
 Lecture21

1 Filtered quantizations ofY

Refs BPW Sec 3 SeePF in LE

1e Reminder We take a ssimplegroup pick aparabolic

subgroup P L All Pick an L equivariant coverOiof a
nilpotentorbit in C't Assume O is birationallyrigid X isA

factorialAterminal In Sec 2 of Lechewe've stated that axis
admits a unique filteredquantization Ste that theaction of

L on X lifts to St and the lift has aquantum cemement

map B C Az s.t.grQ C fly coincides w

I Q XL We normalize B by requiringElza e
Consider thediagonalaction La T Glu I w comementmap

ME 343 clue1 toy Then92 4Janet 109 is a quantum
cemement map for La Dano I la sheafon Glu Note
that 92 liftsgut We will take a quantum Hamiltonian
reductionforshifts of 4 by characters of 1

I



11 Construction This requires a normalization Let palpbe

one half of the character of L in Atrglp Eg for P B

pal is 12 2 where d runs over thepositiveroots In Lie

theory thiselement is commonly denotedby p Later on we

will comment on the importance of theshift
Now fer Tez 414,137 we definethe sheafof filtered

algebrasDy on GIP as the quantum Hamiltonian reduction
Dain A Illa pop t

The conditions of Lemme from Sec 2.3 ofLec 19 are
satisfied so D is a filteredquantization ofstay where

It is aprojection Y ji o L K 14 Y GIP is aprojection

Example If XiLo then D Di by Theorem in Sect l

ofLec Ll In particularnote that paps12C Kap so for 7 0
weget differential operators in one half ofthecanonicalbundle

Rem Recall that we have also consideredthe universal

classical Hamiltonian reduction Yguyz IL a flat scheme

Iz Similarly
we can consider its quantum counterpartDzdefined



by Dz DaneAlDane 19119,13 We remark that

111413 maps to Dz via 9 The image is central 931a
so if a is L invariant So Dz is a sheaf enGlp offiltered
33algebras Sincethe functor of taking L invariants is exact

Da Ex papacyDz Andarguingas in Sec 2.3 ofLee 19
we see that Dz is afilteredquantization of Yz

92 Derived global sections addl reading Sec 3 in BPD

Let O be the open Corbit in Y a Cequivariant cover
of a nilpotent orbit Set ASpec ECO By 3 of
Theorem in Sec 2 of Lee14 we have that thepartial
resolution morphism now denotedby D D Y Xgives
o Q x I Y And ly Sec 2 ofLec 12 wehave
H YOy so for ire

Theorem Dp is a filteredquantization of Glx 643
Moreover H GIPDp o for i e

Freet
Since D Y GIP is affine we have H GIP dy so



H i o Let Ady i denote the ithgradedcomponentof

HQ i so that we have a SES

e Da si 9Da si lady i to ti a

Thisyields a long exactsequence in cohomology

H Dx.si H Dasi ti ladylike
So we use the induction on i w thebase of is o where

Da s o o to show that H Dx sit so ti while
e tilDa si HoDasi til dy to H

is exact The cohomology commutes w directlimits Prep2.9

in Ch 3 of Hartshorne's beak so H Dx 0 2 shows

gr Dx I fly Since the isomorphismgu Dp stay
is Poisson so is gr f Dal t 043 Thisshows that

Da is indeed a filteredquantization of 43 s

One can deduce that ti YyO so tj e from H 4,0
o left as an exercise compare to Prep in Sec2ofLects
and use its argument to prove that H Yy O so for all
subspaces z cz using the induction on dimz se From

ghere
one repeats the argument of Thin to deduce that Dz



is a filteredquantization of Q Yz Andthen the same

argument as in Theorem shows that H GIPDz o Aj e

Lemma Da Expapacy Dz

Proof The scheme Yz is flat over z Rem in SecP1 ofLeck
So isthe sheafstay andhence itsgraded components Using
exact sequences similarto o we see thatDz is flat z
Let f f be a basis in the space of affine functions

on z that vanish on T pain We can form theKostal

complex LE Ch 17 for these functions viewed as sections

ofDz The terms of this complex are Dj and thx to the
flatness the homology is Dx Note that Rf Dz Rf Da
are in cohomologicalLego We conclude that the homologyof
the Kostal complex for f fiefDz is Da in Lego
vanish in deg 0 Inparticular Gpeg Dj DI D

