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1. INTRODUCTION

The goal of the next two talks is to
(1) discuss a class of integrable connections associated to root systems
(2) describe their monodromy in terms of quantum groups
These connections come in two forms:

e Rational form leading to representations of braid groups (this week)
e Trigonometric form leading to representations of affine braid groups (next week)
The relevance of these connections is that

A: the quantum differential equations for Nakajima quiver varieties are of trigono-
metric type

B: the description of their monodromy in terms of quantum groups constitutes a
step towards proving Roman Bezrukanikov’s conjectures that the monodromy lifts
to/comes from a braid group action on the derived category.

2. FLAT CONNECTIONS ON HYPERPLANE COMPLEMENTS

Reference of this section is section 2 of [14]. Rational connections are more generally
associated to hyperplane arrangements which are not necessarily of root type. So let’s
consider this more general case.

Let B be a finite dimensional complex vector space, and A = {H;};c; be a finite collec-
tion of linear hyperplanes.

Let X = 8\ A be the hyperplane complement.

Consider trivial vector bundles V = X X ¥ on X, with fibers # a finite dimensional
vector space. We consider the following meromorphic connection on the trivial vector
bundle V = X X ¥ over X:

(1) V:d—Z—ri,
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where ¢; € B* are linear functions on B, such that H; = Ker(¢;), and r; € End F are called
residues.
The following lemma gives a criterion for flatness of above connection, see [8].

Lemma 2.1 (Kohno). The above connection is flat if and only if for any subcollection
of linear forms {¢;}ic; which is maximal for the property that their span in 8" is two
dimensional, one has

[rj. )1 =0,

el
forany je J.
Proof. Necessity of the criterion: since the form ‘;i are closed, the curvature Q of the
above connection is
1 ¢ dgi | do;

==Y A ]

2 idj Z ¢j
In general, let H C X be a hyperplane defined by s = 0. We shall need to define the
residue along H of a 2-form on X.

Lemma 2.2. Let ¢ be a closed regular form on X \ H, with a polar singularity of order 1
along H. Then, there exist regular forms , and 8 of H, such that

ds
p=—AY+0
s

Note that Y|y is a closed form only depends on ¢, we call Y|y the residue form of ¢
along the hyperplane H.

Take the residue of Q along {¢; = 0}, we get a one-form, then take the residue of the one
form res;g,-o) along {¢; = 0}, we get a function [r;, 3. y¢; ry], where J is spanned by ¢;, ¢;.
Thus, Q = 0 implies the vanishing of [r;, 3. ye; ry].

Sufficiency of the criterion:

Let us denote by II the set of two dimensional subspaces of 8* spanned by subsets of
X = {¢;}ie;. Clearly Il is in bijection with the set of all subcollections J C I, maximal with
respect to property given in the statement of the lemma.

Define for any 7 € 11,

. dx dy
= ), ATl

x,yennX

so we have Q = Y, . Q.
Let B = (x;y) be a two dimensional space and let z € B be a non-zero vector. Then a
simple calculation shows that

by y X Z Z y

dr dy_dr e de dy
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For any r € I, fix a non-zero element 7",

dx d
= 3 ZaZpan
x,yeXnNm X y
dx d7" di¥ d
= Z (= AN+ A —y)[rx,rv]
x,yeXnm X z z y
dx d7"
= Z _[rmz ry]_ Z y [Z rx,ry]
xeXNm X & yeXnm yeXnm y xeXNm
=0
by the commutation relations. Using Q = Y . Q", we get that Q = 0. O

Example 2.3. If 8 is two dimensional, we have an arrangement of lines in the plane, and
then the condition is just
[ Z rpl=0

Jel
forany r; € I.

Definition 2.4. The holonomy Lie algebra a(A) of the arrangement (A is the quotient of
the free Lie algebra generated by symbols r;, i € I, by the relations in Kohno’s Lemma.

