
 
Quantizations via Hamiltonian reduction

1 General definition

2 Examples

3 Quantization commutes w reduction

Ref Etingof

1 1 Momentmaps I is alg closedbasefield
A graded Poisson algebra degli 3 1

H filteredquantization
G algebraicgroup
Gast a by flt algebraautomims

I by differentiating Caction

g Der H Gequiv't lie alg homomorphism
a

Def A quantum comementmap for thisaction is a

Cequivariant linearmap P g Sts s t

4G a 3 at Jeg act

Exercise P is a Lie algebra homomorphism

If GAA rationally bygradedPoisson automorphisms

y
can talk about classical comomentmap



g g p A s t 415 3g

If A is fingend t Spec A Togive gig A
o Slg A is the same thing as togive
X g't This is the momentmap
Rem If P g Is is quantum comomentmap

g grp is a classical comomentmap

Example Let X be smooth affine A F Tx
54 D Xo If Ga X rational actions GAA St
as above g VertXo 343x
Exercise 343 g Vet Xo Dads is aquantum
comomentmap while g Vectly IET xd is

classical comomentmap

Rem Now let A be PoissonalgebraStbeits formalquantizationThe Latin of classical comementmap is as before
but now wewant g g A
Modifications forquantum comomentmap
Assume G a Sth is by F Ch algebraautomms
GaStp tin is rational An o g Dermot At
343 A quantumcomomentmap is a Gequiv't
linear 44 g th s.t 961,9 3 a



These settings are intertwinedby the bijectionbetween
filteredquantization
formalquantization wgrading

this is left as exercise

12 Hamiltonian reduction

Classical Hamiltonian reduction A is Poisson algebra

g of A is comoment map Aploy CA is Cstable
ideal AlAylor commutalgebra

Exercise Have well definedbinary operation on AAploy
at Aploy G Agig a63 Aploy hint

413 a 3 a if atAgog is G invariantthen

3 a EAylog
Get a Poisson bracket on AAploy

If A isgraded imy c A AlAylorinherits a
grading Leg t.is 1

Quantum Hamiltonian reduction A isgradedSt is filtquantin
Then quantum Hamiltonian reduction is 8 09191

Exercise There is well definedassociativeproducton
M 96119 at 461 6 89log ab Stay



Filtrin on St filtrin on HAM w LegC s t

Question Is 14961 a filteredquantin of CAAylor
Answer Sometimes

gr Angry g contains Agig
AAylog gr Alston
gr Alston gr 1991,1139 exercise

isomorphism when G is linearly reductive all rationalreps
are completely reducible

In Part 3 will see sufficientconditionsforpositiveanswer

Remarks X E of 43 p X t g Hsn Still
a quantum comoment map Quantum Hamn reductiongives
a family ofalgebrasparam'dby X AARG
Havesimilar constrin for formalquantins
1541 Blog

Always have Ap Analog h14.14Blog AAylog
but it can happen that h is a zero divisor in 14919
soMyStatlog may still fail to be quantization on
AAglogy

I



2 Examples A D Xo X is smoothaffine GAX
9013 3 Deaf 913 3 X
D Xo My G Xo Dexamyl

2 1 Xo Xo TY isprincipal Gbundle
i e I surjective etale morphism Ye Ye s t

GxÉ Yay X
Y
y
f commutes

Note can assume Y isaffine

Prep Dl all G is D Y
Sketchofproof DM isgeneratedby Bo FLY F X39
U Vet Ye subject to relins
Plan producemaps BoU D all G

check thereinsforthem Dyet D allllG
checkthisis an Isom'm

Need to describe U A FIX Vi Vet Xo
Exercise LVFLX.K5xd3eog3 Gnaturally acts onICY
FIX by derivations Thisgivesamap U

This map is an Isom'mofFLY modules

hint treat the case of Xe G Y
reduce to this case by applying thefunctor

FLY Acy tothe homem'm Yi Ye issurjective fetal



Our functor isexact if amorphismgoestoisomorphismthen
it's an isom'm itself

BeF Yo FENG HelloXo 5,3
from Flaco DXo

Us V F NEX DN 011231
from Vas DN

Exercise Maps Ball DXo DIX.kz extendte
homem'm from D Ye

Exercise This homem'm is an isomorphism firstprovefor
Xe G xYo then reduce using etale basechange D

Rem Isomorphisms D Ya I D allllG are natural se
glue together Let 14 X Y principal Gbundlewhere

Yo is not requiredto beaffine Then can dosheafversion
ofquantum Ham redn
Can view Dx DxEx as a Gequiv'tquasicohit

sheafon X
Set Dx IllG ftDo Do 311

If we cover Ye YYo Copenaffines Yet Yei Yi
is prime Gbundle T YetDo111.6 D Xi111G
Prepn Do111G Dy
If Yois affine then classical reduction F 1 1 116
FIT Yo



22 Twisted Liff l operators
Y smooth affine linebundle

Xo Total space of2 I Ye locallytrivialprincipal
5 bundle over Yo D Xo1115 I Dld
Lie Fx If
d id A 8

Want tounderstand DH.tll 5EDHdD1x.l 1iM
Exercise If L is trivial D Xo 11,5 D Y

Xe 5 XY
Defin D X Il F iscalledthealgebra of diff loperators
in

Exercise cLet M be an fmodule w rational Gaction s t
054 M is Gequiv't
P5 m 3 m fgeog meM

Here M is calledstrongly equivit
Then 549 is 111G module at 9611msam Amen
lh s is well defined 6k 961ms3am 0

GcM is Ginvariant
in X G 5 becharr dXeg abusenotin

X LX Then semiinvariants 54 meMlgm Ag m
is a module 111G



Applythis to D Xo M FIX of
FXo g TIX Lo

0
A by toti

For Aid FIX 514,1 MD allll E
Natin D Xo 11,5 D XL

2 3 G simplealggrip F Q Xeg
Gag is notfree
Want Dlg 11G
LetBoog be Cartan Wab Weylgroup WAD5
Dlg

Thn i HarishChandra have filt alg homom

Dlg11G D151
ii LevasseurStafford this an isomorphism

Chevalley restriction thm Restricting fromof 04defines
isom'm flog I fly

D5 WAKES
W faithful

Last exercise D g1164 A cop
If Dlg111Gacts by operatorsfrom D5

Wthenwehave

our homomorphism Butthis isfalse



Example Pick invariantorthog
Form on g

OgeStoy Dlg asoperators w constcoff
ill OgesawaDlg
Claimexercise on Eloy Ogacts as055,221
Let S D he fly

W

Claim exercise Og 8 Ugo8 i.e Dg F 8 d SF

Then homomorphism is d 4 S todo8
a

D g 1169
dit of D 5WinEcg

acting on Eloy9

On Poisson level still have FCT g 111,9to ACTBTW
by restricting to Bbcogg that identifies
ECT9311G radical IF 1 5

When is the radical 0
Known for 9 34 EtingofGinzburg

g span T.tl ChenNgo Loser


