
 Lecture 5
1 Semisimple orbits Jordan decomposition

2 34 triples

Refs LBJCh1Sec 6.3 LCM Secs 2.12.2 3.1 3.8

1 1 Semisimple elements

In Sec 2.1 ofLecture4 we've defined thenotion ofa

nilpotent element Similarly we can define the notion

of a semisimple element

Definition An element xeg is called semisimple if
I faithful equiv t representation q g gl V the
operator y la is s simple diagonalizable

As in the nilpotent case if x is s simple then so is every
element in Gx So we can talk about ssimple Corbits
in g The classification ofsuch orbits is uniform Let5cg

Ie
a Cartan subalgebra and We6451be the Weyl group



Theorem see Sec 2.2 in CMJ Every element ofG is
ssimple Every ssimple orbit in g intersectsb at a
single Worbit Thisgives rise to a bijection betweenthe
set of ssimple orbits in g and the set51WofWorbits
in5

Examples 1 9 31 Asemisimple element is adiagonalizablematrix Every semisimple orbit is uniquelydeterminedby the eigenvalues ofanyof its
elements The

collection of eigenvalues is an unordered n tuple of
numbers whose sum is l exactly an element of51W
2 9 30ant We realize Sean as matrices skewsymmetricwit the main anti diagonal i For5

we can take the subalgebra of all diagonalmatrices

5 diag n xn O Xna theSean i W SnkEB acting
onb by signedpermutations

Exercise 1 Let xe End em bediagonalizable For Ted

meet K
denote the X eigenspace of x



o Show that yeSean VtaV d AX
2 Deduce Theorem in this case

Exercise 2 Werk out the examples of g spankSean
the latter is more subtle in a similarfashion

12 Jordan decomposition

Theorem in Sec 1.1 classifies semisimple orbits Ourgoal
is to classify all orbits It turns out that one can
reduce the classification of all orbits in G to the
classification of not adjoint orbits for a smatter
group

The first step is the so called Jordan

decomposition
Forthe next theorem see LBJ Ch1Sec6.3

Theorem 1 Let xeg Then I slsimple x 4nilpotent
xneg s t xs.tn o At Xix the Jordan decomposition

2 Let y gig be a homomorphism of s simple Lie

galgebres
Then y x s glad plan g xn Axeog



Exercise Verify 9 for g 3In
Deducethe equivalence of conditions in thedefinition

of nilpotent element Sec 2.1 of Lee4 from Them

1 3 Levi subgroups reduction to classification of
nilpotentorbits

Definition By a LevisubgroupofG we mean the

centralizerof a ssimple element in g

Examples 1 G SIn Up to conjugation a semisimpleelement
x is diagleg Ifi ihang w Xi Xjfor itj The
centralizer Eck consists of the block diagonalmatrices

W blocksof sizesMa Mk

2 E Slam Canassume diaglxit.inftp.go ITx xi d
Exercise 1 Identify Fak w 11allmiltSelma

Fact Forthegeneral G every Levi subgroup L is a connec

gted
reductivegroup



In particular LL is a semisimplegroup 1 311701413
and all elements in 3111 are ssimple

Exercise 2 Check theseclaims in theexamples

Proposition Fix a semisimple element xeg Let EZak
There's a bijectionbetween

a The GorbitsGyeg w CysGx

2 Thenilpotent orbits of LL in 1,13
Themap a lil sends Lilly to Clay

Sketch ofproof Let's construct amap a a We

can assume y ex We have
gy s x 2 ofThm in

Sec 1.2 appliedto the automorphismgotg gys x
gel We claim yne 413 Indeed let 4 a denotethe
projections I 03111,1413 so that ynotcynitely But
ITyn is semisimple and if it's to

then
yn I ly.lt lynls

to a contradiction wyn being nilpotent
Also 1 214144 implies that each L orbit in C is a

5



single LL orbit Themap o 2 sends by to LLlyn
where we choose y w yet
Exercise3 Show that the twomaps are well definedA

mutually inverse I

2 31 triples
Here we explain an approach to studying nilpotent
orbits We will relate them to Gconjugacy classes of
homomorphisms 31 g a.k.a sbtriples Thepoint of this
we can use the representation theory of31to study the

nilpotentorbits we will doso in this lecture subsequent

ones

Definition An 31triple in g is lehfl eg st thedefining
relations of31 held he se hf 27Lef h
Of course togivesuch is togive a homomorphism 3kg

Theorem JacobsenMorozov CMISec3 2

Everynilpotent elementeeg is included into an 34triple
I



Theorem Kestant Let leh f lehit be 31triples
Then I geG s t g e e gh h g f f

This theorem will beprovedbelow

Cer The map ehf He gives rise to a bijection
between

G conjugacy of35triples
Nilpotent Gorbits

Proof JM theoremsays themap is surjective Kestant's thm

says themap is injective s

Example of3h A homomorphism 21 3h is an n dimensional

strep Stnconjugacyclass isomorphism classRecall that fin
dimensional 35reps are completelyreducibleandforeach

dimensionF irrep It follows that the n dimensional34reps are
classified by thepartitionsof n Also in eachask.irrep in

gthe
standard basis e acts as a single Jordan black So



Corollary recovers the classification of nilpotent orbits in

3h via Jordan types

2 1 Proof of Kestant'stheorem

We will need a slightly stronger claim where we cheeseg
from a certain subgroup of E Zale For ie TL set

gi xeg Chx six zi zAgi Fromthe rep theory of34we
deduce that z EZi Consider the idealgo zi inz
It is contained in Gg andthe latter subalgebra consists
of nilpotent elements exercise checkthis in examples So

3 consists of nilpotentelements and hence Ey exp y
is an algebraic subgroup of E
Exercise It is normal in E It's unipotent as analgebraicgroup

The following claim implies Kestant's theorem

Preposition Let leh fl lehit be two sktriples Then
I get w gh higf fA



Proof Steph
Claim Eth htz
Exercise prove this using that Ze z Epexp z

Step2 Here we show that heEth step1 haze
hhey Note thatLeh ht seize 0 h h e f f e imLe
From therep theory ofsla we know that

z f Kerle 7 himCe 3 3 h hey fellows

Step3 We can apply an element of E to hit and
assumehth We claim that then ft f Indeed e f f so

f Fez But f f eg z But z he so f tf D

d