Thus, in other words, any linear representation 7 : a(A) — End F of a(A) is equivalent
to a flat connection on X X ¥ of the form (1).
Since the relations satisfied by r; are homogeneous, 7 gives rise to a one-parameter
family of flat connections labeled by & € C, namely:
de;
V=d-h) .
i
and therefore to a one-parameter family of monodromy representations of the fundamental
group 71 (X) of X. These analytically deform the trivial representation of 71 (X) on ¥ which
is obtained by setting & = 0.

iel

2.1. Example: Knizhnik-Zamolodchikov (KZ) connection. Let 8 = C" with coordi-
nate zi, ..., z,. Take A = {z; = z}i;. So

X, =\ |tz =)
i#]

is the configuration space of n distinct ordered points in C. We write:

X, =C"\ ) Ay
I<i<j<n
where Ajj = {(z1,...,2,) € C" | z; = z;}, so that X,, is a hyperplane complement.
The connection we are considering is
d(z; — z;
@ voq- Y T,
i—Z%j

Applying Lemma 2.1 to the above connection, we see that it is flat iff the following
holds:

[rijsrjx + il = 0, [rij, ] = 0
for i, j, k, [ all distinct.
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To construct the Knizhnik-Zamolodchikov (KZ) connection on X,,, we fix a complex,
semi-simple Lie algebra g with a non-degenerate, invariant inner product (,), one of its
finite-dimensional representations V and set 7 = V®". The residue matrices r;; are usually
denoted by Q;; are given by

Qi = ) m(Xm (X,

where m,(X) denotes the action of X € g on the kth tensor factor in V®", and {X,}, {X“} are
dual basis of g.
A simple application of Kohno’s lemma then shows that

d(zi — zj
VKZ =d-h Z ugzj’
1dicjen T80

is a flat connection on X, X V®" for any i € C. Check: the relations holds. To check that
[€ij, Q3 +Qy] = 0, it suffices to show thati = 1, j = 2,k = 3, note that [Q, X®1+1®X] = 0,
for any X € g.

[Q1,X, 010X +1®X,0X]=[Q,X,1+10X,]®X =0

For distinct i, j, k, [, we have

QQu = D mX)m (X m(Xp)m(X")
b

a

D7D mXm(X (X (X
b a

Q€

Thus, [Q,’j, le] =0.
Its monodromy yields one-parameter family of representations of Artin’s pure braid
group on n strands

P, =m(C"\ {z = z;}) » GL(V®")

which deforms the trivial representation of P, on V®",

We can however do a little better by noticing that the symmetric group S, acts on V®"
and X,. Vg7 is readily seen to be equivariant for the combination of these two actions
and therefore descends to a flat connection on the quotient bundle (X, x V®)/§, over
X, = X,/S, i.e., the configuration space of n unordered points in C. Taking its monodromy,
we obtain a one-parameter family of representations of Artin’s braid group on »n strands:

Pn . Bn = 71'1(@” \ {Zi = Zj}/Sn) - GL(V®n)

o depends analytically in / and deforms the natural action of S, on V®", since p, factors
through this action.
Recall that B, is presented on elements 7;, 1 < i < n — 1, subject to Artin’s braid
relations
o I\TinTi=TinTiTi,i=1,...,n-1,
o I\T; =T,T;,|i - jl = 2.

Each T; may be realized as a small loop in X,, around the image of the hyperplane {z; =
Zi+1}-
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Example 2.5. Take g = gl,, with the vector representation V = C™ and the inner prod-
uct (X, Y) = try(XY). If ey,...,e, is the standard basis of V and E;je; = djre; are the
corresponding elementary matrices then, on V2,

Qpler®ep) = Z Eii®Eji(ex®e) = e Qe

1<i,j<m

so that Q;; acts on V®" as the transposition (i ).

2.2. Example: Coxeter-KZ connection. Reference for this subsection, see: Page 161, of
[14].

The connection described below was introduced by Cherednik in [2], to whom the re-
sults of this section are due, and is usually referred to as the KZ connection. In order to
distinguish it from the one introduced in the previous subsection, we shall use the term
Coxeter-KZ(CKZ) connection instead. Another name is Dunkl connection.

Example 2.6. From Example 2.5, the operator ), acting on V ® V is the same as the
action of (1,2). Rewrite the KZ-connection in this case, we get:

d(zi—z j) ..
v=d ;h Zi—Zj (l’J)

What about the other reflection groups?

