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1 Wrapup on
Poisson deformations A factorial terminalizations

2 Sheaves of twisted differential operators

Ref LMBMILG See2

P1 Construction of universalgradedPoisson deformation

Let Gg OX L POL I have the same meaning asbefore
Let z 1114137Wehave seen in Lees 16217 that if
L isminimal w O Indi Il then Y Indf x is a d fac

terial terminalization of X Wehavealso seen in Sec 2 of
Lec 15 for Xez GYy is a filtered Poisson deformationof

UN In the course of theproof we have seen that

Spec Q Yay is a graded Poisson deformation of X The

following can beproved along the same lines

Theorem Xj Spec Q Yz is a gradedPoissondeformation

of X ever z

H



So A 3 5myXan forunique z byWy byNamiKawa's
thm from Sec 1.6 inLec16 Wewantto determine z Sally

Notethat byLemma in Sec1.2 of Lec 16 wehave

Jf L Pic Y Pic Yes wfinite cokernel AndbySec1.3

in Lec16 beth y G Pic yes e We conclude that

3 2140 CI t Pic Yves e by

Fact This is thequotientmorphism for W A3 5x

Explanation Forany A factorial terminalization Yofaconicalsymplectic singularity X NamiKawa establisheda universal

gradeddeformation Yy a Poissonscheme overby w l fiber Y
He checked that W A Xg Spec fly XywÉXyIWx

By the universality I liner z 5 st Yz 73 5,75
Andone canshow thatthismap is injective hence an isomorphism

see Proposition 7.2.2 inCLMBM I

In particular Az is independent of thechoice ofP exercise



Example Let AN Then Yz GBogat See 1.1of Leck
Wehave commutative diagram Y g

j YAW

Y ofxgw5 exercise Xj Wjwacts on It factor
AzW g xgwBMWof Ex in Sec1.6ofLec 167Agaw

12 Classification of A factorialterminalizations
Fact 1 Thepair M Om s t Indf x is a Qfactorial
terminalization of X is determined uniquely fromX

2 A A factorial terminalization ofX has theform Ind Xm

for some parabolic subgroup hCG w LeviM

Explanation 1 We know that Allanm bx Fromhere one
deduces that M mustbe minimal among all Levi's s t OT

is inducedfrom a coverforM Forsuch M anycover
s t O IndiOm is birationallyrigid Details are left
as an exercise

Consider a gradedPoissondeformation Xz where EEZ is a



domain Onecan follow the argument in Sec 1.1 ofLec17
to show that for different choices of lift of themoment map
from Ato Xq thereis an automorphism of agradedPoisson
deformation of X intertwining them it belongs to exp K
where K is as in theproof there this isbasedon Malice's

thm LBJCh 1Sec68 left as exercise
Pick a Zariskigeneric element pet andform MOm of

a Levi M an M equiv't cover Omof a nilpotentorbit in m
as in theendofSec 1.2of Lee 17 eg M Z 13s where

3yuk for Zariski generic heXp Thepair MOm is

independentofthechoiceof This is a relatively technical

relatively standardalgebrageometric result based on theobservationthat there are only finitely many choices of MGm

up to Gconjugacy For nongeneric p ez the corresponding
M contains a conjugate ofM Note that O Indi Omi
If we applythis to 2 3 AsXz from Thm in Sec1.1

then M L Andthe smallestpossible M comesfromthe

universaldeformation Xy w The correspondingpair MGm

Js
what we need Details are left as exercise



2 By some standard birationalgeometry to show that there

are no other A factorial terminalizations amountsto showing
that the ample cones of all IndyXm cover5 H Y R

forfixed Y these spaces are identifiedfordifferent choices ofY

By Sec 1.2 of Lee16 Pic IndyXml s E M Underthis

identification ample relative to IndIlla X line bundles

correspond to characters ofM that are strictlydominantfor
P so the ample cone inbye is the cone of real dominantwts
These cones forvarioush coverbye yielding our result I

