MATH 720 [fectwe 3
'/) Transitive Hemilbonian actions
2) “Deformation ;wwfz'zwfc'oﬁ.
Refs: [GIS] Sec 22; [CG], Sec 1.3

1) In Lec X, we have introducedd {y@oﬂﬂd’m forms o
Cazzo(//'az‘nf orbids mmc/)g, Lo into SJm/o/@ﬂ‘ic menitolls w
Yransitive Homitomion actions. In 4his section we wntl
desvife all Fransitve Homilionian actions,

14) Lovers
Here we introduce 4 sﬁjﬁf& More jenm/{' olass of Symp-
lectic manifolds with Yransitive HamiGomian actoons: the
epuivariant Lovers of (oqog'm'nz,‘ orbits.
led (b o Lie grou 8 H it Lie Sao’j/ou/o. So G s
2 /ﬂawz/afo/ W a (-action.

:Da][; 0 @ a [—efvm‘m/[mf cover of f/// we mean ’Lé[(_
40144035/7(0(45 Space é/Hl, whee H'ell is a Zic Suz{ji’ou/o 2

7‘|



HIH is discrete.

Kem: LA [ e S/mﬁ% comected We wite H' fo Lo
comected componnt of 1 in H Then 97(GH)~ HlR® & (IH°
(s 64, aniverseh cover of f/ﬁ’ / n 1% Sense 07/ 75/90*%707 ).

Z{Jf g f/h//—%f/h’ be ‘f»é /ﬂf(ﬂ/éﬁﬁon_ 7Zw a\{.}‘?’ /s 150 #Xef/ﬁ’./
Assume  (TH= x < 3”‘ Thew Ty, s 4 [ ovariedt s Jm/){éc
fic Form on f/H b4 He CO”}OOSIZZ/M [)//7/ CH s g

[S o Moment map ( ).

12) (lassif) cation of ransitue Hemilonan actions

Theorem: LA M b a Bisson manitold with 2 Eransitive
Hemilonian action of a Lie 9roup ( Tl o z}mje of
moment mep p: M _ﬂ* /s a szhjﬁ orbit & /‘4-’/4—?/)14/4 /s
an eﬂ,lmrz}wf cover (w. fjmp/e(}f/c Lorm Cifted From cmf)
SKELZJ o/) /}’oo/:

Step 1 _%W A s syplectic <5 <R, T, =T, Hmeh
Bt dim a/tm L 57 s &> [ Suyeufc'V)? holdl;
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écw;e ? d. /L_/€>* f/&/ /a/&/z'yzing c‘om/ Bon o/ 2 c’ommc/n‘
/11070) K \S}w; [jﬂ féi’]) (ﬁ’om fVMS/ﬁwél/)

52.((7’0,2 . /n/c wo/ fé_ /DZZOW/'/IJ /n}ﬂe/’z‘ies a/ 04 /f Z‘/jm—’ﬂ
N ﬂsswu /Lf I} de dem/ufedl//c w jg/m W, 7Zw:
7) For ue 7;,/4, <04/4(a),j7= 0, [jﬂm,u)

) inap= (/g (o) g freglpel
3) Ker a&, /= 7,:/ (m )Lw [S/(ewa/z%?jomxf Com/aémmf).

BQCK ’fo fé Z[}’Q/?j/Z/(Vc cqse. . %M 3)4( [m C we Seg
fﬂ/%[ 0// T/L/Q”ﬂ 4{30 ga, ‘L(/{e Z%/IS)ZZH/)ZZ Zm/{ 5 &
S/ﬂjﬁ bt o finsh e /amoa2 is Gt as an 0

13) Orért method as forreslwm/mcz /m'ﬁc?bé.