Let W be a Weyl group (more genereally, W could be a finite Coxeter group, but trigono-
metric connections, to be defined in the next chapter, only exist for Weyl groups), with
complexified reflection representation ) = C’, and root system R = {a} C h*. The base
space and arrangement are chosen by: 8 = h and A = (J,cg Ker(a), so that X = b of
regular elements in f). Set ¥ = U, where U is a finite dimensional W-module and let the
residue r, be given by the reflection s, € W.

Theorem 2.7 (Cherednik). For any choice of weights k, € C satisfying ko = ko, for all
w € W, the connection

d
Vekz i=d— Zka;alsa,

a>0
is a W-equivariant, flat connection on b X U.

Remark 2.8. The above connection is independent of the choice of a system of positive
roots. Indeed, since dloga = dlog(—a), it may be rewritten as

k, da
VCKZ =d- Z T;SQ.
a€R
Proof. Let T be the set of reflections in W, thus, the set T is in bijection with the set of
positive roots R*. Let § c T be a subset maximal with respect to the property in Kohno’s
lemma. Claim that: for any s,f € S, we have sts € S.
By Kohno’s lemma, the flatness of Vg is equivalent to the following commutation
relation for every S C T as above:
[5, > kit] = 0,

teS
for every s € . Now the left hand side of the required commutation relation can be written

o [s, Z kit] = (s Z kies™' — Z kit)s

teS teS teS
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and let s’ = sts~! € S by the claim above, we get:

s Z kits™! = Z kests™' = Z koo 8 = Z kys'

teS teS te§ s'eS

[s, > kit =0,

teS

Thus,

forevery s € S.

Next we prove W-equivariance of Vcgz. Note that W acting on End(U) by conjugation.
For any s € T be a reflection, let H; = Ker(s — 1) be the reflection hyperplane, denote «
be the positive root that perpendicular to H;. Thus, s = s,,.

Moreover, wa; is proportional to a,,,,-1. Combining these observations we have:

dw.a
w'Vegz =d - Z k, ) wiw™!
w.a,
ted+
da, -1
=d- Z ktw—mwz‘w_1
e Fwiw!
= Vckz
again by using the fact that k, = k. O

The monodromy of Vg7 yields a family of representation of the generalized pure braid
group Py of type W,
on: Py = ”l(breg) — GL(U)

Use the action of W on by, and U to push Vcgz down to the quotient by /W. Since the
connection is W-equivariant. This yields a representation of the generalized braid group:

pn: B, = ﬂl(breg/W) - GL(U)

Note W being a Coxter group, there exist a choice of simple reflections sy, ..., s, such
that W is generated by s1, ..., s, modulo the relations:

s7=1,(sis))" =1

By Brieskorn’s theorem [ 1], By is presented on generators S, ..., S, labelled by the same
choice of simple reflections sy, ..., s, in W with relations:
SiSj...=8;8i...,
N —— N ——
m;j m;j

forany 1 <i < j < r, where the number m;; is equal to the order of s;s;in W.

An explicit choice of representatives of Sy,...,S, in 71(be,/W) may be given as fol-
lows. See [16], Let # € b, lie in the fundamental Weyl chamber so that (¢, @) > 0 for any
« € R*. Note that for any simple root «;, the intersection f,, = t — %(t, a,-)aiv of the affine
line 7 + Ca; with Ker(a;) does not lie in any other root hyperplane Ker(8), 8 € R \ {«;}.
Indeed, if {t,,,8) = 0, then

t.B) = (t.aiXa] . By = (1.8~ 5i)

whence (t, 8) = —(t, s;8), a contradiction since s; permutes positive roots different from «;.
Let now D be an open disc in 7+ Ce;’ of center #,, such that its closure D does not intersect
any root hyperplane other than Ker(a;). Consider the path y; : [0,1] — ¢ + Ca;’ from 7 to

sit determined by yiljg 172, is affine and lies in 7 + Ra" \ D, ¥i($),7:(3) € D and Yilis )
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is a semicircular arc in D, positively oriented with respect to the natural orientation of
t+ Caiv. Then, the image of y; in b, /W is a representative of S; in w1 (reg /W, 1). [1]

