
 
Quantization commuteswithreduction

LetSy be a formalquantization of A w Gaction

quantum comementmapPt as in Lecture 1 Then wehave
a classical comoment map qog A y tfmodt We
want to have sufficient conditions for St1StBlog
being a formalquantization of CAAylor As was discussed
in theprevious lecture this is thecase when thefollowing two
conditions held
1 h is not a zero divisor in 5415499
2 ApApBlog CAAylor issurjective

Sufficient conditionfor t
Definition Wesay that f feeA form a regularsequence if
fi is not a zero divisor in A ftp fi f i f k
Proposition 1 Let 3 n be a basis ofog Suppose that

ftp ytu form a regular sequence in A Then h is not a
zero divisor in ApApBlog
Proof Let aest satisfy haeftp.PCoyl Wewant toprove
that as 4Blog Let aiest satisfy hasE ai Gi
Let g eA be aimedh Then
a It expose e

Now we use that the elements yes form a regularsequenceBy Chapter 17 in Eisenbudthis implies that thehigher

p
homology of the Kosal complex for 46 4th vanish



For the 1st homologygroupthismeansthefollowing I bijEA
W Iii'd Gijs ji s t
2 Gi Eybij413 fist n

o means that the element sa Snl is acycle 2 means

it's a boundary

Lift bij e A te bijest w aid ajis bij
Set ai JE hi Tfl's Note that bythe construction

aimed t s bi s aimodt se ai's hit tbi for some bieHy
So
ha E aikbi E aiBts thEbiRbi

É aithts É lights 9157 aig aji died

Ejaight Rts EjhajPhGj
So as Ejhijk 3 37 EbiTfsi E 919 A

Remark The regular sequence condition fails for g go GETg

Sufficient conditionfor 2 Notethat 2 issatisfiedwhen

G is linearly reductive reductive whencharFso extensionof
atorus ft by a finitegroupofordercoprimetopforcharFp o

I
Suppose from now on that X is anaffinescheme offinitetype



Then togive the classical comementmap y g A F x
is the same thing as togive themomentmap j X of
Note that AAploy isnothingelsebut FCjkedwhere
we write ji lo for the schemetheoreticfiber

Proposition 2 Suppose the Gaction enjuco isfree ji lo is
aprincipal Gbundle ever an affine scheme Y Then

a t is not a zero divisor in My 15491g
6 ME Mutha

Sketch ofproof a Let P denotethe Poisson bivector on XThe
comoment map

condition qts 3 is equivalent to

P 246 3 Since Ga ji lo freely wehave Axejillo
the vectors I m are linearly independent Therefore the

corectors d y til are linearly independent as well Hencej
is a submersion in x txeju lol This implies that qts gtn
form a regular sequence Now a fellowsfrom Proposition 1

b will follow if we show that
An Malt M Malling

This in turn will follow if we showthat Ext trio 5Gui613
Let an etale cover Y Y trivialize ji lo Y As was
mentioned in Lecture P the functor FC730

y
isexact

sends nonzero objects to nonzero objects So
Extaltriv FGu'd so 0 5173eggExt'sAviv FGuko
Ext's triv F 5Ogg FGild ECT FGT



F 9 OxExt triv F a But F a is an injectiveobject
in the category of rational repsof F GJ Home V F G v

So Ext'sCtriv ECG vanishes finishingtheproof D