The Co//eS/wm/mca /0}’[}70/)04 stotes thot-

. S%OA}'IOEL h =0 in a Quantum mechanicel J}Sffmj we j\’/f
2 [tassiced  mechanical gsfm

. ﬁnversr/g , we shoulo be 2bl 2o ;amf[ze” [Some)

(Lessicad  mechanicod Sjsfems % jwf Luantum  ones
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Ure coulod also wish [(nof 4w, in jenml) Hoit +hs
preserves Simm%‘//fs. Ao Hlew ths /m/z‘amf? laols o a
Specu ledion et most .(Sj/ﬂ/n&f)'/c " tlassical fjn‘m; (e
Homithonian action on M is Grensitne) shoudd e o
Some ,e/'n/ ﬂ/ velartion S///o /z/ea/@ LR {//'éafzbn) w. most
)}lmﬂ‘m ’ Jusntion Sjsfws (where He /y/cmﬁe}f/an (s Wed-
Libte). for a 5/7hf6 comected ﬂ/%az‘e«f Lie o o former
ah,Zd,L includes coze%‘o/nzé orbits : e steabilizes are comected
(/70(4 can try 2o prove ths) Al so we gt e Oidid method

For sfompte 7o, theve are nontriviad  covers ~we bl
see this n « subsequent Lecture. And, as we'ld 4@6/&«/%
set éz‘a@ﬂ% /0@ an m/pwz‘awf wle in 4o f/eag.

14) /%%m'c S%la/z
e are jwh f Yo woe with weriedies instead of manifolils
(and W 4,{395/@{5 j}’oa/ps instead o/ Lie j}’ou/w). _Z/ (s
an Mje/é/u'c Jrp, Hou ey bt of s ﬂé,a/nu'c
action is a foc closed su /mzfim;\,,. Moreoves For an
ﬂ%ﬂ/{fw{c Suéfmu/o He 4, o HIH® s fonite and



———
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64/64} €§>m' Variont  cover is a Va//mé7. ﬁaoyafmf abts K
-én/ ey Ccovers e 5Jr70/eyf/z 5/47001‘4 {/W/'m‘/es_ 7Ze com/oﬁ/fc
MIJO} of Yo Lhewom o Sec 12 holls.

2) Deformartion /mmz zation
ﬁé/@ﬂfum /{//e(ﬁamcs /s /’40// ’ W//é K/KSS/'CR/ /%%M/cs /s

'Zfas% So ‘famhé, fqgsin%zsyiazf Omit /fom/e/z‘/»g Luantium

4o Uessical) should b easy. Lt this is nt He
czse: its mt cler pow % s Hom 2 Hilbert sma
to o Bisson manitold. Deformation /amz%mf/on /a}mfreo(
5? 5@(%} Flatts, Fronsdel, Lichneronits £ Stermhoimer fixes
£hs ? Wh/{ a Mmore /,@e/émjc (6t ablso more artificiel)
S’&'ﬁ;@ o o Luartam side. 74;51';75, qu s/ -clrssical
limit (s j’fmfjé Z%/WM/, whis /Mzznz‘c'ewf/m becomes a.
/0}/% bn in Detormation —L‘[ewg. Tn 2his cless, werll essen-
f/% use f{e a/w/armzzz‘/bn ﬁr/mjf’;m.

Z ’/) :Do/zhzillons.
[d K be an /'naé/gf//'m'mfc £ Jf be a C[#] %{3(///&,



assoustive & with wit. Assume
(1) [@/Jéhléf # abedh.
() T is mt z 2200 gvisor én ﬁf‘{
1% (1) Qf /fdﬁ{ is commutative and o can intrdue a.
Pisson braceett on «97;/ hLJfl{ 4.
zrm- %Lj?, 6+ 7%’} °£§_ﬂ+ 70[‘9{;
6)\’/57.‘5{} (), tniguc é‘ (z)
- Show Yt [)f is well-defined & is 2 Fsson
bracket
Defintion: Lk A be a Pusson 4@%&. § /s /&/Zﬁma
Llon /ﬁmz‘/’sz/on we Mean @ /Ua/iy /Jé, t), where
. ﬂZf is es above § moreover, is comp bite & Sﬁoa/a/feo/ ¢h
e F-edic 7{‘7"0&9 4 [ie. e patuned Aamaﬂrorp/iw
g o 154
(s an £50mo¢lz'5m)-

v L is 2 Poisson x/éa{m sto;p/ism Jf /}fﬁff = A

fem: O en, we need 4o ase a more Je}fem/ detonition.