2.3. Example: Casimir connection. Fix a Cartan subalgebra Iy C g and let R = {a} C b*
be the corresponding root system. The base space and arrangement are the same as those
of the Coxeter-KZ connection for the Weyl group W of g, so that

X =5\ | JKer(@) = by,
@€R
The fibre ¥ of the vector bundle is now a finite-dimensional g-module U. To describe the
residue matrices r,, recall that for any root a, there is a corresponding subalgebra slj C g
spanned by the triple ey, fy, ho, Where b, = @V € 1 is the corresponding coroot and e, f;
are a choice of root vectors normalized by [e,, f,] = h,. The restriction of the inner product
(,) of g to sl determines a canonical Casimir element

_ Ay, @)
2
which we shall use as the residue on the hyperplane Ker(e). The following result was

discovered by De Concini around 1995(unpublished), and independently by J.Millson and
V. Toledano Laredo [11], [16], see also [4]:

1
Ce (eafo + fo€a + Eh(zy) € USI(ZI c Ug.

Theorem 2.9 (De Concini, Felder-Markov-Tarasov-Varchenko, Millson-Toledano Lare-
do). For any h € C, the Casimir connection

d
Ve=d-hy =c,
a>0 @

a flat connection on Hreg X U.

Proof. Again applying Kohno’s lemma, we have to prove that for any two dimensional
subspace B C h* spanned by a subset of ® we have:

[Car Y Cpl =0

BEB

In order to show this let gz be subalgebra of g corresponding to rank 2 system B N ®:

9p 1= @ 8o ® g0 ® [9a> 90l
aeBND,.
It is clear from the definitions that } 5.5 Cp is same as the Casimir operator of gz modulo
terms from UY. Hence we are done using the fact that each C, commutes with elements
from U¥. m]

We now wish to push the Casimir connection down to the quotient by, /W to get a family
of monodromy representations of the generalized braid group By = By. This requires a
little work because the Weyl group W does not act on U and its Tits extension W, while
acting on U, does not act freely on by,. For example, for G = § L,, the generator of W = Z,
cannot be lifted to S L,.

The reference of the following is [ 5], Appendix:

Definition 2.10. The Tits extension of W is the group W with generators s;, i € I and
relations
S—— S——

m; mij
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~4
Si = 1,
~2=2 _ =232
® S5 S8 =558,
~=2=-1 ~2,=2\—a;
° S,'Sj Si = Sj (S,‘ ) aji,

Recall that a representation V of g is finite-dimensional representation if f) C g acts
semi-simply with finite-dimensional eigenspaces and e;, f; act locally nilpotently.

Proposition 2.11. Let V be an integrable representation of g. Then, the triple exponentials
exp(e;) exp(—f;) exp(e;)

are well-defined elements of GL(V) and the assignment s; — exp(e;) exp(—f;) exp(e;) yvields

a representation of V mapping 50 exp(r V-1a;)).

Proposition 2.12. W is an extension of W by the abelian group Z generated by the elements
52, Z is isomorphic, as W-module to Q" /20" = z.
We pullback the Casimir connection V¢ to the universal cover
p: Er;; - breg-

From the presentation of V~V we know W is a quotient of By, the latter acts on U and,
freely, on the universal cover I;:e;. Consider the flat vector bundle (f):e; x U, p*V¢)/B,, note
that the fundamental group of I’);;/Bg is isomorphic to B,. Thus, taking the monodromy
of the flat vector bundle (bAre; x U, p*V¢)/B, gives the desired one-parameter family p;, of

representations of B,.
3. MONODROMY OF RATIONAL CONNECTIONS

The following is a result we will need repeatedly. The statements can be found in [14],
and the proofs of those statements can be found in [13].

Lemma 3.1. Consider the ordinary differential equation

d A —
3) —df = (2 +AQ)f,
Z Z

where Z(z) € M,(C) is holomorphic in the neighborhood of 0. Assume that Ay is non-
resonant, that is the eigenvalues of Ay do not differ by non-zero integers. Then, there exists
a unique fundamental solution of the form

D(z) = H(z)z",
where H(z) holomorphic near 0 and is normalized so as to have H(0) = 1.

