
 huantizations ofaffine schemes
addendum to Lec22

1 Correspondence between truncatedquantizations

Let X be a finite type affine Poisson scheme andAs

X For kit we can talk about Kth truncated

quantizations of A andofOx Sec 1.1 of Lec 22 It turns
out they are in bijection Here's one easier direction

Proposition 1 Let Dt be a Kth truncatedquantization
ofOx Then TDad is a kth truncated quantin of A
Proof A Poisson isomorphism Df h Oygives rise

to a Poisson embedding Da h A Weneed to

show its an isomorphism For this we use the longexact

sequence in cohomology for the functor Rf appliedto the SES

e Dh Dh Ox e We use H XD so to

deduce H Dti e for all k And this implies Dh A

D

H



Toget from restrictedquantizations of A to these ofX
we need to localize First let's review how localization works

for inmate rings

Suppose B is a noncommutative ringand SCB is e subset

containing 1 and closedunder takingproducts Wewantthe

localization BLS to satisfy theuniversalpropertyand

consist of right fractions as aeB SES It's known that

BEST exists provided the following Are conditions are

satisfied
01 Everyright fraction is also a left fraction HaeB

se S I beB te S s t ta 6s as 6 Also

every left fraction is also a right fraction

02 If se S ee B are s t sa o then Ites s.t

at 0 And the otherway around for asset

Now we get back to our situation B Stan a Kth

truncated quantization ofA Pick fed take it lift I

ate It and set
S If nod



Lemma S satisfies et 41021

Sketch ofproof
Note that If o To establish 100 for s I aeA

we take t f and a suitable 6 commute f through a
K times Details as well as checking O2 are left as
exercise I

Exercise 1 Prove that every other lift F of f to f
gives an invertible element in At S Deduce that

At S is independent of the choice of F

So we get an algebra to be denotedby Half
Exercise 2 1 Prove it's flat ever act hi

2 Produce a naturel algebra homomorphism

Staff A fg

Finally we have the following result generalizing its usual
commutative analog
I



Proposition2 1 There's a unique sheaf ofalgebras
Lee ftp.d on X st

Xp LecAtall Half
e Xp Lec Ahl Afg Lec Stil coincides w

the homomorphismHalf Ah fg
2 The sheet Lee Stan is a kth truncated

quantizationof Ox
3 The

maps Dh 451Dad are 5th t Loc tan
are mutually inverse bijections between the isomorphism

classes of Kth truncated quantizations of XandofA

2 Correspondence between formalquantitations

To a formal quantization Dh onOx we assign itsglobal
sections Dp This is a formalquantization of As Glx

Indeed arguing as in theproof of Prep I in Sec2 wesee

that Dhul h I f Dh Then one uses Dt

limDal line Dta to conclude that CD

pls
a formalquantization of A Details are exercise



Now
suppose we are given a formalquantization St ofA

Let It St ti Pick fed The universalproperty of

localizationyields a homomorphism Ah ftp.nlf

Exercise This homomorphism induces an isomorphism

Stuff ti ftp.ff
o

Moreover these homomorphismsglue together to

LecAha h t Lee the x

Then we can define LecAtl as lime LecHt It is a formal

quantization of Ox 11 LecAp h't t Lee ftp.dtk these

claims are left as exercises
Onthe otherhand have DilipDa hence Dt

line I Dh We have Dha hi I Dpd.tk hence

Dt7 514 t New Proposition 2 from Sec 1 implies

that the assignments D 4114 e Locsty are

mutually inverse to each other

I


