
 MATH 720 Lecture 2
1 Poissonmanifolds ClassicalMechanics

2 Hamiltonian actions momentmaps
Refs Cds Secs 12,1829,22 CG 1.1.1.21.4

In this lecture we continue to reviewsymplectic a
Poissonmanifolds We also touch on the symmetry in Classical

Mechanics Hamiltonian actions of Liegroups

11 Examples of Poisson manifolds

1 Let Vbe a vectorspace and PENVKC Atul
The bracket i p on C v can be described as fellows

Pick a basis to theV and let pig Plaxj Then
fg p Is Pij 3k37g The bracket is Poisson it'senough

to check the Jacobi idy on xp xn 6k they functionally

generate C V and there itis straightforward The

Poisson bivector is nondegenerate P is i.e V is a

symplectic vectorspace
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2 LetMe be a manifold Set 54 T M This is

a symplectic manifold We won'tneed a formulaforthe

symplectic form see Cds See2 CG Sec 1.1 But
we'll need the formulas forbrackets of someelementsof
0154 Note that CCM resp VeitMo C Tue
embedinto C su as the subsets of functions that
are constant resp linear on fibers of T M Me
Then we have

f f o 3 if 3 f 3 3 is a

f te C Me 3 e VeitMo
Note that o uniquely determines thebracket Note

also that if M is a vector space then thesymplectic
form an M 54.0Mtarises in theprevious example

3 Let g be a finite dimensional lie algebra Then

of carries the unique Poisson structure sit for 3peg
viewed as linearfunctions on g we have 3,23 5y
The Poisson bivector P can be described as follows for2eg

235yet
sg have Pain27 4213.237 Tocheck the



details is an exercise

Note that this Poisson structure is degenerate Pee

Rem Wehave worked w real manifolds C functions

But the definitions constructions carry over to the

complex analytic algebraic settings essentially verbatim

For example let to be a smooth andforsimplicity affine

variety ever 0 Then its tangent bundle X Tt isdefined
as Spec Sax NeatX and a extends to a Poisson

bracket on Sega VertXo If X is notaffine we define
the Poisson structure on T Xi foropenaffine cover Xe

YNo These Poisson structures glue to a Poisson

structure on O'tix The variety T X is symplectic

12 Classical mechanics

Space of states a PoissonmanifoldvarietyM
Observables Functions C analyticalgebraic on M
Hamiltonian One of the observables H
Evolution equation Hamiltonequation fits Hfits
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Andthe right notion of symmetry will beexplainedin the

next section

2 Hamiltonian actionsamomentmaps
2 1 Definitions

Let G be a lie group acting on a manifold54This

gives rise to a Gequivariant Lie algebra homomorphism

343 g VertM if 861 is a curve in G w Hot P

III é then for me543mm isthetangent vectorto Htm
Now assume M is Poissonand Gpreserves For

feCTM Cf Mt C M is a derivation we write

of when we view it as a vectorfield The map fault
is also a Cequivariant lie algebra homomorphism

Definition A classical comementmap is a Cequivariant linear

map34th g CHI s t thefollowingdiagram commutes

stigmatism3 Htt fault

Equivalently atty f P2437 t Jeg
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Exercise Htt is a lie algebra homomorphism

By a Hamiltonian Gaction we mean a Caction onM

preserving together w a classical comementmap
The momentmap ju for a Hamiltonian Caction onM

is themapgu M g givenby
Gulmi Hgm me54 Eg

The symmetry of aclassical Hamiltoniansystem on 54 with
Hamiltonian H is a Hamiltonian Caction onM preserving H

2 2 Examples

The verification of the conditions is left as an exercise or
look at the refs

1 Consider the coedjoint actionof G on g It is Hamiltonian

W Cemoment map sendinggeog te g viewed as a linearfunction

ong't Themomentmap is the identity

2 Let G act on amanifoldMo The inducedaction on
M T M is Hamiltonian w HE3mi
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3 Let Vbe a symplectic vectorspace w formW and Gbe
a Liegroup acting on V via a homomorphism C Spu
so that Br espV This action is Hamiltonian w comement

map H v 12why u this exercise is on computing

differentialsof quadratic functions

Remark Let's explain the relevance of the comementmap
for Classical Mechanics Suppose He m Cinvariant
Then 4,11 3 tho The Hamilton equationgives

tilt HH e

so tf is constant on the trajectories of the system and
hence is a conservedquantity this is theNoetherprinciple
conservedquantities correspond to continuous symmetries

23 Ceadjoint orbits as symplecticmanifolds

Let G be a connected lie group of Lie G Weconsider

the coadjoint representation ng't and hence can talk about
coadjoint orbits Turns out they are symplectic manifolds that

qessentially
exhaust all transitive Hamiltonian actions



In this section we will equip any coadjoint Gorbit

Ga dej w a Ginvariant symplecticform s t theembed

Ling Ga g't is a momentmap

Recall Sec2.2 ofLee2 that for the Poisson bivector
P enof we have Pp ay 4313.237 Note that Gacy't
is an immersed submanifold T pjdg.gthegce.adj.intrep

in

Set g geol43 3,237 0 Hyeong Kerg g 4313
The following important exercisegives a construction of

a symplectic form on Ga known as theKirillov Kestantform
to be denotedbyWick

Exercise i Pp3 27 0 tyegpezegp Deducethat
D descends to a symplectic formWickpenglop TpGpl
ii Justify that theform Wick on G whose value

at je Ga is Wickp is C Showthatwimp is Ginvariant
iiit The formWick is closed andhence symplectic hint

Wick satisfies 3 Wicke f invariance Wickg 3MpMup

p 3,237 One can thencheck Wick is closed by using the
Cartanmagicformula

A



in The inclusion Ga esof is a momentmapfor Ga G

Example G Un se g sg via xy
s tray d diaglie d

Gas EP a Wick is the FubiniStudy form Moregenerally
we can equipgeneralized a.k.a parabolic flag varietiesfor
complex ssimple Liegroups Ge w real symplecticforms

that areparts of Kahlerstructures take thecompactform G
ofGetappropriate deof
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