
 
Lecture 5 updated 108

The case ofSpringer resolution
Ref BMR

1 Localization theorems

I alg closedfield G semisimple simplyconn'dalggrip E
Assume that char f e or p h h istheCoxeternumber
h h for Sh Then g admits a nondegenerate Ginuitsymmic
form C us go g
Take Y nilpotent cone Ncog soy GaN
Fact Y is irreducible normal

GAY has finitelymanyorbits

BCG Borelsubgroup B GIB Bevelsubalgis ing
AT GIB I x6 egoBl xe 8 b
Springer morphism H AT GIB Y N I x b x

Facts X is a resolutionofsing's of Y via t
FLY I F x
Hi XO o f i o haveseen when charF e or 770

Sheaves of twisteddiff l operators on GIB Since hissimply
connected Pic B to H B character lattice

on
A



DJs D Dal
When char5 so DJ's are pairwisedistinct
when charF p o D8 D 7 DepotB

DJs is obtainedby quantum Hamiltonian reduction for
the action of T manetorus in B on Dain U Ru B BB
Glu AT 9 E Dau 43au
D Glu GIB

DJs DaMat ofDala Danka is Bet
M q Data Dain

tJanet let
quantinof X see t onpage 6
huantitationsof Y J HarishChandra centerUG cUg
full center in char o Ucg Fgym
p 123,2 wat watpl p

In maxie idealMy CU g 5 5 3 all editsvanishing
at X
Def U Vlog Ug My algebra

Fact U is a filteredquantization of FCN

Nate GaDB is Hamiltonian wquantum comementmap P
7 0 P g DB 345ps

I



anyX P descends from345am g Dan algebra
homomorphisms 9 Ug TDta 91 Ug Dat
so that 4 is thecompositionof Tf w Dat p Dflp

Prepn P descends to U I TDYMspecializationtoTEERem Hi B DJs o tire
Proof of Prepin
StepP 9 Vlog T D's homomorphism offiltered
algebras gr P Slg grTIDY H BD's e

grD a FIX F A
Can see gr M is theprojection so it's surjective P is surjective

Step2 9 is Cinvariant Nhas open Gorbit FINE F
grTIDY 79 FLN's ID's 5 so 9 Vlog E
Assume char F O Claim Aug a factors through 7 Onecan
show that Dan t SH so 9h vlog F factors
as Uog S t E wherethe2ndarrow is

specializationto X A consequence is that Bluey s dependspolynomially
on t Se it's enough to prove our claim for dominant I ble
suchelements areZariskidense int ThenDY acts on O'A
If I is dominant BeretWeilthm all L X irrepW

highestwtX Theaction of Uog on LA is via d
So 4 U g TDB

at
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Associatedgraded of U 5 D8 is FLN ACN
So U I TIDYis
Step3 For charF p o the result willfellow Wo this
assumption wecan use flat dualWeylmodule w highestwt7
Theproof can bededucedfrom there D

So can consider f CehDY Uymed
RT D CehD'ai D ly med
Thm Beilinson Bernstein Assumechar5 0

T is equivalence X is dominant

If Xp is dominant Tisexact

Xp is regular Xp a to Acoreat a
RT is an equivalence

Thm BMR Still assume charp h
If Xp is regularmedp Atp 27 to inFp V2

then Rf is an equivalence
Haveseen this forpro Lectures 3241 there'sgeneralpreet

2 Atumayaalgebras from twisteddifferentialoperators
X smooth variety over E F E charF p e

We've seen DX is Azumaya

algebra ever X X T Xopick line bundle L en Xor
sheet of twisted diffoperatorsDX L
T



Thm Dx L is Azumayaalgebra on X Moritaequivalent
to Dx Dx L Dj splits
Assume His connectedalgebraicgroupacting onXe X TXo
Classical comementmap q 515 F Nr q 515 F x
Quantum comomentmap 9 U5 D Xo globalLiffop.rs
F X CoD Xo for JeVeitx'd 967 3P

515 V15 y typyep
Lemma The following diagram iscommutative

515 F x'D

I I
ng Dix

Proof One needs to show go b VeitXo satisfies

Mx exercise

Hint consider a thxXo X gives well definedmap
on some vectorfields namely rightinvariantvectorfieldson H
can be viewed as vector fields on thxXo and he is well
defined onthem b VeitXo it's 343
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Proofof Them Take a torus Tand let E X be

principal Fbundle e.g T F I X comesfrom L
Pica XE JE T Dj Illy

DIDI DI 3 4,37 T is linearlyreductive y
5g dig are Tinvariant 0 0,1100,1 5 4,37

Dg is a Fequiv't sheaf of algebras on t NT So
10 0 can be viewed as a sheaf of I T

for X GIB IsGlu IG 46 I T G Bb itis a
scheme ever t thefiberover 0 in GBK X theotherfibers
are twisted cotangent bundles It's similarfor IIT ingeneral

Themap 343g makes Dy into asheetof541 algebras
en I t Then SCE Oyama 547 4117 By
lemme Dx

t
is a sheetof algebras en
I YT x q

f In

Themap 1 1 4
comes from SA Ult

343134 For getg havegems if 7 5
the vector field corresp to Pet is 22 So if we choose a
basis of t from a basis in Jf T then 8 4 4 is
AS Z Zn 4 ZPZ ZitZn

GT



In particular if z EFp ti then ASK.tn so Inparticular
the image ofX et is o e f

Dally T is the specialization of Dx to let
This is a sheafof algebras over

I To c4 4 273 1 T xp ASA

ASA o I T xpc e X

Toshow that DjIllyT isAumaya notethis is a localproperty
Pick X c X s t I xx I TxXi Then

DIelllytly Dye 11,4T I Do which is Azumaya

Recall I EJECT D Dq Dx I semi
invariants In earher lecture this is a bimodal over

Dilly T Dalet Iver Xi this is a regularbimodule
So itgives a Morita equivalence between Dglift and Dx
if L is the linebundleobtainedfrom Xby descent then

DellT Lo DAL the bimodule is LexDx a


