
 Lecture6

1 Structure of the centralizer
2 Nilpotent orbits in classical Liealgebras
3 Equivariant covers of nilpotent orbits

Refs CM Secs 3.7 5.0 6.1

1 Structure of the centralizer
Themaingoal of this lecture is togive a classification
of nilpotent orbits in the classical Lie algebras describe

their equivariant covers In severalparts we will needa

result on the structure of the centralizer Zale
In Section 2.1 of Lecture 5 we have introduced

the unipetent normalsubgroup Etc Z On the otherhand
consider the subgroup his Zaleh f

Example Let g 34 and let O be a nilpotentorbit
corresponding to a partition t of n es ng nipmalt's

pthen
h is the intersection of Stn w the automorphism



group of the corresponding representation of31 which is
17Gla embedded via ga gie diaggig gig
Note that h is reductive in this case

Proposition i Wehave Z let hkZ
ii h is a reductive algebraicgroup

We will compute the groups h forother classical G belew

after we classify the orbits We'llsee they are reductive

in these cases

Proof of Proposition i Weneed to show hAZ 132

12 Z
in factequal

LAZ 13 Note that ofcz n ge z R 3.13 103
So LAE is finite Since Z is unipetent INE is

LZ Z Takegez Then eghg ft is an2ktriple
By Prep in Sec 2.1 ofLec5 I get s t ghsgh.gif.gl
So gig eh s

A



ii sketch One needs to show that of is a reductive

subalgebra ofg in the sense ofLBJ Ch 1 Sec6.6 One

checks that the restriction of the killingform to of is
nondegenerate exercise and deduces that of is reductivefrom
there s

Rem Every algebraicgroup decomposes as the semi
direct

product of a normal unipetentgroup a.k.a theunipetent

radical and a reductivegroup This is the so calledLevi
decomposition see Lev SectionG

2 Nilpotent orbits in classical Liealgebras
Thegoal here is to use thebijection between nilpotentorbits

conjugacy classes ofSEtriples togive a combinatorial
classification essentially interms ofpartitions of nilpotent
orbits in the classical lie algebras sonRefn
Set GOn or Spn note that theformer is disconnected

W componentgroup 7422 We start w classifying the

nilpotent Gorbits in g



Definition Let t be a partition of n Wesaythat t is
Of O type if every evenpartoccurs int wevenmultiy
OfSp type odd i i i i i i i i

Forexample 2,21,1 is beth 3,22,11 isonlyof D type

3,32,1P is only of Sptype 3,21,1 is of neithertype

Theorem The nilpotent f orbits in g are classifiedbythe

partitions of the corresponding type via taking theJordantype

Sketchofproof Step0 For g son resp3pm a

homomorphism31 g is an n dimensional representation of3h that
admits an 36invariant orthogonal resp symplectic form
Twosuch representations are Gconjugate iff 3 orthogonal
symplectic isomorphism between them

The proofs ofsteps below are left as exercises
Step 1 Let Vm denote the M dimensional35irrep Then

Vm admits a unique up to rescaling 34invariant nondegeneratebilinearform that is orthogonal for modd symplec

Jfk for
m even



Step2 Let U V betwo findim vectorspaces each
equippedwith orthogonal or symplectic forms fufu Then

the formpuffy on UAV is orthogonal ifguys are of
the

sametype and symplectic else

Step 3 Let Vbe an35rep w invariantorthogonalsymplecticform The space Hemelvim V acquires an orthogonal

symplecticform thx to Steps 1 22 Show that this form is 3
invariantanddeduce that its restriction to themultiplicity
spaceMm Homg Vm V is non degenerate In particular

if theforms on Vm RV are of different types then the

malt Space is even dimensional which is where the restriction

onpartitions comesfrom

Step4 The natural isomorphism

MmoUml IV

preserves the formswhere the form on thesource is of

the forms from Step2 Since
every resp everyeven

dimensional

vectorspace has the unique orthogonal resp symplectic
form up to iso thedimensions of multiplicity spaces
determine Vuniquely up to orthogonalsymplectic iso a

5



Since thegroup Sp is connectedthe theoremgives the

classification ofnilpotent orbits in3pm For n odd wehave
On Sent 2 a w 10 Eid so theSen 2 On

orbits in Sen coincide the centeracts trivially The

classification ofnilpotent orbits is complete in this case
as well To understand the case ofden w n even we
need to digress and discuss the structure of h Zalehit

Proposition Let G On or Spnandeeg be anilpotent
orbit from the Gorbit labelled by apartition E not ni
Then

1 If f On then h hentai nitevenspai

2 If GSpn then h Merenda nt22 Spdi
In both cases the embedding is via

gaga esdiaggiggig gig
in a suitable basis

greet h
is thegroup of all g

e GLN that are



I
lil 35 linear
Iii preserve theform on V
Note that But 11 I 1 GLIMm whereMmsHems Ulm V

is themultiplicity space An element ofbutsaw satisfies

Iiit Step4 ofproof its image in GLMm preserves the

form orthogonal if thetypes of forms on Ulm RV are the
same symplectic else This implies theclaim of Prepn S

Now weproceed to describing nilpotent Senorbits in son

for n even Since On Son 74272 everyOnorbit iseither a

single Sen orbit or is thedisjoint unionof two Senorbit

Corollary Let O be thenilpotent Onorbit corresponding to

a partition t of n Then splits intothedisjointunionof

two Sen orbits all parts of t are even such t are
called very even

Proof Let eed We have Sane One Zsenlel4Z

nlelgEZonlel4Sln.ByPrepn in Sec 1.1 Zante Zalehfive



where Z is unipotent hence connected So ZanleleSon

Zaleh f cson Now we use 1 of Proposition every
Ogfactor has an element w Let 1 So our condition

is equivalent to the claim that there's no suchfactor a

3 Equivariant covers of nilpotent orbits

As was mentioned in Sec 1.1 of Lee3 the Gequivariant
covers of the orbit Gtl are parameterizedby subgroups in

H ti So to understandthe covers of A she we need to
compute Zale Z let Since Z is connectedweget
Zale Zale s all Now we can use Example in Sec
1 for GSin K results on computing h from Sec 2

for GSon Spn to describe All for the classical

groups Theproof of the main result of this section is
left as an exercise

Proposition Let t denote thepartition corresponding to a

nilpotent orbit in A t.cn ni't

g
1 Let G Sin Then 1 0 71GCDn natl Moreover



E a ell
2 Let GSpn Then l lie 71271 where

a itni is even

3 Let E Sen Then 11h's171274m where

6 it ni is odd

Example G Spn T 12,17 Ac3pm Then Alli
72271 The universal cover of A GZale is G

equivariantly identified with G 1103 w its natural Caction
The coveringmap gu Q Yo d is themomentmap
Theproof is an exercise

Remarks 1 G Sen is not simply connected Its simply
connected cover is Spinn Thegroup hla for Spinn is
sometimes different from the Sen case andmaybe non
commutative See CMISection6.1

2 The classification of nilpotentorbits in exceptional types
as well as the computation of the componentgroups are

grown
see CMJSection 8.4