Rem It turns out that Dj is a free 0133module
This will appear in the next a last homework

I



I
93 Quantum Hamiltonianaction

We claim that there is a Hamiltonian Gaction on Dak
Dx andalso on Dz K T Dj We startbyobserving
that G acts on DaneH on the 1st factor w quantum

comoment map Pa y you 1 This action commutes w L

9213 is C invariant It follows that the Gaction
descends to Da Similarly 4,12 is L invariant andso

gives an elementDaly e Dy From Daly a 2 a

for any local section a ofDaiwaSt we deduce that

Balz s y e for any local section g ofDx So
anDx is Hamiltonian w quantum comomentmap Ia Also

note that passing to the associatedgraded sheaves we
recover the Hamiltonian action on O that comesfrom

the Hamiltonian Caction on Y
Then we canpass to theglobal sectionsandget a

Hamiltonian Caction on TID which lifts that on Glx
In particular we get an algebra homomorphism

9 Vlog ra

g
formerly denotedby B but we simplify thenotation



14 Example Y T GB

Recall Lee 11 that we identify thecenter of Vlog w

145 5 by means of the Harish Chandra isomorphism Sefer
Xe5 we can view themaximal idealMac6153 as sitting

inside the center and form thequotient UyUtoy Vlogax
We have seen in Lec to that it comes w a natural

filtrationturning it into a filteredquantization of ACN

Thm 9 Ug TIDYfactorsthrough Uy tf IDN

ProofStep 1 We claim that 9 is surjective This is ble

gr9 gr Ulg fly gr fDx QIN is theclassical

comementmap It's just the restrictionmap hence surjective
Pa is surjective

Step2 We claim that 9121 061 DN Indeed

E Vlog Themap 9 is Gequivariant so 9 Z CDN
But gr Dx EN N contains a dense Gorbit A

So flop 0 We conclude that 9factors through

qUlg
o Uy Dd forsome 7 On the level of associated



graded both 61g Uy261g Dx give Alot ACN

So gray I gr Dx
hence Ux I flop

Weneed to show

XeWI CA

Step3 We start by checking h when I p is integral
dominant For this we will show that Dx acts on the
irreducible g module Va w highest wt Xp so that the
inducedaction of Utoy isthe usual one By the construction

of the HC isomorphism the center acts on Vap by the

evaluation at 7Hebedenotedex and so t will follow
The sheaf Danacts on Ifan Theelements oftheform

5am CX37 forJebXe E t act by e en
Qalat 611.6 416 A tet o

This is left as an exercise SoDx acts on this sheetten
GB Theaction of 937ETDyp comesfromthe Gequivariant
structure on o Now we note that o isjust x which

implies our claim OApl Va by the BorelWeilThm

I



Step4 New we check x forarbitrary 7 Theaction
of f en Dz andhence on D is Hamiltonian as well

moreover the composition Ulog Dz Dal is
a quantum comement map Restricting 9 to the G invariants
weget Pa Vlog 51037 The image Elza CD
consists of f invariants Similarly to Step 2 wehave

Exercise Show that Dz Elz Hint everyfiber of
Yz z contains a dense Corbit Deduce that Elz Glyph
and use gr Dz I fly to complete theproof

Now note that themap 1455 41,4 2 Date
factors through

BMW elf a 2
alghomem

2 coincides w eux for all I s t X p is dominant

integral by Step3 Since the set ofsuch weights is
Zariskidense in5 it follows that o coincides w er

for all left exercise I

t


