
 

Lec2 Differentialoperators incharp
1 Weylalgebra
2 Differentialoperators

1 Setting p isprime for applicationspro F E charF p
11 The center

H F x 27 2x x2 P A FEx byLiff l operators
If charF e St is simple F x is simplemodule afaithful
exercise

Forchar f p F x is neither
afaithful JPx n na Cnpoi x

P o

simple XP F x is a submodule

A has bigcenter XP2 Pet are central
Central reduction ape F 5443 54 xpa 20p

Proposition i x JPgenerate a subalgebra isomorphicto FCx 20
ii FxpOP centerofH
Iii St is a free ric p moduleover F xpJP
iv Aap Mat E typeF

Proof

Sthas basis of x 2J is impi j jepj iajoeg.p.is
xiezi xp 2PM iii ki

Proofof iv
Special case ape HeeA xp20 Consider Amodule



F x XP A St factors throughSto
Exercise FG XP is a simpleStomodule

Stay End FG xD
havedimp soget anisomorphism

General case dp are arbitrary for a be F then xp xte
242 6 extends to an antem'm off XPA xxa PsxRep

2PM2PtbP take a Ta 6 f n Sto gp Def in

Preetof ii if DE centerofSt then itprojects to centerof
Ap I type A
Exercise use that F xpJP isnormal to deduce that
F xpOP centerof H D

Rem Direct analog ofPreposition holdsfor
D A F I Xn 2 27 A xj7 Sij

12 Azumaya algebras
Let X bescheme R is a coherentsheafofOxalgebras
Left right actions of R on itself is alg homem'm
111 ROOROPP Endo R

Definition R is Azumaya if
i R is a vector bundle

21



ii o is isomorphism

Remark If X is finitetypescheme over EFF then ii

it Axe X thefiber R is amatrixalgebra

Example 0 V is a vectorbundle onX u Rs Endo V
Such Azumaya algebras are called split
1 char E p then St is an Azumayaalgebra over FCxOP

Problem In example 1 Azumayaalgebra is notsplit

Let X be offinite type over F F xe X n completionOf of
the local ring Ox complete local ring R Dix a R

Lemma I is amatrixalgebra over
Proof R is matrix algebra I idempotent ee R I
R I End Re By lifting of idempotents FiLemp't
é e R specializing to e R I End Re
R isprojective Ri is Re isfree ofmodule a

2 Differential operators

Setting F E char F p Xo is smoothaffinevarietyever I
Ae5Xo V VeitXo is D Xo generatedby A V

W suitable relations
I



Goal generalize results of Sect to DXo

2 1 Central elements
Exercise HFeA FPcommuteswith V inside D Xo
so fPe E DIN thecenter

How about contributions of V to E Dhol

Exercise Let 2 eDerAo EndCA Then JeEnd Aa
is a derivation

Notation restricted p thpowerfromExercise will bedenoted

by 24
2 EV n JPE D Xo

Exercise X A Show

Proposition JP JP E E D Xo
Remark If X Ah 2 2 gap

x2 x2

Exercise Let 13 be an assoc've F algebra bbeB Then
61,623 9216 P 62

Preetof Prepn 2B 24 is central 12973 2 7 A fed

P J 212 AZEV

21f apply Exer to B DXo ad 2 Pf 21 f
I f 2437 2 f

Tt



24 2 applyExer to B End AD ad 2 P J
212 D

22 Structure of the center
Q Whet algebra Lo ft JP 24 ED Xo generate

Detn Let U be an F vectorspace Define the Frobenius
twist U as follows

U the same abeliangroup as U
a us a P u f ee f UeU

Similarly can twist associativealg's Lie algebras etc

Proposition Themaps fest A E DW
2 A 21243 V 2 DXo extend to F algebra
homomorphism F T X 210Hallwhich isinjective

Lemma D Xo sp act faithfully on FIX
Sketchofproof ofLemma
The claim islocal So we can assume I etalemorphism

y X A re x the F X 2 OneVpullbacksof
eponymous

elements under Y
D Xdsp

is afree left FIX module w basis

2 2 In w it t insp 1
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Exercise Look at how Ef 2 acts on monomials xto conclude that DXosp actsfaithfully on FCK
5 ofLemme

Preetof Proposition extension to homomorphism

ACTXd Sa v So weneedto showthat
2 V EID Xo satisfies 2172 f 212 i

212,1227 212,1212 Iii
H f eAo 2,2 KEV
Proofof i Nate H J EV 27 247 I fed
So y f2 Effy 2 act by l on FIX
2 fo fry12 f2 P fP2P lowerorderterms
ED Xosp

acts by O on F Xe By Lemma

2 fo fry 2
Proofof ii exercise

Proofof injectivity of T x 2 Dal
isgraded

Rescale thegrading on 5 7 4 so that V lives in Legp
Then FCT Xd D Xo is a homomorphism of flt
algebras It's associatedgraded is
FIT Xd ACTxD F AFP
is injective ble FET Xo has nonilpotentelements a

GT



Definition Let X be a scheme over F Then its Frobenius
twist X is the same scheme over I but with F linear
structure twisted by at all
If A Spec B then X Spec B

Previous
prepn DXo is a gcoherentsheafofalgebrason

x

Thm FIT XD s ECD xd DXo is Azumayaalgebra
ever ft xd
Sketchofproof Thequestion is local inXo so can assume
I etale Xo Dt etale THX T It's
yo Xd Dt
Exercise D Xo

Toy ly
D A

This reduces theproof to case of A Sect I

2 3 Concluding remarks

e All constrins in Sec2.122.2gluenicely Inparticular
for any smooth Xo Dx can beviewed as Azumayaalgebraon
IT x
1 On the Poisson levelhave smithsimilar
Exercise If A is a Poisson F algebra then a p

so APC Poissoncenter we can view A as a Poisson



A algebra via A AP
For smoothaffine Xo PoissoncenterofFCTXo

Coincides w FIT Xo FIT x
2 Take algebraicgroup G X Ga VeitXo

g VeitXo Ga D x DHot'sVlog
ECTxp T s Slg So have an algebraembedding

slog c centerofUto 41gaps
EUGTEG

The image is calledthepcenter
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