
 Lecture r

1 Filtered deformation quantizations cont'd

2 Algebraic orbitmethod

Refs CG Section 1.3 MBM

11 Further examples

I differential operators Let Xobe a smoothaffinevariety
X T X so that Glx Saca Vet all Thisalgebra is
graded Inv t degree in VeitXo and is Poisson Sect1 inLec2
Recall that the bracket on fly is recoveredfrom

fif e 3 if 3 fr 3 Eg f f eEllo erectlol
in particular the degree is 1 d o

Define the algebra of linearalgebraic differential

operators D Xo as thequotient of T actdetect al by
the following relations

ft is as in Glx t take Ella theseheld in a x
as well

fog is as in VeitXo
f f each erect It

eEgf 3 it

q
3,323 is as in Veit lol t BrizeVeitXo



It's filtered by thedegree in VeitXd Similarly to Sec
2.2 ofLee 3 we have agraded Poissonalgebraepimerphism

Glx Sea NetXd grDN fat to Dude

It's an isomorphism see Ex 1.3.6 in CG In particular

xd I Dldso k Vert HisDads
So D Xo is a filteredquantization of Ely

Rem D Xe has anatural representation in Alta where

f e Q xd c D xd e VertXo act bythemultiplication

by F applying This representation is faithful andso
elements of DIX can be viewedas differential operators

on Glx Hence thename of the algebra

2 theWeylalgebra Let V be a finite dimensional

symplectic vector space w Form w Considerthesymmetric

algebra SIV it'sgradedandhas the unique Poissonbracket

w u u w un compare to Example 1 in Sec1.1 ofLec2
The degree is 2 It's quantization is givenby theWeyl

algebra WV TN luau von wlu.nl a ve V



Exercise 1 As an algebra WV D L where LeV is a

Lagrangian subspace butthefiltrations are different

2 From here4 Example 1 show that if x xngoyn
is a Darbouxbasis of V wlxi.xjlswlyiy.pewhyixp Sig
then the orderedmonomials x xdgityinform abasis inWV
3 Deduce that WV is a filteredquantization ofSlu

12 From filteredquantizations to formalones

Let A YSts be a filteredassociative algebra

Definition The Reesalgebra RIA is EStaticAct

Exercise A Show that Ralf is agraded at subalgebra
in Sth where thegrading is by degree in t
2 Identify R A t d w H H ee Ello
3 Identify Ry A t w.grSt

We can also consider the t adic completion
R A lim R A It R 1541

I



Proposition Let A be agraded Poisson algebra w degli s d
Let It be a filteredquantization of A ThenRist is a
deformation quantization another name formalquantization

of A in the version where we induce the bracketfromthat 3

Sketch ofproof we have Rist t Rattitht gust
A Here 1 fellowseasily fromthe construction ofRist

2 is a part ofExer and 3 is apart ofthedefinition of
a filteredquantization
We claim that for abeRist we have la Get Rilstl

Note that A tiR1st lo RattlesRist Also R At
RISHth R1st So itis enough to showCa6 ettR Al ta beRist
It suffices to check the latter for homogeneouselements

a hid 6 453 deAsipestj But lapl e sign andso
a63 4 dlap s th fit'sdlap ethRyA iga

gradedcomponent

The same computation shows that the brackets on A
induced from L onSt fat on RICA coincide exercise D

H



Rem One can alsopass from formalquantizations

equipped with a suitably understoodgrading to filtered
ones Want to know how Solve a homework

2 Algebraic Orbitmethod

In what fellows G is a complex ssimple algebraicgroup
andg is its Lie algebra Using the killingform enog
weget a Gequivariant identification g g't So all adjoint
orbits theirequivariant covers are symplectic varieties

The study ofthe action of Gon g includingtheorbits

is important forseveral reasons
This action has verygoodproperties essentially asgood

as one can expect we will touchuponthem Many actions

withthesegoodproperties are related to the adjointactions

of ssimplegroups e.g Vinberg's tgroups This is studied in
Invariant theory A book of Vinberg Peper is agreatsurvey
Theactionplays an important role in virtually all aspects
ofthegeometric Representation theory What is closest to this

course is the representation theory of Vlog in ORpositive



char's but there are also Springer theory thestudyof
Hecke algebras of representations of finitegroups ofLie type

2 1 Nilpotent orbits

There is an especially importantclass ofadjointorbits

nilpotent ones

Definition An element xeg is nilpotent if the following
equivalent conditions held

Iftu
representation g g End u glx isnilpotent

i i i i i i i

Weill comment on theproof of the equivalence in the
next lecture

Example Let g be a classicalLiealgebra 54son w
n 3 or spa w even n Then keg is nilpotent iff itis a

nilpotentmatrix

I



Exercise if x is nilpotent theneveryelement in its Corbit is
hint whatis a connectionbetween representations ofg k ofG

22 Regular functions on the orbits covers

Recall that every equivariant cover O of a celadjoint
orbit is a symplectic variety The Poissonbivector on Q

gives rise to a Poisson bracket on thealgebra ofregular
a.k.a polynomial functions ALOT Also Gacts on
LOT by algebra automorphisms Theaction is rational

meaning that every feat lies in a finitedimensional

algebraic representation this applies to an algebraicaction

of G on any variety X notjust O youcouldtry to
prove this
Here are some facts that we'll elaborate on later

inthe course

Fact 1 ELO is finitelygeneratedMoreover the

natural morphism O X Spec Eloi embeds TO as the

panique open
Gorbit



Fact2 If O is a cover of anilpotent orbit then

O carries a TL grading s t degli d for
suitable deTh in fact if O is an adjoint orbitthen
we can take d d in general we can take 2 2

2 3 Main result
Thx to Fact 2 it makes sense to speakaboutfilteredquantizations of the algebras CLO

Notation Qld the set of filteredquantizations of
6103 up to filteredalgebra isomorphism

Thm Algebraic Orbitmethod MBM

There's a natural bijection between the two sets
a Ug 101 where the union is taken over all G

equivariantcovers of all hint orbits
161 all Gequivariant covers of all eeadjoint Gorbits

Ibis makesprecise
andproves a conjecture of VeganfromPole



Rem Let's explainsome ideas behindthe statement

theproof Recall that a quantization of ECO is apair
HM W L grSt A So an isomorphism of two

quantizations AD HL is a filteredalgebra isomorphism
St I.gry L Denotethe set of isomorphism classes

of quantizations of ELI by 1101 The finitegroup
Huta O of Gequivariant symplectomorphisms of O acts
on h O we'll explain why how later and

110 I heal buta lot
To relate blot to the covers of all orbits we

consider an important intermediate set Later we'll
define filtered Poissondeformations of agraded
Poisson algebra A The set P O of isomorphism classes
of such deformations turns out to benaturally isomorphic
to the same affine space Theproof of this uses some
Algebraic geometry of X Spec Eloi including that
X is singularsymplectic
And then one identifies P O Duta O w 16 in

athe
theorem finishing theproof