Proof. We solve the system (3) formally, i.e, assume that a fundamental solution of re-
quired form exists with:

HGz)=Hy+Hiz+ -+ Hid + ...
where Hy = 1. Substituting ®(z) = H(z)z in (3) we get
H'ZY + HZY 7 'Ag = ' AHZY,
which is equivalent to the following:

Z mH,,2"" + Z H,Ap?"" = Z(i AH, )"

m>1 m=>0 m>0 r=0
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Comparing the coefficients of z” from both sides of the equation we get the following
recursive system: Coefficient of 71 HyAg = AgH, holds by assumption that Hy = 1. For
every m > 1, we have:

mH,, + H,Ag = AoHy + AlHpyoy + - + A1 Hy + Ay
which can be equivalently written as:
(m - ad(AO))Hm =AH, 1+ - +A, 1 H + A,

where ad(Ap) is operator on M, (C) defined as: X — A¢X — XAy. The assumption that
the eigenvalues of Ay do not differ by non-zero integers implies the operator m — ad(Ao)
is an invertible operator on M, (C) for each m > 1, thus, the above system has a unique
solution. O

3.1. Hecke algebras and monodromy representation of CKZ-connections. Recall by

Brieskorn’s theorem , By is presented on generators Sy,...,S, labelled by a choice of
simple reflections s, ..., s, in W with relations:

SiSj...=8;5...,

| ——

mj mj
forany 1 <i < j < r, where the number n;; is equal to the order of s;s; in W.
Definition 3.2. Given invertible elements v; of a ring R, such that v; = v; whenever the

reflections s; and s; are conjugate in W, the Hecke algebra Hy (v;) of W is the quotient of
the group algebra RBy by the relations

(Si=v)(Si+v;)=0.
In particular, when v; = 1, the Hecke algebra Hy (1) = CW

Proposition 3.3. Assume k; ¢ %Z, then, the monodromy of Vckz over breg around Ker(a)
21 ﬁk(yi Sa

is conjugate to e

Proof. Consider an affine C—plane r,, complementary to Ker(a), that is, m, is given by
xo +za", for z € C, and xyp € Ker(a) \ Uz, Ker(8). The loop vy, is described by x +

e V-ligV fort € [0, 1].
Now restrict the connection Vg7 to m,, we get

\%
Vekzle, =d — Z _Ple)

Vv
ey B(xo +za")
dz dz
=d—keSo— = Z kg L B
Bafa)z0 < pav)

where g((;‘d)) #0.

Now the connection V¢kz|,, has the form (3), with Ay = k,s,, which is non-resonant
precisely when k, ¢ %Z. Using the lemma above, we get a fundamental solution ®(z) =
H(Z)Zkasa'

Thus, monodromy around ker() is o (y) = ®(¥(0))" ' D(y(1)) = €27 V-Tksa, ]

Proposition 3.4. Assume k; ¢ lZ the monodromy of Vckz over breg /W around Ker(a) is

—1ka; Sq;

conjugate to s;e” ,foranyiel.
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Proof. The proof is similar as the proof of above Proposition 3.3. First the C-plane 7; in
the proof of Proposition 3.3 is invariant under s;. Since m; = xp + (Caiv, and xy € Ker(e;),
thus, the action of s; simply corresponds to the negation z - —z.

Now we have a connection on C of the form d — A(z)dz, which is equivariant under the
action of Z, = Z/27Z, let o be an automorphism by which the generator of Z, acts on the
fiber U of Vckz. then, we have:

4 A(-2) = = Ad(0)A(2)

Assume now that A(z) = @ + A(z), and note that (4) implies that Ad(0)A( = Ap.
If Ay is non-resonant, we have a unique canonical solution ¥(z) = H(z)z*" in the neigh-
borhood of z = 0. The equivariance implies that
Ad(0)(H(-z)) = H(z)
Let zo # 0 be a base point in C. Now the monodromy along the half loop y = zpe™,
where 0 <r<1,is
P(z0)"' oP(~20),

where o is used to identify the fiber of the vector bundle at zy and the fiber at —z.
2" H(zo) ™ oH(=20)(=20)"
=2, H(z0)™" Ad(0)(H(=20))(~20)* "
=5, (=20)"r
=exp(inrAg)o

=0 exp(inAo)since o- commutes with Ap.

