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1 Principal34triple
In what follows g is a simple Lie algebra over w

triangular decomposition g hoboh Let di i 1 r be the

simple roots eiega.fieg.si be the root vectors normalized
so that ei.fi di the simple correct Weconsiderpre the
sum of fundamental coweights
Let 6both denote the standard Borel By Gwedenote a

connectedalggroupw Lie Glog it acts onog via theadjointaction

1 1 Construction

Set e ei h2p f Émifi where mie I are



determinedby 29 EMidi makessense bc 212,2 lies in
the covert lattice

Exercise The elements ehfeg satisfy the34relations
he 2e hf 27 e f h

Example For9 34 h diag n t n 3 n t 2i t.nl hence

Mi n i i So ehf are the images of thecorrespondingelementsof 84 under the n dimensional irreducible representation
in its standardbasis

12 g as 31 representation
We can view g as an 34representation via operators adler

edh ad1ft Let gi be
the ith weightspace i e

g xc.gl hx ix
Notethat boy whilefor a root α wehavegigapa
It follows that 5 9
1 gi 03 for iodd
I



g oz where the sum is overthe roots α w

p α i 2 for nonzero even i In particular
121 b Gi h 9i

We will also need a more subtle fact about root

systems

Fact Let d hr be the degrees offreehomogeneous
generatorsof the algebra of invariants Clog Then

9 i
V24 2 where Vm denotes the irreducible

31module w highestweight m

Exercise Prove this for g 34 hint compute the centralizer

of e the eigenvalues of adh there

13 Some corollaries

Let Ncg denote thenilpotent cone of g i e thesub
variety of all nilpotentelements In thenextproposition the
closures are taken in the Zariski topology
31



Proposition 1 Beth
2 E N
Proof

1 Combining o 2 in Sec 1.2 we see that 6e h

The l.h.s.is TeBe Hence Be is dense in h we aredone

2 fellows from 1 theobservation that GxAh
nilpotent element eg

Exercise Gf Ge

2 Slices their basicproperties
2 1 Construction

Ourgoal now is to construct a transverseslice to Gf
inside of g By this we mean an affine subspace S w

fes Tp So Tp C Tpg g Note that

Tp Gf g f imad f

By the representation theory of84we know that



1 ker ad e im adef g so we set

S ft ker ad e This is the Kostantslice

22 Properties

An awesome featureof S is that it comesequipped w a

contracting E action Namely assumethat C is simply
connected Then algebraicgroup homomorphism

8 G
w 2,8 p Notethat AL 8H17 tix for egai
in particular Ad8H f f f Ad8H acts on keradler

by non negativepowers of t By Fact in Sec 1.2 these

powers are di 1 i 1 V

Consider the following action of onog
tax t Ad 841 x

We see that fixes f andacts on kevade bypositive

powers of t So it restricts to S and moreover
1 fing t s f ses

I



Remark the following observation will be very important

in Sec 4 CLS acquires agrading from the C action and

it's isomorphic to flog as a gradedalgebra

Here's another nice application of the contracting Claction

Exercise Show that GtA S If

3 Kostant slice vs f 6

By 2 in Sec 1.2 ker ade c6 Themaximal unipotent
subgroup NCG acts on g via theadjointaction Observe

that Nfc ft 6 hint N exp h so 7 6 is Nstable
The following important result of Kestant relatesthe
slice S that lies in ft 6 to the action of N on f 6

Proposition Themap 2 Nx 5 ft 6 n s Aduls
is an isomorphism

A



Proof

Steph we claim that deep α TNoTps Tp f 6
Indeed ToN h TfS ker adiel Tp f 6 6 Under
these identifications 4,12 becomes xy x f y Now
recall 1 2 in Sec 1 2 that gi 0 forodd i