__] 541/0/005e that 3 e 7270 st [&;ﬂéﬁ% ¥ éejf,
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Then e con defne 15°5 on yf/z‘yf aswj/ 7}%[;'3.
7Za o/@’[ﬁfzz/on 0/ 2 O/M%Wa/’fzbn ﬂwm fz’z RAI0N éxfcm/ s %o
’féis more jem/a/ SO'LLLZMé,

Most dleformation fwmz’ izations we ase Ja{ng %o Consider
(n Z%’S Course  arise %’om %{ﬁff/e/ guaen tizartions”

Detinition: [ed A be a Pusson A{f&gm_ —%@‘/ 7 zz/aé%/bn}
/s efuﬁo/beo/ with an dj&ém jma/fn? % 2, A f(.?%‘
st a@; [}-ff-o/ for some de Z,_, ie. [/4[,/4(/'}‘/4(;2}‘_0(
¥ J %L o Hbtered /aamﬁ%a;fmn of A we meen o
Pm'r /Jy//z), wheye
. 34) is an associatie mited ﬂ/jf/é/a_ ffa}o/nco/ W,
an asaﬂo&h}/%%m Hbtration ? 2, e =C.§D/ K.
(W. JEL.?% Caﬁcﬁ). Moreover, we assume Hhot ﬂ/?[;'jf‘o/
(ie. [%;,%J-jcﬂﬂiﬂ_a/ #C,J) In s case Ho associ-
ated j}’Qo/ao/ alsebra jr’ﬁfb ':‘.%jf;g/ﬂéw acoures a
a/ejra ~d Gisson bracked:
?‘\ lard,, {+ 3&/—, }-'=[a/5 1+ %\ég'y'—o(—/




(heck et His is indeed 2 [Bisson bracet, )
A jf j/@ = /4 Vg (jﬂeoéo/ 6&0# ﬂ{y/{}’e /Somoyo/fm

I Yo next lectue well {/(p/ajn Jow 5 j//f j’érmd
/c/m tizetions jg’om ;5 &‘erg/ onLs.

22) EXM/D/&S of Hlteved /amfcéa/f/om

1) Lot g b a fnite dmensioned L w/j«/ém. Jate A=)
The detault j/zea//'fg, setisties . conditions of e deAf.-
aibion w. 4-1 /ﬂﬂf/ﬁ/ﬂr —fé yniversad mzxp@/}y; %Jm

Z/@) = T@ )/(md»z ﬁémx—[)g(/ull X,;eﬂ),

s univevsd /az/opm;? s Yt we have ¢ mtond
Lie ﬂ»{ﬁ&éyx Aomomaﬁp/)sm q = Ul) and 2y Le a/jc ba,
éowpmagné/m Fom 7 fo an aSsoviative a[jeyém B
aﬁ/’?z/w? SrcAtors f//ouj/ Z/@) [in /0@/2‘1'@/0% 2. fep-
/’fSﬁn‘fﬁf)on of 5 /S 1‘4 Same 'f/mdﬁ as a /\”f/ESMfﬁJé/OM
of Z/{g)} 71, 4/{7 va. Z/@) (s ffﬂz‘c/@o/é 4, aéj/ea
chﬂf U(g)e: = Spang (k. %, | X207 & C<E).

Nite thet we have 2 netural ﬂ/ommor//)‘sm of jneoéo/
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a[jw/éms 5@) — 9 Z/@) determined @ x > x+ U,
Jor xeop. Ts o fomomaphsm of Fusson alyedres (6t
as ). % e PBI (Poincare - Birehott- Witt) Dreorem,
/t’s  an ['50}47070//'5;44_ So Z/[:cﬂ i a fiftend fzxmlzz'zwf/bn
o Sly)



