
 Lecture 19

1 TOO centd

2 Quantum Hamiltonian reduction

Ref GJ Sec 2

1 e Reminder

We are currently studying thequestions ofconstructing
classifying filteredquantizations Last time we have

constructedclassified filteredquantizations of T Y whereYo is a
smooth variety they are classifiedby H Yooh In fact
this answer fits thegeneralpattern of classifyingquantizations
of Poisson varieties that are smooth or moregenerally singular

symplectic terminal w someadditional conditions

11 DO's in linebundles

Let Y be a smoothvariety L be a linebundle We
cover Y Y Y by open affines s t fly gOy Thisgives

prise
to a t cecycle fije Y't0 vie fi gpi a Sowe



get a t cocycle of t forms dj s fjidtji notethatday0
So 43 0 Ji is a 2 recycle in the truncated

CechDeRham

complex Sec2.2 of Lee 18 and hencegives rise to a sheaf

of toe to be denotedly Da

Proposition D acts on L extendingtheOymodule structure
Proofconstruction recall that D is constructedas follows

We have Daly e D Yet 43.43 DH D Yai f of

343 fig fji Foropenaffine U be 114,21 SeDas u set
go 8679 8 ÉÉTeGLUM We need to check this is

well defined qi 9 8 y d gj 931874,1611 movey tothe lbs

y b f yjkl fj.it 47187 g 9,181 3 fjis.fiitg
Fj 5 f gf 3 fi f g fi's.fi fit trueequality The
Das actionextends to Da Details are left as an exercise
hint it's enough to check the relations on eachYE 5

Remarks 1 As a sheafoffilteredalgebras Dj LexD
IwDasi L Dsi L
2 The class edig e tiholy is calledthe 1stChernclass

I



of L and isdenotedby Cold theusual topologicalChernclass

is the image of this under H'lot t ticoly H ly ell
Note that c Pic y ti old is additive ForLicePic Y t.is

and tied it makes sense to speak about Daigs this is
thesheaf of TDI w parameter Epic Lil butLi It is
an actual line bundle iff tieTL

12 The case of Y GIP
In this case Hholy I Hop Ya see the last remark in
Sec 2.2 ofLec18 GIP admits affineparing In moredetail

assume P PMo for Mac17 see Sec2.1 ofLec43 forthe
notation Let We W denotethe subgroupgeneratedby saw
LeMo We have theparabolic Schubert decomposition

GIP BwPIP
where B is the negative Boreland w runs overtheelements

in W that are ofminimal length in wW Each BIP P is

an affine space A basis in H GIPTL is indexed by cedim
t components these are exactly B'sPIP for de17117 Moreover

gogives
an isomorphism It L Pic Y H GIPTL the



fundamental weights on corresponding to deMIM form a basis

in JfL D issent to the basis element corresponding to

B's PIP Let La denote the line bundle corresponding to Da
The conclusion of this discussion is that every sheafof
TDD on CIP has the form Dye for E a denn k

fun

2 QuantumHamiltonian reductions

2e Motivation

As explained in theprevious lecture ourgoal is to construct

quantizations of inducedvarieties In2psXl If X e then

Y Indy N T CIP thequantizations are thesheaves

of TDO parameterized by H GIPE 1114137 In general
Indf Xi is obtained as classical Hamiltonian reduction
Ourgoal is to construct for each Te 9114137 afiltered
quantization Dy of Y we'll define carefullywhat this
means later Toconstruct D we'll use thequantumHamil

gtonian
reduction that we'll start to discuss now



21 Quantum cemement maps
Let It be an associative unitalalgebra andH be an

algebraicgroup that acts on A rationally by automorphismsBy
differentiation thisgives rise to a liealgebra homomorphism

b Der H 343

Definition By a quantum comementmap for Hast we mean
an Hequivariant linearmap 4G A st 467 3
Azeb notethat 9 is e lie algebra homomorphismexercise

Example 1 Let 54 4151 equippedwiththeusual H action The

natural inclusiongasUlf is e quantum comoment map

Example2 Let Y be a smoothaffine variety w an Haction

Take St D Ye and equip it with the induced Haction
ForJeb set 9137 3y so that 9G Dal is linear
Hequivariant So feat ye Vet Ye wehave1961 f

5yet Joint 937,2 131273on 2 It followsthat

gf
is a quantum comementmap



Now assume that St is equipped w an algebrafiltration

St EAsi preservedby H Assume further that degE s d
fer LeTL i.e AsiAs c sixj 2 Finally assume that

a quantum comoment map Phas image in Asd LetAgrH

Exercise Theaction HaA is Hamiltonian w comementmap

q P Stsd n G A is a classical comementmap

Applying this to theprevious two examples we recoverthe

comoment maps from Sec 2.2 ofLee 2

Rem As for the classical eemomentmaps if Ze
9 is a quantum comomentmap

then 7 7 is also a

quantum comomentmap

2 2 Quantum Hamiltonian reduction

Let A H P be as in Sec 2.1 The left idealstablest
is Hstable so we can talk about 541544151 5454915
Note that at 9157015489151 is also b invariant



3 e 9137 a e 9151 Using this we get

Lemma There's a unique algebra structure on 1491513

sit Let 9157 6 4915 ab A915

We denote the resultingalgebra by AllH

Exercise Assume H is connected Construct an isomorphism

AllH End 1StStage

Rem Fix 9 Then we have a family of algebras
111,4 Al lg dig leg

2 3 Quantization commutes w reduction

New assume that It is filtered w degC s d
im P c54,2 Set A gift q P Asd i g Aa
The quotient 11915 inherits a filtration from Stand itis

preservedby H so 5419157 is a filteredalgebra w

qdeg
I s d One can ask for conditions thatguarantee



that HAMM is a filteredquantization of the classical
Hamiltonian reduction AAg157 Weassume that A is

finitely generated

First note that Aggiegrist9151

Lemma P Suppose that for a basis neb thesequence

415.1 qtr EA is regular Then Agift gr A91513

Proof This is a special case of Claim in Sect ofLectt
condition 6 there fellows bc 9151 est is Lie subalgebra D

Second taking H invariants is left exact landexact iff
H is reductive se gr 499157 AAg51 an

isomorphism when H is reductive

We will need a special situation forgeneralH Let
X SpecAaja X B be themomentmap dualtoy

A



Lemme Supposethat H acts on ji lo freely 7 affine

Y set ju le Y is a principal Hbundle Then

gritAMM I A Agig ELY

Sketch ofproof SinceHajilol freely we have that the
vector fields Jax are linearly independent at all points

of x lol dptl 4413ns are linearly independent
Axejille inparticular 413,1 platform a regularsequence

Hence for B 1549157 B A A415 we have

gr B t B Now we need to show that gr Blt B

Hi wehave SES e B BI Bi se
This will follow if we check that B is injective in the

category of rational H representations then Bi isinjectiveas a
direct summand of an injective representation Wewon'tgive
aproofhere we'll leave it for a separate note D

d


