Properties of induced covers
2 Filtereddeformations of CLOT

Refs CMJ Sec F 1 Lt

1e Reminder goals
We cheeseLevi parabolic subgroups LcPCG as well

as an L equivariant cover OI of e nilpotentorbit Acl
Set Xi Spec Eloi and let jy toga be

thenaturalmap it's emomentmap Set z 1164137

Consider thevariety Yz GPk.deglatxXlalyjyaez
Here P LKU h Lie U Apoint in Yz is a Porbit of
thisx heG under theaction p hd x hp lp 2 step x Here
P L Note that lg h C't amale is Pequivariant

so lax al jeez cloga xX is P stable so theaction is
welldefined The variety Yz carries the following structures

A morphism Yz z ChKxDeat ya Let Yxbe the

fiber
ofXez



A Hamiltonian Gaction GnYz g ChKN gh laxD
w momentmap ju Yz g't gu ChKxD ha

We have seen Thm in Sec2 ofLec15 that each Y
has an open Gorbit Dix which is a Gequivariant cover of
an orbit in ofwhose semisimplepart is in GX

Definition By the inducedcover from LA X we mean Ox
Thenotation is In2910X if He wedrop it fromnotation

Here's how we apply inducedvarieties covers to study
variousquestions about covers

We'll see that foreach equivariant coverO of a
coadjoint orbit inof F equivariant cover of a nilpotent
orbit st Eloi is a filtered PoissondeformationofEloi
This will bedone in thislecture

We'll see that we can construct a Q factorial fermi
nalization of SpecECO where I is an equivariantcover

got
a nilpotent orbit as an inducedvariety This will be



done in thenext couple of lectures
Then we'll use induction to constructquantizations

of ECO

1A Independence of P

Indi I M is independent of the choice of P Lemma4.9
inCLMThat theunderlying nilpotent orbit in g is

independentof P isproved in CMT Section 7.1

Example Let G SLn Upto conjugationparabolic subgroups
are subgroups ofblock uppertriangularmatrices andso correspond
to compositions n n t.tn Let Pbe the correspondingparabolic
t bethe correspondingpartition hi's in thedecreasing order Take

D 03 so that Y T CIP
Exercise 1 Showthat

1 imjus Get the closure oforbit w Jordantype t
Hint use that dim imjusdim T GIP

check dim T GIP dimGet

Then for a Jordanmatrix Jedit findsubspaces CoV Up
Vile set Codim Vi not tn KJV cViti deduce Jeimy

I



2 O dot Hint use thatthecentralizers ofnilpotent
elements in PGL are connected

12 Transitivity of induction
TakeLevisubgroups L Mc G So ifgeog is ssimpleedit

set L Z 137 thengetem E Zmbl It followsthat

3 m z l Using the killing form ofg to identify Est
M IM weget m MM 1111,137

Lemma The induction is transitive eg for

helmCmm c 111111,137 we have

India t Indie Inditedd
Proof

Pickparabolic subgroups hCG w Levi M sothat e MAV
P em w Levi L so that P LKU Then P P'all is

aparabolic in G W Levi L Forexample let
M 44811 2 11181 in Sir Then we take

f 4,1141 P's 1 P t.ggt



Let Y IndMp Xc MxPElpHe mln XIplight
Then Indi Indi oilX is the open Corbit in

IT Glu x Y MM 1

IndeedOnIndia is theopen Morbit in Y Then

ITKluxOn IllM is an open Gstablesubvariety ofIndiAmd
K a so Indi dmX is the open Gorbit in o
Apoint in jailX M is g 8hp x wgelVeloglot heM
pelmint xexist Hahaplightwhile we
identify Lg8hip x w grim mt mha t ep ex w vet
meM u e U le L We can assume her andthenthe

conjugation is by P action g 8p x gu t er epex well
let while the condition becomes 13 8lait 2HE lx 7

pie mln Je log a c9 0 1 An isomorphism of a
w Ya is thengivenby Ig8p x to g 8x It's C

equivariantGacts on the 1st factor intertwines themoment

maps both are givenby g8 so is an isomorphism ofcovers 5

93 Nonnilpotent covers are induced

It turns out that every cover of a nonnilpotentorbit
I



is induced from a cover of a nilpotent one in a Levi
Let O be a nonnilpotent orbit in g

sg andO d

be a Gequivariant cover Take L Zala for zed let

O to be the nilpotent orbit in 1 w 10 61stOld seeSec1.3
in Lec 5 Set 01 g 97 this is an L equivariant
cover of A via xHH I x 3s
Exercise Wehave a natural is Gx'd 0 notethat

Gt y d thisfellowsfromthe argument in Sect3 Lee5
We have a Pequivariant isomorphism

lga xQ1 alight Polo

compare to Case 1 in Sec2.2 ofLee18 yielding
In2919.3s to

2 Filtereddeformations of CLOT

Fix L O W IndiOc O Pick aparabolic subgroup P

W P LK U PickDez set Yay EXxzYz Recall that

In Yz Sec2.3 ofLec18 It restricts to Yax
t ChlaxD Ch It's txD
Note that Y is Itstable Since the E Gactions
I



on Ycommute theuniqueopen CorbitOcY is E stable

Exercise 1 Showthatjug Yz g't is dequivariantwhere

Qing via t L t's Deduce that the E action on O
introducedabove coincideswith the one from Sec2.2 of Lect

In particular ELY CLOT is positivelygraded
Let z be the coordinate on EX w 211 1 We can view

z as aLeg2 homogeneous element in Q Yax viapullback
Observe that O

ye
has no zerodivisorsbleYaxis irreducible

Proposition 1 Wehave ICYex 12 I 6103 as isomorphism

ofgraded Poisson algebras
2 Wehave Q Ya z 1 I GLO Poissonalgebra ise

Proof A Wehave ELY A ECO gradedPoissonalgebra ise
We can view Oy as a quotient ofO'yes moreprecisely we
have a SES e dy dye dy on longexact

sequence



e Ilya QYep dy H'loyal tillyal H dy
It's enough to showthat HCoyote By Prepin inSec2
of Lec 12 H Oy o So

ZH Oya H Oya 1

On theotherhand ti dyed is a fin generatedmodule

ever Q g This is bk Yax isprojective over the affineof
Exercise in Sec 2.1 ofLec 14 then we can use Theorem5.2
in Sec3 ofHartshorne TheEloy action of H Oya factors

through 0193 Q Yet so H Oya is finitelygenerated
ever ElYax as well
Moreover H Oya is agradedmodule

the action EnYe gives rise to a att Oya It is rational

Ya Glp is a ft invariantaffinemorphism so Yax can be
coveredby Estableopenaffines Q a terms of Cech
complex rationally
The algebra Q Yay is igraded Leg2 2 ELY la

fly which is Thegraded So thegrading on H dye is
boundedfrom below And 1 till ex o Thisproves o

q
2 exercise hint write a similarexactsequence s



Thx to 121 the algebra ELY ACID inherits a

filtrationfrom thegrading on Q Yes We leave it as an

exercise to produce a graded Poisson isomorphism ILY I

gr fly use 1 of Prepn and compare to Exercise in
Sec 7.2 ofLee 3 So ELY QLD becomes a filtered
Poisson deformation of ECO Thx to See 1.3 wesee that
H Q as in there Eli has afiltration making it a filtered
Poisson deformationfor suitable ECO

A


