
 Lecture 16
1 Oh factorial terminalizations from induction I

Refs N2a LN263

11 Main result

Let O be a Cequivariant cover of a nilpotentorbit Acog
Let LeGbe a minima Levisubgroup St I L equiv cover
sit O Indi Dc Include L into aparabolic P Lau

Thm 1 The variety Y Ind Xd w XESpec Ellis is a
A factorial terminalization of ASpecECO

Examples 1 Let it Apr In this case can take L T

Oi a L is certainlyminimal Wehave that Y T GB
is a symplectic resolution of X N

2 9 34 X E see Example in Sec f 1 ofLec15

pthen
L is the subgroup of blockdiagonalmatriceswhere



sizes are theparts of t We have Ice and recover
the fact that Y T CIP is a symplectic resolution ofX

12 Reduction to birationally rigid covers
Weonly need toprovethat Y is A factorialterminalHere's

a reduction

Preposition Suppose X is A factorial terminal Thenso is Y
Proof We'llneed to understand Y locally
Let U be the opposite to Panipotent subgroup if P PMe for
MacM then KLielutspoyoeg.p where 0 ohSpan Mo

So Uxp G Us alp compare to lemma in Sec2.3of
Lee 13 Consider Y GXPF CIP F 12Alalight
Then I U UIF Note that glas Cen giving
F t Xp at vie lax to lxL ga So

codim gu t 4 874 Since CIP gelgu open

cover weget an open cover YYegot u l It follows
that codmyYsint 4

hence Y is terminal

Now we need toprove that Y is Q factorial Forthis
I



we compute Pic Y Pic yrs and their inclusionThis is
done in the next lemmawhich will finish theproofsince

Pic X2 a Pie lies isfinite see Prepin inSec1.2 ofLeck a

Lemma Assume G is simply connected Then Jfk Pic Y

I SES d Pic Y PicLyres PicXis so

Proof Wehave PicCIP P I 241 see Sec 1.2 inLec12

JfL PicGlp Pic Y It's a splitinjection
GIP G Y vie gPto g lool star id test id So

JfL A Pic Yrest But PicGIP ClGlp Let Da Die be

codim 1 irreducible components of AP U infact all
componentsare of codim 1 Wehave Hartshorne'sGeek Prep 6.5

exactsequence Span D D ClAp Cl u o The

fibers of it are irreducible of the same dimension so forsimilar
reasons we have thefollowing exact sequence

span 18.1 a17 diffuse latePic IP
Note also that Pic UI h xXp Pic k s lo It follows



that Span G Dil o Pickin in Pic yrs actuallycoincidesw the image of Pic Y The exactsequence in the state

ment fellows 5

Thxto the transitivity of induction Sec1.2 inLee15
theminimality ofL we reduce That to the casewhen I
cannotbeproperly induced

Def n I is birationally rigid if O Indi I EG

Example Let G Span O be theorbit corresponding to
t 2 MY ThenOT its two fold cover Q are birationally

rigid exercise

Thefollowing theorem gives equivalent characterizations of

birationally rigid covers

Thm 2 TFAE
a XESpecGLO is A factorial terminal
161 OT is birationally rigid

I



c tf yrsQ a for a d factorial terminalization
Y X recall that HlyreQ G is theNamiKawa Cartan

space Sec 2 ofLec to

13 Pic vs H

In Algebraic Geometry it's often easier to dealw Picthan
w H but they are related via 1st ChernclassG

Prep LMBMILemme4.4.6

Let X be a conical symplectic singularity KY is
its A factorial terminalization Then the 1st Cherncharacter

map G Piclyres H Y 71 induces an isomorphism

Piclyres e tyre e

This preposition will be used to prove a c kalso

later
Notquite aproof
We'llprove the corresponding statement in the complex

analytic setting andthen one needs to algebritewhich is
5



painful Let 0 be the sheaf ofanalyticfunctions on
Yves Piconyves is thegroup of is classes of complex

analytic linebundles Let O can bethe subsheetof
invertible functions Then Pica Yves H Dan Onthe other

hand we have a SES of sheaves ofabeliangroups on Y't
o IL

an pan
Wehave the corresponding long exact sequence in cohomology

ofwhich the relevantpiece is
H Dan ti loan tiaras ta ticom

Wehave seen Sec2 ofLec42 that H dynes H dyreg
D For the same reason their analytic counterparts vanish

And weget H Den I ti lyres ta

14 a c

a c We know Pic X a Sec1.2 in Leck X is

A factorial PicYes isfinite Prep inSect3 H x e he

4 a Pick a veryample line bundle L on Y A Glx module

generators s s of YL themorphism Y IX decomposes as

I



y c Xxp X r

wherethe 1stmap is y to ply Isly say We can

replaceL w amultiple By Prep in Sec1.3 Picyes is finite So
we can assume L is trivial cantake let s 1 a Y IX D

Rem Thisapplies to any conical symplectic singularity X

15 a 6 If isnotbirationally rigid O Indi I then
Ys Indf x2 is a partial Poisson resolution ofX nontrivial
6k GIP 47 So X is notmaximal byThm in Sec 1.3of
Lec42 X is not A factorialterminal Contradiction

16 6 a preparation

This is the hardestpartoftheproof It's basedon a
result of Namikawa that we'llexplain in this lecture

Definition Let Xbe a conical symplectic singularity B
be a fingen'dpositively gradedalgebra A gradedPoisson
deformation of X ever Spec B is a Poisson scheme Xspears



ever Spec B ferpeSpec B set Xp p species XspecB s t

e Xspear is flat ever Spec B
1 GtaXspecB S t i on X

specs
has Legs d same

as on Q x3

2 A G equivariant Poisson isomorphism X Xo

Rem From here we get a family of filteredPoissondeformationsof Glx indexedbypts of Spec B peSpec B
OfXp Conversely for a filteredPoissondeformation of

Glx take B Act set Xan Spec R1541

Thm N2a N263 Set 5 H lyreG for a Q factorial
terminalization Y of X Then I reflectiongroupWxcGLIBx
graded Poisson deformation Xyw w the followinguniversality

property H B Xspec B as in Defn I graded algebra

homomorphism 145pm B isomorphism ofgreded
Poisson deformations i.e Poisson isomorphism ofschemes over
Spec B intertwining a2121 Spec B gtw Kyw Xp

gThe
former is unique



Combining them with theprevious remark wegetthefollowing
corollary part of themain Thm in Sec 2 ofLeePo
whoseproof is an exercise

Corollary The filteredPoisson deformations ofGlx are

classified up to isomorphism by thepts ofbatty

Example Let AN be thenilpotent cone inof Then
as mentioned in Sec 2 ofLee11 5 5 WEWWehave
Xg wg

where the morphism of 9114 57W isthequotient

morphism for Gag Thismorphism is flat the source

target are smooth all fibershavethesamedimension

I