Note that here we get exp(inAy) instead of exp(—inAy) is because we are taking the mon-
odromy along the half loop y = zpe™, where 0 <t < 1. O

Remark 3.5. It’s not true that one can simultaneously conjugate all the S; to the corre-

sponding s;e™ V= kaisa;

Each simple reflection s,, has two eigenvalues +1 in U, which implies the operator
(S ;) is semisimple, with eigenvalues +e*" Velks = ivfl. Thus, the quadratic relations
holds:

(S;—v)S;+vih =0,
for all generic k;. Since the S; vary continuously (in fact analytically) in k;, the relation
(S; —v)(S; +v;") = 0 must hold for all k;.

That is, monodromy of Vg7 factors through the Hecke algebra Hy(v;), with v; =
V=1k,
eV

) CBy End(U)

~N

Hyw(vi)

Choosing U to be the direct sum of the irreducible representations of W, so that End(U)
CW, and the weights k, to be generic, the monodromy does in fact yield an algebra iso-
morphism of Hy(v;) = CW.

R
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One way to see the isomorphism is, if working over C[[k;]], then (by a Theorem of
Tits) Hy is a flat deformation of CW. Now we have a map Hy — C[[k;]]W which is an
isomorphism mod k; and therefore is an isomorphism.

For numerical k;, by the same result of Tits that dim Hy = dim CW for v; are nonzero,
then we have a family of monodromy maps labeled by nonzero v; between two vector
spaces of the same dimension. Since the family is an isomorphism at v; = 1, it is an
isomorphism generically.

3.2. Monodromy of KZ-connection. The Drindeld-Jimbo quantum group Uy(g) is a topo-
logical Hopf algebra, which is a deformation of the enveloping algebra Ug of g, i.e., a Hopf
algebra over the ring C[[%]] of formal power series in the variable 7, which is topologically
free as C[[#1]]-module and endowed with an isomorphism Uy(g)/AUn(g) = Ug of Hopf
algebras.

Definition 3.6. Let g be a semisimple Lie algebra, with Cartan matrix A = (a;;), the
quantum group Uj(g) is generated by {E;, F;, H;}1<i<n, Subject to the following relations:

e [H;, H;] =0,[H;, E;] = a;;E},[H;, F;] = —a;;F};
hdiH;[2 _ ,~hd;H;[2
e [E;, Fj] = 6ije Ehd,-/z,i-hd,»/z s

e Fori # j,

1-a;;

1 —a; e
Z(—l)k[ kaj] EfEE; ™ =0
k=0 qi

and
1—(1,‘j

1 —a; u
Z(—l)k[ ka‘]} FIFF =0
k=0 qi

hdi/2 and where

where g; = e

X —X

—-e
2 bl

. e
sinh x =

and B
[n], = qq_ qq_] nlg! = [nlgln = 11,11,

are the usual g-numbers and factorials.

Remark 3.7. Note that ad(x)"(y) = Z}Z’zo(—l)k(?)xkyx’"‘k, thus the relation in Uy(g) is a
deformation of Serre’s relation. And we also have:

sinh(id;H,/2)
nd;/2

Example 3.8. Assume g = slp, Uj(sly) is generated by E, F, H, subject to the following
relations:

= H,‘ mod 7

[H,E] = 2E7 [H? F] = _2F’

and
oH _ o~TH

oh — o h

[E,F] =

Any finite dimensional representation V of Uj(g), i.e., one which is finitely generated
and topologically free as C[[%]]-module, is uniquely determined by the g-module V =
V/#HV. Indeed, since H2(g, Ug) = 0, the multiplication in Ug does not possess non-trivial
deformations and Uj(g) is isomorphic as C[[7]]-algebra to Ug[[%]].
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Using this to let Ug act on V, we may regard the latter as a deformation of V. Since
H'(a, End(V)) = 0 however, V is isomorphic, as Ug and therefore as Uy(g)-module, to the
trivial deformation V[[A]] of V .

