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1 Finiteness of number of nilpotentorbit

In theprevious two lectures we have explainedhow to

classify the nilpotent orbits in the classical liealgebrascombinatorially In particular we see that there
are finitely many nilpotent orbits inthesealgebras
Turns out this holds forarbitrary ssimple Liealgebras
In what follows we give an argument bases on PV

Sec 1.5 For an argument using the theory of 55
triples CM Sec 3.4 Malcev's thm a Sec 3.5
Let G CGLN be a s simple algebraic subgroup

Preposition A GLA orbit Acolon Ong is the

pdisjoint
union of finitely many Gorbits as a scheme



Proof It's enough to show that Axe long we have

TxGx Ila ng A
where in the rh s we view log w its natural schemestrive
Indeed Gx is a locally closedsubset in Ong Sinceit's
smooth dim I Gx dimGx OntheotherhanddimTx ang
dim Ahoy the localdimin o showsthat Cx is open
in log Since this is true tx o impliestheclaim of
proposition

Wehave TxGx g x while Tx ang IO hog

LolaAhoy Weneed to showCoy x LolaAhoy
Every rational representation of G is completelyreducibleIn particular gl ul ge g as Creps

guv x gag D 1093 1 3 0
GgtSo Lyla x Ag g x showing a

Corollary 1 Let g be a s simple Liealgebra Pick
ssimple xeg Then Cycgl CysGx so In particular
there are fin manynilpotent orbits case x e

I



Proof Let V be a faithful rep ofsome hw Lie G

g There are finitely many Lcu orbits in gal whose
ssimplepart is in GLA x by JNF thm ByPropositioneach of them intersectsog at finitelymany
orbits These areprecisely the Gorbits in question A

Corollary2 Let Olegbe an orbit Then Acog the
closure in Zariski topology consists of finny Gorbits
Proof Let x ed and Vbe as above Then GLAx consists

of finitelymany LIV orbits they all have the same char

polynomial Then we argue as in theproof of Cort D

2 Algebra CLO reference Sec 8 in 53

Let O be a Cequivariant cover of an orbit Acot
In particular it's a smooth symplectic variety KC n OT
is Hamiltonian w momentmap ju d d g
Thegoal of this section is to understandstructures

properties of the Poissonalgebra CLOT Here is themain
result
I



Theorem Qld is finitelygenerated If is

nilpotentthen I algebra TL grading on Eloi s t

OléQQ degli 3 2

2 1 Finitegeneration
Here we prove that ECO is finitely generated
Theproof has two ingredients
I Q contains finitelymany Gorbits Corollary2

from Sect they are even dimensional bc they are

symplectic

II A variant of theZariskimain theorem forquasi
finite morphisms Recall that a morphism ofvarieties

Y Y X is calledquasifinite if Ig x a AxeX
Examples areprovidedbyfinite morphisms open embeddings
and compositions of such

Suppose now that y isquasifinite dominant Y is
normal X is affine Then the statements we need are

the integral closure of EA g Ect in ELY
call it A is a finitelygenerated Glx module It's
A



also normal ILY is integrally closed in its fieldof
fractions so A is integrally closed in Frac Al so
I SpecA is a normalaffine variety
Note that q Y X factors as Y I X

where
ya is finite by

the construction and y turns out
to be an openenbedding

Weapply I to Y O X O you
viewedas a

morphism to imy O dominantAquasifinite

Lemma We have Q OF ELI In particular CCO is

finitelygenerated
Proof Since I is normal it's enough to show that
Codim I 1072 then we are done by the Hartogs thm
Since y is finite it suffices to show q Ild cold
use that coding010172 thx to I Thecontain

ment is equivalent to O I D
For this note that j O O isfinite This is a

g
general fact if HcG are algebraicgroups H ctl is



a finite index subgroup then Gti Gtl isfinite one can
assume H'stf then CIti GH is thequotient morphism for

the action of thefinitegroup Htt on att suchmorphisms
are always finite
Toprove I I D take feel x vanishing on

NO Then the localization Q Iq is the integral closure

of GNy in El gyp Opie tell fi x to But

One is finite overOf 6k O is finite ever Q is normal

ble it's smooth So O If O Xx A s

Rem By the construction Gacts on I by automorphisms
It's an algebraicgroup action i e the actionmap
Cx I I is a morphism forexample ble GA ECO
is rational Note that O is a unique open orbit in t

2 2 Grading
Here we assume that A is nilpotent Ourgoal is to

establish a grading on 0103 as in the Thm Gradings

are very closely related to Aactions so we start
a



with the latter First let's describe thegroup of equi
variant automorphisms of a homogeneous space

Exercised Let HoG be algebraicgroups Thenthegroup
of Gequivariant variety automorphisms Hut GA is

identifiedw Nalti H acting on Atl by n.gtlegn.tl

Pick eed and include it into an 3h triple hence

getting a homomorphism34 g andhence Sh G
Considerthe composition 8 d p Sh G

to diaglt.tn

Exercise 2 8 E normalizes Zale andany of its

finite index subgroups H

Nowpick é ed mapping to e and let HisGe be its
stabilizer Weget the action of Q en GHly
t gt g ti ti thlyExert andthe similaraction on
t getgo t e where 847 is viewedas an element

of G



The daction on On a rational Aaction onGEO
an algebragrading ACO doit w
d i feeloil t f t if

Lemma CLO 0 for ice I for Eo Moreover

Leg 2

Proof The dominantmorphisms O Oso give rise
to algebra embeddings ELOI ELOI ELOI Since

Q is Q equivariant the inclusionACO CACO
is Q equivariant hencegraded
Let's describe the E action on O Wehave t get
grate The lie algebra homomorphism d t G g is

given by 1 oh ChiefLe Hence 81ftest te k t getEge
In particular 01Got is A equivariant for thedilation
action Hence G A extends to Oand cos ceca
is a graded subalgebra Note that ALOT is agraded
quotient of 0193 Slg w Leg9 2 In particular

Off CEO e

A



We'llprove CLOSED and leave flossed as an

exercise Note that O is an orbit of an irreducible
algebraic group

hence is irreducible eco is a domain

Also it's integral over ILO ForFeCLOT Fee an
e GLO f't g if't the O Bypassing to Lego

componentof this equation can assume deg ai so ti area
Since Elise is a domainget ka so fed
Finally weprove Leg 3 2 t L t f t

te Q where is viewed as a mapECO xAlois Alois

Recall Sec 1.1 ofLec 3 that the bivector on O is
lifted from that on 10 So it's enough to show t.li
E L on ACO Since O is open in O what we needto
show is that deg fg degftdegg 2 for homogeneous

f.geGLO Thisalgebra is generatedby the image ofg
living in deg2 so can assume f greg But the

map g ECO inducedby A cog't isthe comomentmap
hence 3,23 13,2 viewedas function on O The degree

of g y is 2 and Leg fg deg ftLegg 2 fellows

A



Rem The argument shows that on Eli we have a

grading w ALOE I I A cos a Leg 3 1