6 Gi he gi Theclaim that dayα is an isomorphism
is an exercise in the representation theory of34

Step 2 To deduce that α is an isomorphism we use
suitableCactions Namely consider theactions

t n s 84hr41 t s on Nx S

t 8H x on ft b ted neN se 5 xef 6

Exercise α is equivariant

the C actions contract Nxs to 10 f
f f to f cf a in Sec2.2

Step3 Theclaim that α is an isomorphism now fellows



from combining Steps 142 w thefollowinggeneralclaim

Exercise Let q X Y be a morphism of two affinespases
Suppose that

i day TX Tya 7 for some ex

in CA XY contracting XY to xy respectively y is

C equivariant
Show that y is an isomorphism

4 Kestant slice vs 9116
Wewrite g IG for the categoricalquotient for theactionof
on g i.e.glG SpecClg39 The inclusion Clogs flop

gives rise to the dominantmorphism it g 9119calledthe

quotient morphism Thefollowing important result isdueto Kostant

Theorem Ils S 9114 is an isomorphism

Proof

Step 1 Weclaim that al is dominant Considertheaction
87



map β G 5 g g s Adlg s By 1 in Sec 2.1 the

map α pβ 9 3 let og xy H x f ty is surjective So

β is dominant g QG S Clog G 579

S Tls is dominant

Step2 The usual C action on g by dilationsgives rise to
an action of 1C on 9116 Notice that the latter coincides

w the action induced by 6 no9114 t x tix 16k it is

G and hence Ad841 invariant It follows that als is
C equivariant

Step3 Considerthe homomorphism Clog
ʰ 53

inducedby 1s By Step 1 it's injective By Step2 it'sgraded
But thx to Remark in Sec 2.2 thealgebras inquestion
are gradedpolynomial algebras w generatorsof the same
positive degrees Any injectivegradedalgebrahomomorphism

between suchgradedalgebras is an isomorphism

a



5 Kestant slice vs regular elements

Recall that an element eog is regular if
dim ker ad x theog himGx himog rkg

It's known that regular semisimpselements form a non

empty open subset It follows that the setgresofregular
elements in g is Zariski open non empty

Example we claim that e equiv f is regularAneasy
way to see this as follows h2p is regularandsinceog is

the sum of irreducible3Lrepresentations w evenweights wehave
dim ker ade dim ker adchl So e is regular as well

Note that thx to 2 of Proposition in Sec 1.3

gregn N Ge

Themain result of this section is as follows

Proposition 1 For a Gorbit0cg TFAE
consists of regularelements



6 On s

2 AS is a singlepoint regularorbit 0

3 Each fiberof g 9119contains a unique regularorbit

Proof 1

6 a Note that gres is stable w.at theadjointaction

of C the dilation action of E Sogres is stableunder

mg It x tix Sincegresis open contains f see
Example it contains all points contracted to f by the E

action By 1 in Sec2.2 Sogres a

a b Consider the action map β G S g 1g s Adg s

It's smooth at 11f see Step 1 of theproof ofThm inSec
4 Themap β is C equivariant where g

t g
Igg841 t s g.tl Adlg x gg eC SES tee eg
So the lows whereβ is smooth is open G Cstable
contains 1 f Such a locusmust coincide w GS exercise

β is smooth In particular impcog is open Cstable



Now let ogres be an orbit Consider the subvariety
X TO cog It's G C stable Weclaim that NCX

Since is G stable closedthegeneralproperties of
thequotient morphisms deducedfrom thecomplete reducibility

of the rational representations of G tell usthat IT X cogIG
is closed Also IT X is Clstable Notethat 1C contracts

9115 to 9101 So Mo estM So NAX 14 119101 MX has
dimension that is dim x MX for ed by semi

continuityof dimensions offibers
Since OCT 1 XMX we see that dim it x A dim

dimog ng On theother hand N 2 ofPrep in Sec 1.3

Te has dim dimg kg So

dimog rkog dim.LV
dim XA dim ding tag

Since SV is irreducible wesee that IV AN SVCX

Tosee that AS we observe that this is equivalent
to Ocimp Assumethe contrary imp since imp is G
stable this is equivalent to an imp himp
I



Since hecimp we arrive at a contradiction w NCX

2 43 exercises use Theorem from Sec4

Corollary lettheproof
I
greg ogres 911C is smooth

Proof Consider the following diagram it's commutative

9 5 HIS
P slits
gres my

5114

ph is clearly smooth so is it g prz ITgreg β Sinceβ is

surjective 16g 1 of Proposition we see that dy issurjectivenegres Thismeans that itgreg is smooth