Theorem 3.9 (Faddeev-Reshetikhin-Takhtajan, Drinfeld, Jimbo). There exists a universal
R-matrix R € Uy(g) ® Uy(9), such that the elements R}, ..., R € GL(V®") given by
R/ =(G,i+1)1®--®1®R®1®---®1
commute with Uy(g) and satisfy
o the braid relations
(D: RYRY\RY = R, RYRY,,
(2): RIVRJv RJVRlv li—jl=2.
e the deformation property: R; = (i,i + 1) + o(h).

i=1,...,n

From above theorem, we have a map B, — S, = (Up(g)®", T; — RiV. Thus, B, acts on
V®" by R-matrix representation of Uz(g).

GL(V®---® V[[a]])
VKZ

GL(V®---®YV)

The statement of the following theorem can be found in [14], page 166. See [3] for the
proof.

Theorem 3.10 (Kohno, Drinfeld). The monodromy representation of the KZ equations on
V@' [[#]] is equivalent to the R-matrix action of B, on V®".

3.3. Monodromy Representations of Casimir-connection. Before stating the precise
result, recall that the latter action arises by mapping W to the completion U (q) of Ug
with respect to its finite-dimensional representations via

si = exp(e;) exp(—f;) exp(e;)

h

Letg;=e “42 and consider the triple g-exponentials

Si = exp, (g7 Eig; ™) expy (~F)) expy (qiEig),

where E;, F;, H; are the generators of the subalgebra Uhslé C Uyg corresponding to the

simple root «;,
n(n-1) X"
exp,(x) = Z AT
n>0 Ngl:
Viewing the §; as lying in the completion Upga of Upg with respect to its finite-dimensional
representations, we have the following

Theorem 3.11 (Lusztig, Kirillov-Reshetikhin, Soibelman). The elements S, ..., S, satis-

fy

e the braid relations
SiS;Si =888

where there are m;; factors on each side.
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o the deformation property: S; = s; + o(h).

The quantum Weyl group action is given by the S;. Just as the operators R}, each §; is

local in that it lies in the completion Uysl, of Uysl,, and does not square to 1.

GL(V®---® V[[A]])
o
le
qW

GLV®:---9YV)

The statement of the following theorem can be found in [ 1 4], and proved in [ 16] for g = sl,,.

Theorem 3.12 (V.Toledano Laredo). The monodromy of the Casimir connection V¢ with
values in V[[1]] is equivalent to the quantum Weyl group action of By on V.

The quantum Weyl group action deforms the Tits extension W on finite-dimensional
g-modules.

APPENDIX A. FLAT CONNECTIONS AND MONODROMY REPRESENTATIONS

The reference for this part is [9]

A.1. Flat connections over principal bundles. Let P(M, G) be a principal G-bundle over
a manifold M with group G. For each u € P, let T, P be the tangent space of P at u and V,
the subspaces of T, P consisting of vectors tangent to the fiber through u.

Definition A.1. A connection V in P is an assignment of a subspace H, of TP to each
u € P, such that
(@: T,P=V,®H,;
(b): Q. = (Rg).H,, for every u € P, and g € G, where R, is the transformation of P
induced by g € G, Ryu = ug;
(¢): H, depends differentiably on u.

Denote m : P — M be the projection. From above definition, the connection V gives a
splitting of D, that is,

0 TaoM —— T, P
\ j Drn
Tn(u) M

The decomposition T,P =V, & H, = Ker(Dr) @ im(V).
An equivalent definition is the following:

Definition A.2. A principal G-connection form on P is a 1-form w € Q'(P,g) on P with
values in the Lie algebra g of G, such that,
(a): w(A") = A, for any A € g, where A* is a vector field on P induced by A € g.

(b): (Ry)'w = ad(g~")w, for any g € G, where ad denotes the adjoint representation
of Gin g.
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Given a connection V in P, we define a 1-form w as follows: For any X € T,P, we
define w(X) to be the unique A € g, such that (A¥), is equal to the vertical component of X.
It’s clear that w(X) = 0 if and only if X is horizonal.

Conversely, given a form w, we define

H,={XeT,P|wX)=0}.

Definition A.3. The curvature form of a principal G-connection w is the g-valued 2-form
Q defined by

1
Q:dw+§[w/\a)].

A connection is called flat if the curvature form vanishes identically.

