
 Lecture 20

1 TDD's vs Quantum Hamiltonian reduction

2 Quantizations of induced varieties

1e Introduction In this section we'llgive an exampleof

computation of Quantum Hamiltonianreduction Considerthe

following situation Let Ye be a smooth variety Hbe analgebraicgroup and Y is aprincipal Hbundle on Y
Then Hacts

on T Y andalso on the sheetDy Bothactions are
Hamiltonian w classicalquantum comomentmap 3437 B
Vet Y notethat we haven't discussedquantum
Hamiltonianactions on sheaves Theclaim ofExample2 in Sec2.1 of

Lec to is still true In our case it reduces to theaffine case
ble the morphism Yo Yo is affine so UcY affine so is it ul
Thefollowingpropositiongeneralizes Example 1 in Sec1.2

of Lec43 that deals w Y GH Y G Weill comment

pen
e proof later



Preposition There's a natural symplectomorphism T YellHetty
Moreover ju e TY is aprincipal H bundle

Define a q cohit sheetDellH enYe as fellows for U Y
openaffine set DelllyH u D t lullIllH forinclusion Vell
the restrictionmap Dj 11,11 u DjIllyH v isinducedby
the restrictionmap Dy 1st lull Dye G lull

Lemma in Sec 2.3 ofLec19 appliesandso t te5 7

Dy Ill H is a filteredquantization of T YIllH T Yohence

a sheet of TD0 Wewant to identify thissheafof TDs

for Xe f H gets 5 via d 7611.1 5 1 WriteA
ZX t talk ThenHe gives a line bundle on Yo Lye whose

total space is HexCjltl Set Did DiesitHactsviaXe

Theorem Wehave an isomorphism offilteredquantizations

Delilah Did

We won't needthe theorem so we'll onlyprove it in the

special case 7 0



1 1 Vectorfields on Yo us

Let it Y Y bethe natural morphism Thendy.tl l'g
Wewrite Vy Vy for thesheaves ofvectorfields Wewantto
describe the former intermsofthe latter similarly to the

descriptionof functions above Setby 3 beg C V E no

subsheat OybyeVy these are exactly the vectorfields tangent
to thefibersof it Note that for Uc Y openeffine elements

from Deb still annihilate Elst u Elul 6k3gde
So for Je Vy st ul d by1st al thedifferentiation
3 flu 4ft ul is well defined AndHnaturallyacts
on thequotient For H invariant 3 we have 3 lacuna
u And3 u ECU is a derivation exercise

Thisgives rise to an Oglinearmap
Rye Vy 10 55 Vy 3431g a

Lemma o is an isomorphism

Sketch ofproof This is easy when I I th Y here

If y Helly edy evil'll In general it's enough to check
I



o on an open Zariski etale cover where trivializes The

case when Y Y is Zariski locally trivial iseasy this isthe

case in our applications where Y Y is C GIP orG Gla

Ingeneral let q E Y be an etale cover s t

Exit Ex tl Then one checks that
VE y'tVy Nat Oz bzo.it q VylOy.fy A

Rz y'tRy Then we use that y'tis faithfulkexact so ifRz
is an isomorphism thenso is Ry Details are exercise A

New note that the Lie bracket on Vygives rise to a
well defined bracket on the lhs of 117 Then o is an isom'm

ofLie algebras Details are also left as an exercise

1 2 Theorem for 7 0

We nowprove the
theorem in the case when 7 0 Our

goal is to construct a Oy linear sheafofalgebras homomorphism

Dye Dy IllH which turnsout to be an isomorphism
Recall that Dy is generatedby Oy Vy So we'll

first construct Oy linearmaps Oy Vy DellH
H



Consider
open affine Uc Y Considerthe composition

ul Elt lures D G al Dlt ul DistYulby
It's Hequivariant so the image is in DH.tl u Thisgives

rise to the desiredmap Oy DellH
Similarly we have themap Vetsall D it all Dlittcullby
It vanishes on 145 ulby and is H equivariant Using o
weget the desiredmap Vy Dell H

Exercise This is a lie algebra homomorphism

Now that we've constructed maps Oy Vy Dell H
we need to check that they satisfy the relations ofDy
That the sections ofOymultiply as inOy is straightforward
That it 1113 113 f fellowsfromtheconstruction of o
And lg 4213 45,23 fellowsfromtheprevious exercise
So weget an Oy linear algebra homomorphism

De DellH 2

A check that it's an isomorphism we follow the same

gidea
as in theproofof Lemma in theprevioussection



Case1 Y Y xH ThenstDy Dy a D H

Dy De.by Dy0Dlti7 D tibi
DElliott DyFetingEady w 2 being the inverseof
theresulting identification

Case 2 general we argue as intheproofof Lemme in
Sec 1.1

Rem Preposition in Sec 1 l can beprovedalong thesame lines

2 Quantizations of induced varieties
Recall that the induced variety Indf x w XESpecAldi
is obtainedas fellows Let P LKUbe a Levidecomposition
We consider the action of L on flu l gu ge a then
induced action on T Glu andthediagonalaction on

T Glu xXL It's Hamiltonian w momentmap y kg 3x t

Hat x whereSy I C is themomentmap
Then

Y Indy l ji lo L GxD k.nlalign
Note that we have theprojection 7 GIPandthe

fiber
wise E action t g laxD Cg It's txD The morphism H is



affine we can replace Y w thesheafally ofgradedPoisson

algebras w degli 2 And we can talk about its filtered

quantizations just as in Sec2ofLee 18 in the case of
T Y Ourgoal is for Te 1114137 construct aquantizationD of a'ly
We'll use quantum Hamiltonian reduction Forthis weneed

to start w a quantization of T Clu xX tobereduced
Thefirstfactor is quantized byDala Assumefrom now on

that X is Afactorial terminal Here's a fact whoseproof
wemaygive at somepoint later

Fact Ellis has a unique filteredquantization Denote it
by St
So consider Daly It viewed as a sheafoffiltered

algebras on Glu We are going to equip it w e

HamiltonianL action lifting that on dy Thegroup L
acts on Daly w quantum comomentmap343am Now

we need to establish e Hamiltonian action of Len K

pit's
existence fellows from



Proposition Let A be a positivelygraded Poisson

algebra w Leg d Let It be a ssimplegroup w
Hamiltonian action on A comomentmap q G Aa
Let It be a filteredquantization of A Then Last lifts
to a Hamiltonian action w quantum comement map

9 B Sts w 9 54259

Proof Essentially repeats its classical counterpart
Sect 1 of Lee 17 We can replace H w aquotient to

assume that qBcsAg Then consider5 preimage off in
Asd a lie subalgebra that fits into the exact sequence

e Asap f e

The ideal Asa is nilpotent ble degli s d So the

SES splits Thisgives a locally finite representation of

b in St by derivations It lifts to a rational

representationof a simply connected cover ITof H on A ly
automorphisms Note that bytheconstruction gr A is

Fequivariant Since In A factors through H the same is
true for Hat D

a