2 Sheaves of twisted differential operators

2e Motivation

We nowproceed to thequantumpart of the story Ourgoal
is to produce filteredquantizations of Elli This will be
done by quantizing Y Indi ly we'llexplainwhat we mean

by this later andtaking theglobalsections Thequantizations
of Y will be constructed by quantumHamiltonian reduction
Notethat some ofY's are of theform T Glp for a

g
parabolic subgroup PCC There is ageneralclassificationof



filteredquantizations of T Y forsmooth Y thequantization
are sheaves of twisteddifferentialoperators This iswhat we

are going to explain now

2.1 TDD affine case
Let Y be a smooth affine variety

Definition By an algebra of twisteddifferential operators
on Yo we mean a filteredquantization of IT Ya

Recall that GET Y Sall w A 614.3 V VetYa
So we have a SES a A Dsn V o of

Amodules thatsplits ble V is aprojective Amodule but
the splitting is not unique if we fix one say l V D

then the others take the form Ltd w 2 11 A A linear

map i e a t form on Y Note that AZ civ generate
D as an algebra6k AAVgenerate S N gr D
Recall Lee 2 that the Poisson bracket on FLT Y

g
is recovered from



f f o

1 3 f 3 f y
bracket in V

3 Engr FritzeA J isEV
It follows that in D we have

fr fig
definofc

2 f legitelf 1131,1383 f
113 1132735 3 is v ptsBz

where p is a 2 form

Forexample for 43 f8 3 f we observe that since D is a
filteredquantization ofFLY thedifference hes degree 1 the

expecteddegree is O but theLegoterm is 3 if g f so Since

Ds he the equality holds

Important Exercise Hint CartanMagicformula

1 The Jacobi identity for 113 4327 4331 is equivalent
to dye

2 For 1form 2 3 filt quantization isomorphism



Dp I Died w fo f 1137443 t 4,37

Thisgives rise to a map from the set ofisomorphism classes

of TDD as quantizations to HpHot H Yo e

Preposition Thismap is an isomorphism

Sketch ofproof
Let Dp denote the algebrageneratedby AV w relations

2 Then we have a naturalgradedalgebra epimerphism

Salut grDp
We need to show its anise

Pick ye Y and let A denote the completion of A at
themaximal ideal corresponding to y Note that DoSaw
Sp V where V DogV AlsoDp AGDp is

naturallyan algebra it'sgeneratedby AEV w relations 21

But it's independent ofp up to quantization iso see R1of
Important Exercise by a formalversion of Poincare lemma
Next we knowthat Salut grD ID is

theusual Do so

Ao Sah Ao gDp ty This implies Salut t grDp
Tl



I
details are left as an exercise I

22 TDl generalcase
Newassume Yo isnotaffine but still smooth Consider

the projection 4 Y T Yo Yo Then silly is agraded
sheaf of Poisson algebras en Yo We can talk about its
filteredquantizations By definition this is a sheet D et
filteredalgebras on Y w filtration D DDsi byOy coherent
modules together w a graded Poisson algebra is

Oy I gr D Such a quantization is called a sheaf

of twisted differential operators
Let's explain how to classify sheaves of TDO Pick

an open affine cover Yo YYi From D Yi we can read

a closed 2 formpie Y Ny definedupto adding

an exact form Then we have isomorphisms offilteredquanti
Eations Dp Yj TjDpj Yj w Yi 751757 they

give rise to Lj E f YiNy w Yji f tf 343 22ij is

St Jj Ji daji on Yi The isomorphisms yj satisfy the

ace
cycle condition giegig Yj

s id on Yijk This translates



te datdigitdji l In otherwords 43 dji is a 2recycle
in the trancated Cech DeRham complex the tech

complex of d dy Ny AndGiajit is
defined uniquely up to adding a 2 coboundary Laidi di
So we arrive at

Conclusion Filteredquantizations of dy la ka sheaves of
TDD on Y are classified up to isomorphism ofquantizations

by thehypercohomology H'lol

Rem in a numberof situations H'lol isthesame asHorta
H YoE Forexample this is case when Yo is pure non

diagonalHedge s vanish which isthe case when Yeadmits a

stratification by affine spaces Theparabolicflag varietiesGIP
havethisproperty take the Schubert stratification

I