Given a piecewise differentiable curve 7 = x,,0 < ¢t < 1 in M. A horizontal lift of T is a
horizontal curve 7 = u,,0 <t < 1 in P, such that 7(u;) = x;, for 0 <t < 1. Here horizonal
curve means whose tangent vectors are all horizontal.

Proposition A.4. Notations as above, for any arbitrary point uy of P with n(uy) = Xo,
there exists a unique lift T* = uy, which starts from uy.

Now using above proposition, we define the parallel displacement of fibres as follows.
Let ug be an arbitrary point of P, with m(uo) = xo. The unique lift 7* of 7 starting at uy has
the end point u;, such that 7(u;) = x;.

By varying u in the fiber 77!(x;), we obtain a mapping of the fiber 77! (x;) onto the
fiber 77! (x1), which maps ug to u;. We call this mapping the parallel displacement along
the curve 7.

Note 7 : 7 1 (xo) = 771 (x)) is actually an isomorphism, since:

Proposition A.5. The parallel displacement along any curve T commutes with the action
of G on P:

ToR, =Rgo0rT,

forevery g € G.

Theorem A.6. Ifthe connection V is flat, then the parallel displacement 7~ (xo) — 771 (x1)
is unchanged by homotopies.

Thus, take xo = x; € M, the parallel displacement gives a map
(M, x0) = G,
which we call it monodromy of the flat connection V.
A.2. Flat connections over vector bundles. Let V be a vector bundle on base space M.
Definition A.7. A connection is a C-linear map
V:V—-Q, 86V
which satisfies the Leibniz rule, that is, for local sections f of &), and s of V, we have
V(fs)=df ®s+ fV(s).
A connection V is flat if the curvature (V o V) of the connection is zero.

Example A.8. Recall that local systems are locally constant sheaves of finite rank. Let V
be a C-local system on M. Then, there is a canonical connection associated with V on the
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vector bundle V®c 0. Let U be an open set, where V can be trivialized, and let 51, ..., s,
be the basis of V(U) given by the trivialization. For a section s = }; fis; € V(U), define
V(s) = de,-@si.

The local definition is compatible with the coordinate changes, as they are given by locally
constant matrices, hence it gives rise to a global map V. It follows from the definition that
V is C-linear and satisfies the Leibniz rule, so V is a connection on V.

In particular, we have V(s;) = 0, forall i = 1,...,n, and even Ker(V) = V. For locally
on a coordinate neighborhood U of M, where V can be trivialized, we can write the image
V(s)ofa € V(U) as

V(s)def,-@si:ZZ—;dzjébs,-
i ij t

and the set {dz; ® s;}; j is a Oy (U)-basis of Qzlvf ®gp, V(U). Therefore, V(s) = 0 implies

g—f’ = 0, and the f; must be locally constant functions.

Proposition A.9. The functor
Vi (V Qc ﬁMs VV),

from the category of C-local systems on M to the category of vector bundles on M equipped
with a flat connection has a quasi-inverse

(V,V) = Ker(V).

Proposition A.10. Let M be a path-connected, locally simply connected topological space
with base point x. Then there is an equivalence between the category of C-local systems
on M and the category of m1(X, x)-left modules, given by the functor:

V-V,

Proof. Givenapathc : [0, 1] — M, starting at x = ¢(0), there is a unique way of continuing
agerm v € V, along y to an element v' € V(;y(since every germ in V, produces a unique
section V(U) for some neighborhood U of x). This continuation process only depends on
the homotopy class. Thus, it allows us to define a representation

(M, x) —» Aut(V,).
For the inverse functor, we start with a representation
p:m(M, x) — Aut(V)

and consider the constant sheaf Vj; on the universal cover u : M — X. We define an C
local system V on M by taking on an open set U C X the section f : u™'(U) — V of V};
that satisfy:

Srx) = pfx)

forall y € mi(M,x),x € u”'(U). ThenV is isomorphic to the constant sheaf Vi on a
sufficiently small neighborhood U c M, so it is a local system. O

Thus, we start with a vector bundle V on M, with fiber F, then the monodromy of a flat
connection V on the vector bundle V gives a representation of 7{(M, xp):

(M, xo) — Aut(F).
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