
 Lecture 22
1 Classification ofquantizations

1O Introduction Let GoP LKU G X Y IndiX
z 1114,17be as in theprevious lecture Weassume that

I is A factorial terminal hence se is Y Sect2 inLec16
In Lec 21 we have constructed a family offilteredquan
tizations of Oy 1st Y GIP parameterizedbypoints

of z 74 D It turns out that thisgives a complete
classification

Thin Every filteredquantization ofsilly is isomorphic
to Da for exactly one 7oz

We already knowthis theorem in a special case A a

so Y T Glp Here it follows from the classification of
sheaves of TDs on a smooth variety Yo by H or



Below we'll state a classification result for formal
quantizations of smooth symplectic varieties Y w H 7907 0
for is1,2 We'lldeduce Thm from there

91 Formalquantizations

For now let Y be a Poisson scheme

Definition A formalquantization of Y is a sheafof
Oltl algebras Dy on Y in Zariski topology together w

an isomorphism c Dp t t dy ofsheaves ofalgebras set
o k is not a zero divisor in Dy In particular Da ht

comes w a Poisson bracket thx to c wehave a63e h

for any local sections a6 ofDa andweset
at h be t f ab h

2 Dq is complete separated in the t adic topology
D I limDylan
3 And C is a Poisson isomorphism

Rem For k 2 it makes sense to talk about Kthtruncated

quantizations of Y These are sheaves of Act t algebras

II



Da on Y that are flat ever flt t f onDt h
w C satisfying 31 If Dp is a formalquantization ofY
then Dp tk is a Kth truncatedquantization Conversely if

Da is a family of Kth truncatedquantizations w

Dha hk t Da then himDt is a formalquantization

92 The case ofaffine Y
Suppose Y isaffine Formalquantizations of 1473 were

introduced in Lee 3 A connection between the formal
quantizations of Yand of fly isparallel to that between

affine schemes4 algebras of regularfunctions
Below is a somewhat informal discussionofthe

correspondencebetween truncated quantizations ofalgebras
schemes Moredetails willbe in a complement note

Every truncatedquantizationAh of A 44 can be

localized to a sheetof Ect ti algebras Located on Y
Then Loc that is a Kthtruncatedquantization of Y
If Dt is a kth truncatedquantization ofY then Dad

is a Kth truncatedquantization of fly
I



New we send a formal quantization St of fly to

Loc Ap lim LeeAp a formalquantization D ofY
to TDt These procedures are mutually inverse to each
other

14 Gradedformalquantizations
Recall that in thesettingofalgebras one can talk about

gradedformalquantizations byHWAfor I gradedalgebras A
these are in bijection w filteredquantizations ofAl This
extends to quantizations ofschemes

Assume that Any rescaling by txt'd Lethe
Assume also that the following condition on Yholds

FyeY I E stable openaffinenight ofy
This is not very restrictive thisholds if Y isnormal a

theorem of Sumihire
Definition A grading on a formalquantization Dh c

is an action of E en Df by A algebra automorphism
w th thh s t c D th dy is equivariant en Dy

g
is rational in thefollowing sense



t open Astable affine U t k o 6 A fluDp ti is
rational
Remark Let'sget back to our Y Indf Al Let D be a
filtered quantization of dy la sheaf on GIP We can
consider the completed Rees sheaf RHD still on GIP
We get a formalquantization of Y doingtheprocedure
from theprevious section on t openaffines gluing module a

caveat in theRees sheet degh d and in our case degh 2
This can be fixed in a number ofways there's a

distinguishedsubsheaf of Illit subalgebras RilD a RHD w

AllhoochRp D RID seRn D is a graded
formal quantization w t h Or we can modify thedefinitionof a formalquantization to allow DyDitchDy We
are going to ignore this caveat Our conclusion is that filtered
quantitations of stay are in bijection wgraded formal quan
tizations of Y

15 Classification

g
Suppose Y is symplectic Betrukarnikov aKaledin SectionG



in BK have defined the noncommutativeperiodmap
Per formalquantizations ofy iso tipNats

W Perl w where W is the symplectic form on Y Cw is

its cohomology class Note that if Any resealing w w

nonzero character we have w O The following theoremgives

a classification of all formalquantitations

Thm f special case of Thm 1.8 in BK Suppose H lydy so

for is1,2 Then Per is an embedding w image w th tfor Y

Forgraded formalquantizations we have thefollowing

Thm2 133Section 2 3 Underthe same assumption Per

gives a bijection between gradedformalquantinsofy is

Ahttp 7 C http 7 Gt3

Let's give an example of computation ofperiod Let Y India
It's not smooth but Y is symplectic Let Dat bethe

q
graded formalquantization of Ycorresponding to Dx see



Sec 1 r Consider it's restriction Daft to Y Wewant

to compute itsperiod Recall that Pic Y is identifiedw

If L Sec 1.2 in Lec16 For Te7127 wewrite C lie

H'orlyres for a Oy A lyreg Extend Xtc A to3 71494
Hf yes It's an isomorphism Sec 1.1 ofLec97

Thm 3 233See5.4 BPW Sec3.4 PerDiii C A

Recallthat H lyre D so for is1,2 Sec 2 ofLec42 So

we get the following corollary of Thms 223

Corollary z I gradedformalquantization of 7
s

vie de Dit

16 Quantizations of Y
New 7 Indp Xi as in Sec 1.0

It turns out that gradedformalquantizations of YKof
Y are in bijection We'll state a result in the ungraded

getting
Let y denote the inclusion Y s Y



Theorem The pushforward and thepullback ofsheaves

of Allt modules define mutually inverse bijections between

quantization of Y es ay

This combined w Corollary fromSec 1.5 imply the theorem

from Sec T l

Proof Everything but the claim that for aquantizationDies
of Y's y Dy satisfies lyDjs h toy is a routine
check Ileft as an exercise Set Daft D h't tic we
have a SES e D Dit Oyreg so ApplyRy
getting a longexact sequence
o 2 8 Di dressRED RED R Ogres

y bySec2 ofLeck o

Using induction on k compareto Sec0.2ofLec21 weget
RÉD.ee hence

e ADF.it Dii oy se o

is exact Note that him commute so

a
2 0 2 1limeDil limyDie a



a shows that yDiiis a Kth truncatedquantization
while the kernel of 2 D y Digis h Oy It follows
that the this of 2 is a formalquantization of Y s

I


