
 Injective rational representations

Themaingoal of this note is toprove thefollowing thin

Thin Let to be a finite typeaffine scheme over a field F

let G be an algebraicgroup ever F and let X Xbe

aprincipal Gbundle Then 5 x is an injective object in the

category of rational representations

This is mentioned in Lee 19 Sec 2.3 Belowweprovethis

theorem

1 Injectivity criterium

Proposition A rational C representation N is injective

iff the functor Hemal N is exact on the category of

finiteds rational representations

This is morally similar to the Baer's injectivity criterium



for modules over rings and isproved in the same fashion

using transfinite induction for Cmodules MCM weneed

to extend a homomorphism M N to N We look at
the set of extensions M N for MCM ch equip it
w aposet structure and use theZern lemme to show

there's a maximal element M If M Mpick myM
include it into a finite dimensional subrep VCMand use
the exactness of Hemel N on thefinite dimensional reps to

extend VAM N to V N This allows to extend

from M to MTV a contradiction w themaximality ofM
Everybody loves transfinite induction so thedetails are

left as exercise

2 Consequences

Corollary 1 An arbitrary direct sum of injective reps is

injective

Proof is an exercise
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Corollary 2 5 G is an injective rational rep w CA

F a from the action GAG on the left

Proof Thisfollows from the following claima Proposition

For a finite dimensional rational Grep V we have

Homa V F G I VE a functorial iso

To prove 1 1 note that Ham V F a Home Stu FCall

Morsch G V note that the last expression is naturally
a vector space ble V is Homa VFCDCHemu V F143

corresponds to Gequivariant morphisms G V inMersaGV
Such a morphism is uniquely recovered from its value at 1
hence the claim 5

The next claim fellows from Corollaries 142

Corollary 3 For
any set I the rational representation

5 C is injective
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3 Proof of themain result

In the case when X xx F x 51630FIX follows

from Cor3 In thegeneral case we can find a surjective
etale morphism H X w XxxA taxi We'llusetheinjects

vity of f x fromthatof F Xxxx Alan F x

We are going to check that the functor V e Hom VFLN

N F x is exact on finite dimensional reps Forthis we

need an interpretation of taking Cinvariants
To equip a vector space M w a rational representation

structure is the same as to equip M w an ECG comedule

structure see eg Lec 8.5
from MATH 603 in 522

Consider the coaction map 4 M Me F a It is a

F G eemodulemap
where on MaxF G the coalgebra F a

coacts on the 2nd factor The claim that this is a map

of F G comedules is the ceassociativity of the coaction
On the other hand we can consider themap idm ee

M M F G where e I F G is the unit Then

gym'sker a iho
e exercise



Now let M VEF x It comes w an action of FCx

FIX by G linearendomorphisms The map Laidmee is

FXo linear Note that the analogous map for XxxX is
obtainedfrom La idee by applying thefunctorFlagxp
This functor is exactandfaithful 6k ELI is a fullyfaithful
F x module From the exactness it then fellows that

Flag.ua v o5 x Me F I.x.MY The letter
is isomorphic to IV F GI I Vex f It

So Alfio ex Hemala F x is an exact functorAnd

Flagg is exact faithful It follows that Hemal Fxd
is an exact functor this implication is an exercise

I


