
 
Lecture 3

1 Frobenius constantquantization
2 Derived equivalences

1O Reminder I alg closedfieldof charp Xfintype
scheme E

X schemeever F If X A closed
givenbysomeequations

then X isgivenby equationswhere wetwist coefficients
Connections between X X

They are the same as schemesoverEp butnotover F
Have morphism Fr X X itspullback is f tf

Thismorphism is finite bijective and if X issmooth Fr isflat of
Legpam exercise

If X is defined Ep then XIX

Lasttime we've seen for a smooth variety Xo Dx canbeviewed
as Azumaya algebra on ITXo Fr T X x re

sheafof algebras FrOta it's F equiv F actioncomesfrom
dilations on TX sheafof Poisson Oaxaca algebras

ThenDX can be viewed as a filteredquantn ofFriday

1A Frobenius constantquantizations

X smooth variety I n Fr X X FrA sheafofPoisson
Oxon algebras

g
For time being let Xbeaffine X Spec A



Defin LetSybe formalquantin ofA WesaythatStp is
Frobenius constant if I c w central imagethatmakesthe

diagram commutative
i

y
hea

Example X T A A FEx xny yn D A

Sy t adically completed Reesalgebra R A
Sys F Xiyi Echo Exit lying e CgiIshSij

is Frobenius constant w o xi xp Kyi yip

Note Sty is actually A Ch33algebra

Exercise A Ch centerofSt
Sy is projective A Th moduleofresp

him

Now we no longer assume Xis affine X Spec Acts re

formal neigh'dofthe to be denotedby Nhl

Def n A Frobenius constantquantization ofOx is a
coherent sheaf of algebrasDp en X th satisfying

h is not a zerodivisor inDf
Df t iscomm've

have Poissonalgebra isem'm Df t I Fra



Example Take X T Xo Dx Atumayaalgebraon X
RtDoo sheafofalgebras on X x SpecAct

t adic completionDp It's Fredconstquantn
For a line bundle L enXo Dx Frobeniusconstant

quantin thecenterof Dx is identified w Oaxaca We'll

provethis later

12 Gradings A AX s t L has Legs t f n X
2 FrOx is F equivariant We can talk about agrading on
a Frobenius constantquantin Dp
F aDp byalg automismaking it an F equiv'tsheaf

on X 11h31 w Legh 1 Also require Dp t Frilly is
equivit

Eg D fromprevious example has agrading

Goal exchangeDp for a fill'dquantin that is acoherent
sheaf of algebras on X

Assumption Assume X is projective over an affinescheme Y
FIX is fingen'd graded Furtherassume that F x e

t ice

Fact algebraization the t adic completionfunctor
Ceh X SpecFCh Ceh x Chl



is equivalence

DECeh X Ch n Dj e Ceh x xSpecF h sheaf
of algebras is D D yeah

This D can beviewedas

filtered Frobenius constantquantin ofOx

Prop BezrukarnikerKaledin D is an Azumayaalgebraon X
nonsplit
Sketch theproof Assumption action F a X iscontracting

Enough to check A x e x D is amatrixalgebraof
re plum F Fr GD isgraded Poisson D is a

filteredquantin ofthisalgebra
Exercise f Fri x has no nontrivial Poissonideals

D has no nontrivialtwosidedideals
D d Matplinth E A

2 Derivedequivalences
2 1 Generalresult
A is an arbitrary field Y an affinevery F X isprojective

scheme over Y Assume X issmooth Let R beAzumaya
algebra everX Ceh R sheavesof R modules that are
coherent over Ox



Theorem Bezrukarnikov Kaledin Assume that
Ca H XR o fire
6 St H XR hasfinite homological dimension ie Ime

St A Amodulehasprojective resolution of length sn
c The canonical bundle K of X is trivial
d X is connected

Then the derivedglobal sectionfunctor
RT D CahR D Hmod is an equivalence

Proof

Stepp T CahR Hmod has leftadjit
Loc Reg bc I Home R
Have RT D CahR D Hmod Ingeneral
Loc D Hmod D CHR Thx to 6 it restricts

to D and is left adjoint to RT
Step2 Claim Rf Lec idoestmed RR
R felloe 14 RHom R.RO M IRHemRCRR IM
RI R Stthx a 5401M M

Step3 Consider count Llec RT id occupyWanttoshow
it's an isomorphism equiv A MED CahR thecone N of
LLecoRTM M is zero Nate RI N o

Homotopy Loc i N D

Step8 Notation E D CehR



D D CAmod go e full triangulatedsubcategory

Dt Neel Home i No t D
Wewant to show that Dts es
D N'eel Home N o f eD
Assumefor a moment that D D Then es De Dt
Condition 121 E is indecomposable Sosince D Los
Dt is zero Thisfinishestheproofmodule D D

Step5 We'll show'D D
Serreduality for smoothprojective varieties if Xo issmooth
projective variety then

RHomgcont 5,97 RHemanxp G F KydimXd

In we work w X Y insteadofXe justreplace w

Item Wy is theLalaing complex in D NY modl
Then thisgeneralizes to Ceh R
equivalence

RHomoAcymod Rtlempyema FG Wy I

Rtlemocene G FOky
Limx

So RHomo cap IC o Rtlemueene G JChimX3 so
D Dt D



2 2 Derivedequivalencesfromquantizations
I is a field Let X be a symplectic smooth F variety

w form W L 5 A X s t LegL I n

FEX isgraded Persson algebra

Def Say X is a conicalsymplectic resolution if
i FIX is finitelygenerated Y Spec F x

H X y
Lii It is aprojective resolution of singularities
iii FIX F FEx a H ice

Rem X satisfies conditions c d of Thm exercise

Ex G semisimplealgaegroup char f e or nottoosmall
BCG Borel X T GIB Y nilpotentcone ing
P X 97 Springer resolution
Eg GSh AT B Y xy z Nytto I X Y
is blowup at 0

Setting Conicalsymplicresolution Xa Ya Thesedata
are definedover a finite localization R of TL n

Ir Xp Yp Forp o alg closed F ofcharp have
I X Spec F spearXr Yp Sincep e this is
still a conicalsymplicresolution



Suppose D is a filteredFrobenius constantquantizationofOx
hence Azumaya algebra on X

Thm Underassumptionsabove H XID so fire


